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Abstract

In this paper we consider an orthonormal basis, generated by a tensor product of Fourier basis
functions, half period cosine basis functions, and the Chebyshev basis functions. We deal with
the approximation problem in high dimensions related to this basis and design a fast algorithm
to multiply with the underlying matrix, consisting of rows of the non-equidistant Fourier matrix,
the non-equidistant cosine matrix and the non-equidistant Chebyshev matrix, and its transposed.
This leads us to an ANOVA (analysis of variance) decomposition for functions with partially
periodic boundary conditions through using the Fourier basis in some dimensions and the half
period cosine basis or the Chebyshev basis in others. We consider sensitivity analysis in this
setting, in order to find an adapted basis for the underlying approximation problem. More
precisely, we find the underlying index set of the multidimensional series expansion. Additionally,
we test this ANOVA approximation with mixed basis at numerical experiments, and refer to the
advantage of interpretable results.

Key words

ANOVA, high-dimensional, approximation, Fourier approximation, fast Fourier methods, NFFT,
Chebychev polynomials

AMS subject classifications
65T, 42B05

1 Introduction

The approximation of functions is a problem that arises in many scientific fields. As soon as data is
recorded, questions how “Which correlations are in the data?”, “Which variables are dependent on
one another” and “How data can be predicted at other points?” arises.

There are various algorithms as artificial neural networks or support vector machines for approxi-
mating functions in high dimensions, see e.g. [1, 8]. But these do not show which dependencies
are hidden in the data. For this question of connections in data there is the ANOVA (analysis of
variance) decomposition, cf. [5, 20, 12, 11, 9, 6]. The classical ANOVA is based on an integral
projection operator. Based on this, we use the analytic global sensitivity indices [23, 24]. These tell
us which variables are related and how big the influence of these relations are. We use consequently
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the series expansion in various basic functions to define the ANOVA decomposition, cf. [16, 17, 21].
A majority of real world systems are dominated by low-complexity interactions of their variables.
This principle is known as sparsity-of-effects, see e.g. [25, Section 4.6],[7],[21, Section 4.2]. We use
this principle to truncate the ANOVA decomposition. The resulting sums can be evaluated through
algorithms like the non-equidistant fast Fourier transform (NFFT) [10],[14, Chapter 7] combined
with grouped transforms, cf. [2]. Since we consider a finite truncation of the series expansion for
approximation, the properties of the basis functions, such as the periodicity, are reflected in the
approximation. It is therefore advantageous if the basis functions have similar properties as the
data of the underlying process. Typical applications with such properties are functions with data on
spheres S* and balls B?, because their polar coordinates have periodic parts and non-periodic parts.
Similar things happen by the approximation of a function with data on the rotation group SO(3).
We will combine well known basis functions on [0, 1] like the Fourier basis functions ¢, " := exp(2mik-),

k € Z, the half period cosine basis functions ¢7*° = V2 1=0%k.0 cos(mk-), k € Ng, and the Chebyshev

basis functions qﬁzlg =2 1=0k0 cos(karccos(2-—1)), k € Ny in a tensor product structure to achieve
more flexibility what properties are present in which dimensions. We denote this tensor product
basis functions by qbﬁ = H?:l ¢Z§ . Here d is a vector containing the information which basis is
used in which dimension. We assume that it is known from the application which base in which
dimension should be used. To compute such approximations it is important to evaluate finite sums
of basis functions

> Fedi(x)

kel

with a known index set Z at many nodes x; € [0, 1]¢ simultaneously. Since real world data is rarely
equidistantly sampled, we have to evaluate these sums at arbitrary scattered nodes. For basis which
consist of only one of this named one dimensional basis functions in every dimension, there are
algorithms to evaluate these sums, see [14, Chapter 7|. In order to get good approximations, it is
essential to use appropriate index sets Z in the approximating sums. The choice of such an index
set is always a trade-off between the number of indices, the number of training data available, and
the needed computation time.

We will make use of the following identities. Firstly, we rewrite a sum of half period cosine basis
functions to a sum of Fourier basis functions
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. 1—6 Py 1-6
d " i V2T M cos(mkr) =) 26’“70_1f|‘}€°|s\@ " exp(rika), (1.1)
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Secondly, we rewrite a sum of Chebyshev basis functions to a sum of Fourier basis functions

N—1 N-1
A 1-0 A 1-6
> f,?lg V2 " cos(karccos(2z — 1)) = ) 25k,0—1f|3,;1|g\/§ M exp(ik arccos(2z — 1)) . (1.2)
k=0 k=—N+1 .
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These identities (1.1) and (1.2) can then be applied in every dimension with the half period cosine
basis or the Chebyshev basis. This provides us a way to evaluate all these sums through an
NFFT. We will use this to compute ANOVA approximations for the mixed tensor product basis for
high-dimensional scattered data. In this way we get a model of the data with which we can predict
further data. In addition, we can use this model to calculate approximated global sensitivity indices,
which allow us to identify correlations in the data. Using these approximated global sensitivity
indices, we can truncate our approximation even further to get better suitable index sets Z, which
provides us even better approximations. We stress again that in many applications a fairly small



number of nodes is enough to get reasonably good approximations.

The paper is organized as follows. In Section 2 we set up notion and terminology. Firstly, in
Subsection 2.1 we introduce needed function spaces and some of their relations. Subsection 2.2
introduces some well known orthonormal basis and finally the mixed basis with which we will deal
with in the rest of the paper. In Section 3 we introduce the ANOVA approximation for the mixed
basis based on an approach by Fourier series. Here, Subsection 3.1 deals with the definition of the
ANOVA decomposition and Subsection 3.2 provides a way to compute an ANOVA approximation.
We split this subsection in three parts, firstly we consider useful index sets then we describe a way
to compute the ANOVA approximation for given index sets and to this end we describe how this
index sets could be determined. In Section 4 we develop fast algorithms to evaluate sums of mixed
basis functions. Subsection 4.1 provides through Theorem 4.1 a way to compute such sums through
an NFFT which is summarized in Algorithm 1. In Subsection 4.2 we extend the grouped transform
[2] to the mixed basis using the Algorithm 1. In Section 5 we show with some numerical experiments
how this approximation procedure works. Subsection 5.1 deals with the approximation of a function.
There are the steps shown to find good suitable index sets. In Subsection 5.2 we approximate a
function where we only have access to uniformly sampled nodes. At this point we compare the
approximation with a suitable mixed basis with the approximation with the half period cosine basis
and the Fourier basis.

2 Preliminaries

This section presents basic definitions for the rest of this paper. In Subsection 2.1 various function
spaces and some of their relations are introduced. Subsection 2.2 presents some orthonormal basis.
In Definition 2.2 the mixed basis is defined.

2.1 Function Spaces

Let D € {T™ x [0,1]™ | m,n € No} be a measurable set, where T = R/Z is the torus which we
identify with [0, 1). Moreover, let w: I — (0, 00) be a probability measure with [pw(x) dx = 1. We
define the weighted Lebesgue spaces

LyD.w) = {7: D €| [ £GP wx) dx < oo}

with the norm || flly, p .y = (Jp If(x)|F w(x) dx)% for p € [1,00). Furthermore, we define

Loo(D) :={f: D — C | esssup |f(x)] < oo}
xeD

with the norm || f|lr, () = esssupxep |f(x)|. The Lebesgue space La(ID,w) forms a Hilbert space

with the scalar product (f,g), ) = Jp f(X)g9(x)w(x) dx. We use the abbreviation Ly(D) :=
L,(D,1). Let B = (¢r)kek be a basis with an index set K for the Hilbert space La(ID,w). We define

the Wiener space

AD,w) = {f € Li(D,w)

> ‘<f7 ¢k>L2(D,w)) < OO}

kek

with the norm || fll 4p.w) = Zrex|(fs k), 0w -

Lemma 2.1. Let Ly(D,w) be a weighted Lebesgue space with a basis (¢r)rex with supge || ok llr.. ) <
o0. Then every element of the corresponding Wiener space A(D,w) has a continuous representative.



Proof. See [21, Lemma 2.5]. O

Remark. Lemma 2.1 provides A(D,w) C C(D) :={f: D — R | f continuous}. Furthermore, we get

1oy = esS5up | Y (s )1y () D5 (2)
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It follows A(D,w) C Loo(D) and A(D,w) C Lo(D,w).

Due to this Lemma, we define the evaluation of a function f € A(D,w) at a point x € D as
evaluation of the continuous representative at the point x. Next, we consider partial sums of
the function f for finite subsets of the index set Z C K, e.g. Sz(B)f = Y 1z (f, ¢k>L2(]D>,w) O
Furthermore, we define the set of polynomials related to the finite index set Z as

T2(B) = {Z crdn

kel

CL € C} . (2.1)

2.2 Orthonormal Basis

In this subsection we firstly introduce the one-dimensional basis functions which we use for the mixed
basis. The functions ¢, = exp(2rik-) form the orthonormal Fourier basis of Lo(T). Additionally,
the functions ¢ = ﬁcos(ﬂk-) form together with the constant function with value one the
orthonormal half period cosine basis of La([0, 1]). The functions QSZlg = /2 cos(k arccos(2 - —1)) form
together with the constant function with value one the orthonormal Chebyshev basis of La ([0, 1], w)
with the weight w: [0,1] — (0,00), w(z) = ﬁ In the following we are going to work with

tensor products of these basis functions.

Definition 2.2. Let d be a d-dimensional tuple over the set {exp, cos,alg}. We define the sets

Dd ;< T, d; = exp and Kd ;< Z, dj =exp
j=1 [07 1]7 dj 7é €xp N07 d] 7é €xp
and the mixed functions
1, ki =0
6d: D4 5 €, g ﬁ exp(2mik;x;), dj =exp, kj #0
ke X i1 V2 cos(tkjzj), dj =cos, kj #0

V2 cos(kj arccos(2z; — 1)), d; = alg, k;j #0
for k € K9, Furthermore, we define the weight function

d d; # alg
d.pd _, J
we: D 0, 00), = ||
( : { xj—l‘i’ d']:alg

The mixed functions ¢{ form a basis of La(D9, wd) because of their tensor product structure and
because their factors are Fourier, half period cosine and Chebyshev basis functions. We name this

basis BY == {¢¢ | k € K9}.



3 Interpretable ANOVA Approximation

In this section, we define the ANOVA approximation for the mixed basis. We follow the steps in
[17]. We start in Subsection 3.1 with defining the ANOVA decomposition, see [5, 12, 11, 6], in
the way like [16, 17] through a series expansion, by using the mixed basis. Furthermore, we define
analytic global sensitivity indices [24]. In Subsection 3.2 we describe the procedure of ANOVA
approximation [16, 17, 18], and we deduce a way to compute it numerically.

3.1 ANOVA Decomposition

Let f be an Lo(DY, wd) function. Since ¢ with k € K9 form an orthonormal basis of La(D9,w9),
f can be written as

f=3 cif)on
kekd

with coefficients ¢ (f) = (f, ¢0)y, (Dd wa). Furthermore, we get the Parseval equality

IFIIE (e way = 2 [k ()

kekKd

from the fact that B9 is a basis of Ly(D9,wd). Next, we decompose the function f into ANOVA
terms. We denote subsets of coordinate indices with small boldface letters u € P([d]). For every
subset of indices u we define the ANOVA term

fax) =Y &k ).
keKd
supp k=u

Note that such an ANOVA term fy(x) is independent of z; if j ¢ u. These ANOVA terms fy,
u C [d] decompose the function f uniquely into

f=3 &fek= > fo

kekd ueP([d])

This follows since {{k € K9 | suppk = u} | u € P([d])} is a partition of the set K9. Additionally,
we define the variance of a function f as o2(f) = [pa |f(x) — c§(f)|?w9(x) dx, which is equivalent
to o?(f) = HfHL2 Dd ) — |ed(f)|?. The Parseval equality states

*(f)= > IR

keKkd\{0}
Furthermore, we get the variance of ANOVA terms fy, through

(f)= D &kl = X IR = [ allfymawe -

keKd\{0} ke%d
supp k=u

Finally, we define the analytic global sensitivity indices (GSI) like [24] through

o*(fu)
p(u, f) = -
D= p)
We point out that the analytic GSIs depend on the weight w9. We use the analytic GSU as a tool
to measure how important certain ANOVA terms f, are for the reconstruction of the function f.
We use this information for the construction of good suitable index sets. Next we truncate the
ANOVA decomposition. We use a set of subsets of indices U C P([d]) for this truncation. We define
TU f Z f u
uclU
To find this set U, we choose the ANOVA terms f, with the highest GSI’s to get Ty f ~ f.




3.2 Numerical ANOVA Approximation

In this section our aim is to approximate a function f € A(D9,w?). We are given a set of M € N
nodes X C D9, |X| = M and the corresponding function values (f(x))xex = f € CM. We aim to
find a mixed polynomial

4D C ) =) flek(x), fleC
keT
for which f ~ f4 holds, i.e. || f — deLQ(Dded) is small and 7 is a finite subset of K4. In the next
Subsection 3.2.1 we consider some ways to choose Z. The next Subsection 3.2.2 presents a way to
find the mixed polynomial f9 which minimizes the Lo(D9,w?) norm of f — f9 for a given index set

7 and nodes X. To this end we show in Subsection 3.2.3 how to choose and refine the truncation
set U.

3.2.1 Grouped Index Sets

We present some index sets that are important for this paper. Since these index sets contain
frequencies for the mixed basis we call them frequency sets. We begin with frequency sets which are
full d-dimensional hypercubes, but since their size grows exponential in the dimension d we introduce
better controllable frequency sets. We start with the frequency sets which are full d-dimensional
hypercubes, i.e.

d 7 N _&’ N; , d;i =ex
7d = % { -3 %), d=eo (3.1)
for a vector of bandwidths N = (Nj)?:1 € (2Ng)?. These sets have the cardinality

d

N;, d; =exp

IR = {N7 ’ : (3.2)
jl—[l 55, dj #exp

Next we define thinner frequency sets with less cardinality. In detail these frequency sets should have
a high bandwidth along the coordinate axes, less bandwidth along the coordinate planes and so on.
For this purpose we define the following frequency sets Z& with bandwidths N = (Nj);-lzl € (2Np)“?.
Here if N; is zero the set fl% should only contain the frequency zero, when it is projected onto the
dimension j. If N; is not zero the projection onto the dimension j should not contain the frequency
zero, because it is contained in a lower dimensional set. This is being done by the frequency set

. [fo N;=0
I8 =X {Zn [—%, NT) \ {0}, dj=exp and N; #0. (3.3)

= Non [O, %) \ {0}, dj #exp and N; #0
These frequency sets f{% have the cardinality

d ]-7 NJZO
’if\iI’ = H N;—1, dj=exp and N; #0. (3.4)
=t %—1, dj #exp and N; # 0

Since these frequency sets are disjoint, if the bandwidths have different support, we can form the
union of them to derive a new frequency set. We choose for every u € U a bandwidth

d {(2N), jEu

NY = (NM)2, € @N)" = X (O els (3.5)

J
J=1



Figure 1: Frequency set Z(U) for d = (’fg) and U = {0, {1}, {2}, {3}, {1,2},{2,3}} with N{1} =
18 0 0 10 0
{2} — {3} — (1.2} 23} —
(82’N (106),N (100>,N - (8),and1?1 (g‘). The ffequency

d . . ~d . d . d . d .
set I 1y 1s shown in green, 70, in blue, Z( 5, in red, I 2y in cyan, and I35 in

magenta.

and define the frequency set

Z(U) = |J T (3.6)
uclU
This frequency set Z(U) hat the advantage that, if the truncation set U only contains subsets u of
the size up to |u| < ds € N it will only grow polynomial with the power ds which is an improvement
to the exponential growing full d-dimensional hypercubes If\ll.
Example. We show in Figure 1 a typical example for such a set Z(U), where d = (ZT; ) and

Ccos
U = {0,{1},{2},{3},{1,2},{2,3}}. Here we use the bandwidths N} = (188), N = (136),
N} = (180>, N{L2h = (1%0), and N{23} = (é). The parts Z&u of this frequency set Z(U) are

. . 7d . . ~d . =d . =d .
shown in d}fferent colors. The set Zgy; is shown in green, I3 oy in blue, 715 in red, I3, in
cyan, and I§{2,3} in magenta.

3.2.2 Approximation

In this section we assume that the set U and the bandwidths N" are known. For a way to choose
them we refer to Subsection 3.2.3. Now, we approximate the truncated function Ty f with a mixed
polynomial f4 e Tz (BY), where the set of polynomials E(U)(Bd) is defined in (2.1). As result,
we get f~Tyf ~ fd.

The mixed polynomial is completely determined by finitely many mixed coefficients (cZ(f d))kez(U) €
CITM)I, Now it is our goal to find an approximation f9 ~ (cﬁ( fd))kez(U) to this mixed coefficients.
To achieve this, we compute the least squares solution

17 = 1 a0y = [, 1FG0) = F00) ) dx,

We approximate this integral by evaluating the function |f(x) — f4(x)|? at the M = |X| given
nodes X', where we know the values f = (f(x))xex. For this approximation we assume that the
nodes in X are distributed in D9 with the density wd. We get

1
1 = £y ~ 7 D7) = G0

xeX



1
= I = (A0l

1 A
= it - @ (X, Z(U))E)3,

where ®(X,Z(U)) is the matrix (¢£(x))xex, kez(v) € CMXIZW)I Now we choose 4 such that the
distance between the function f and the approximation f9 is as small as possible, i.e.

fd:= argmin |f — ®(X,Z(U))hd|2. (3.7)
hdecIZ)]

We solve the minimization problem (3.7) with the LSQR algorithm [13]. This algorithm multiplies
in every iteration step with the matrix ®(X,Z(U)) and its adjoint ®(X,Z(U))*. In Section 4 we
develop fast algorithms to multiply with this kind of matrices ®(X,Z(U)) and ®(X,Z(U))*. We
point out that the number of iterations of the LSQR algorithm depends on the condition number of
the underlying matrix. This condition number is in many applications much better than the worst
case estimation, see e.g. [4, 3].
We obtain the approximation

faDt s, fix) = > ff3¢k
keZ(U

for the function f. Let Xiest C ID)d, | Xtest| = Miest be a set with Mieqy € N nodes, where we evaluate
the approximation f9. Then (f9(x))xexie; = ®(Xiest, Z(U))f holds.

3.2.3 How to choose the truncation set U?

We choose U in two steps, firstly we choose a large superposition set U;,. Then, we calculate the
mixed coefficients f4 according to this set Uy, for the approximating mixed polynomial f4. In
this way we get approximated global sensitivity indices p(u, f9) for every u € Uy,. Using these
approximated GSIs we can refine the set Uy, to the final set U.

We choose Uy, as set of all subsets of [d] with cardinality smaller or equal to ds € [d], i.e.

Ug, ={u C [d] | [a] < d}. (3.8)

Then we choose appropriate bandwidths N € (2N)". For the notion we refer to (3.5). It is
good to choose the bandwidths in a way that we have an oversampling, i.e. |Z(Ug,)| < M with
IZ(Ua,)| = Xuev,, 1Z8.|. For |Z&u| we refer to (3.4).

As the next step we calculate the mixed coefficients f9 for the approximating mixed polynomlal fd
in the way we described it in the previous part. Using these mixed coefficients fd = ( fk Jkez(U b)) W
calculate the approximated global sensitivity indices p(u, f9) for the mixed polynomial f4 for all
u € Uy, through

Ad |2 .
Z | x| Z \ff’z

kekKd —
p(u fd) _ 02(f3) _ supgk:u _ keIl(ilIu .
AU > IRP > AP
keKd\ {0} keZ(Ug,)\{0}

Since the mixed polynomial f9 approximates the function f, the approximated GSI p(u, fd) should
approximate the analytic GSI p(u, f).
To this end we choose a threshold 6 > 0 and define the set

Up = {u e Uy, | p(u, f) > 6}. (3.9)

With this set Uy we do the approximating procedure again.



4 Fast Evaluation of Mixed Polynomials

In this section, we develop a fast algorithm for evaluating sums of the mixed basis functions gbﬂ, ie.

=3 Ao (4.1)

kel

with arbitrary coeflicients fﬁl € C on a finite index sets Z C K4 at M € N nodes X ¢ D9,
|X| = M simultaneously. This evaluation is equivalent to the matrix-vector multiplication of the
non-equidistant mixed matrix

(X, 7) = (¢k(%))xex ker (4.2)

with the vector f4 = ( ff(j)kela where X is the set of the nodes at which we are interested to evaluate
the mixed polynomial f9. In the Subsection 4.1 we consider the index set Z = Zg, defined in (3.1).
Since we will use the thinner index sets Z = Z(U), defined in (3.6), we will introduce in Subsection
4.2 an algorithm for this case which will rely on the algorithm in Subsection 4.1.

4.1 Non-Equidistant Fast Mixed Transform

In this subsection, we present a method with a computational cost of only O(|Z&|log|Z&| + [log €|¢ M)
for the evaluation of mixed polynomials f9 with the frequency set Iﬁl}. This is faster than the
straightforward matrix vector multiplication with the matrix ®(X,Z&) which takes O(|Z&|M)
arithmetical operations.

We point out that the mixed polynomial f¢ with d = (exp,...,exp) = exp is a trigonometric
polynomial, which can be evaluated through the non-equidistant fast Fourier transform (NFFT) [14,
Chapter 7] with a computational cost of O(|Zg P |log|ZIxP| + |log €|]*M ), where € is the required
precision, |ZxP| is the cardinality of the frequency set given in (3.2), and M is the number of
nodes where we evaluate the mixed polynomial f¢*P. Now, we make use of the NFFT in order to
evaluate arbitrary mixed polynomials f4. The identities (1.1) and (1.2) provides us the possibility
to transform polynomials f°° and f## into trigonometric polynomials fe*P. It follows, that one
dimensional polynomials of the form £ and f*#& can be evaluated through an NFFT. Since our
mixed basis functions ¢ have a tensor product structure, we use these identities (1.1) and (1.2) in
every dimension where the half period cosine basis or the Chebyshev basis is used.

Theorem 4.1. Let f4 = (flg)kezg € CI&| pe a coefficient vector for a mized polynomial f9

defined in (4.1) and an arbitrary d € {exp, cos,alg}? and d € N. We define the coefficient vector
fexp — ( ﬁXp)kGI;xp e CIN"1 through

4 |1 dj =exp ork; =0
WP = flo 1140, dj #exp and k; = % (4.3)
I=L M2 else
2
for allk € IYP, where s is the index transformation
d
kj dj = exXp
st INT = IR, s(k) = [ { [kj|, dj #exp and k; # —% . (4.4)
NY
0, dj # exp and kj = —=* -1



Furthermore, we define the function

d
xj, d; = exp
t: DY — DP, t(x) = | ¢ %, dj = cos . (4.5)
arccoséi:pjfl)7 dj = alg n

Then the identity f4 = f&*P ot holds.

Proof. The assumptions follow from the identities (1.1) and (1.2) together with the fact, that ¢g
have a tensor like structure. O

Remark. The Theorem 4.1 provides us a decomposition of the non-equidistant mixed matrix
®(X,T). For this purpose we define the diagonal matrix

4 |1 dj =exp or k; =0
D := diag H 0, dj#exp andk; = —% )
=112
Y= else
27 keTd
the canonical map II := (5k,1)k€I§71€Zepr, the projection P := (Jy g(k)), and the non-equidistant
Fourier matrix A = (exp(2wi(k, t(x)>))xeX,keI§"p' Then the matrix transformation

X, I8)=AII'P'D (4.6)

follows directly.

We summarize the procedure for the efficient evaluation of the mixed polynomials f4 at M
arbitrary nodes as non-equidistant fast mixed transform (NFMT) in Algorithm 1.

Input: Vector d € {exp, cos, alg}¢, bandwidths N € (2N)?, coefficients fd € C for
k € Z¢, nodes X Cc DY, |[X| = M
1 Define the coefficients f&*P given in (4.3) for all k € ZgeP.
2 Compute

s(x) = > [P exp (27i (k,%))

keTd

at the nodes % € {t(x) | x € X'} with t: D4 — D*P given in (4.5) using a d-variate
NFFT
Output: s(x) = fd(x) forx € X
Computational cost: O(|Z&|log|Z&| + [log €M)
Algorithm 1: NFMT for the fast evaluation of mixed polynomials f9 for frequency sets Il%
defined in (3.1).

In addition we evaluate the sum

h(k) = D gxdk(x), 9x € C (4.7)

xeX

for all k € Ig. This is equivalent to the matrix vector product of the transposed non-equidistant
mixed matrix ®(X,Z¢) " with the vector g = (gx)xex. We use the factorization (4.6) of the
non-equidistant mixed matrix ®(X ,If\lr) and get directly the Algorithm 2, which provides a method

10



for the fast evaluation of the sum (4.7).

Input: Vector d € {exp, cos, alg}?, bandwidths N € (2N)?, nodes X ¢ DY, |X| = M,
coefficients hy € C for x € X
1 Compute

EeXp(k) = Z hx exp (27 (k, X))
xEX

with k € Z& at the nodes % € {t(x) | x € X'} with t: DY — D**P defined in (4.5)
using a d-variate NFFT T
2 Compute

dj =exp or k; =0

1
d )
il‘(k) = Z ﬁexp(l) H 07 d] # exp and k] = —%
le1® =L M2, else
s()=k 2

with s defined in (4.4).
Output: h(k) = h(k), see (4.7), for k € Z&
Computational cost: O(|Z&|log|Z&| + [log €M)
Algorithm 2: NFMT for the fast evaluation of sums of the form (4.7) for frequency sets A
defined in (3.1).

Remark. ¢ We note that one can extend the non-equidistant fast mixed transformations to other
orthogonal polynomials using [15]. The algorithm known as discrete polynomial transform
provides a fast basis exchange for arbitrary orthogonal polynomials with satisfying a three-term
recurrence into the Chebychev basis. These Chebychev polynomials can then be evaluated by
the Algorithms 1 and 2.

o One can also use other transformations, such as the transformation of the unit interval [0,1]
into the real numbers R from [19]. This allows us to handle normally distributed nodes.
It should be noted that these transformations can be performed in each dimension separately due
to the tensor product structure of the basis and the flexibility of the mixed basis.

4.2 Grouped Mixed Transformations

In this section we derive a fast algorithm for the evaluation of mixed polynomials f9 = > keZ(U) flfqbﬂ
where Z(U) is a frequency set defined in (3.6). We denote x, := Il,x, where II, is the canonical
map II, onto the dimensions contained in u.
The evaluation of this sum at the nodes x € X is equivalent to calculate the matrix vector product
fd = &(x,Z(U))fd € CM with the matrix ®(X,Z(U)), defined in (4.2) and the vector f4 € CIZU)I,
We follow the steps in [2] and get

> feok) =3 3 fildkx)

keZ(U) uel keigd,

through the structure of the frequency set Z(U). In other words, the matrix ®(X,Z(U)) is a block
matrix with horizontally arranged blocks ®(X,Zgu), u € U, i.e. ®(X,Z(U)) = ((X,I8u) ) aer-
Thus, we divide the task. For every u € U we multiply the vector fdu .— <fl§)kei§u with the block

®(X,Z8.). We get for these blocks
Q)(ijdu) = (d’ﬁu(xu))xega kejﬁ;ﬁ =®({xy|x€ X} 7i1(\1115')‘
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. . A . :
We define the vector gdu = (gg“ € (C' Nu' where now Iﬁl}‘é is a frequency set which we can

)kell‘i‘ﬁ

use for an NFMT. We set each component of g9u which is not contained in the set fgfﬁ to zero, e.g.

dy
k€ T

. {fm suppk| = |ul
gk =

0, else

Then we obtain

~dy u e u u n u
Z 91" Px (x) = Z fl?@bk (x) + Z 0- ¢y (x) = Z fl(ciﬁbk (x)
KeT% keI gy keZTE\ Ttk keI gy
or in matrix vector form ® (X, Zgn)fd = ®(X, Zgn)gd. Which is equivalent to the matrix de-

7 d
Nl Xl .

~ ~ ~ d
composition @(X,Ig“‘,) = @(X,Ig‘:l)HT where IT = (k) € RlI Nu' is a canonical

€T keIow
map. To sum this up, we multiply the matrix ®(X,Z(U)) with the vector fd € CZWI through
calculating

PX,ZU)E =Y (X, IR FI™
uelU
= ®({xu | x € X}, I{u)f™
uelU
=3 B({xu | x € X}, T o0,
uelU

We calculate the last sum with |U| many NFMT. This leads us to a computational cost of

O(ZueU(ﬂg‘H 10g|Ig‘.3] + m“lllFTM )). Additionally, it can be easily parallelized, because every
summand can be computed independently. We summarize the this procedure in Algorithm 3

Input: Vector d € {exp, cos, alg}?, truncation set U, bandwidths N® € (2N)" for
u € U, coefficients fy € C for all k € Z(U), nodes X ¢ D9, |X| = M

1 f+0
2 foreach u e U // This loop can be parallelized
3 do
4 | X {(z))jeulxen
5 | gk {fk’ suppk| = [u] , k€T
0, else u
6 Compute f + f + @(X,Igl“ﬁ)g using a |ul|-variate NFMT

7 end
Output: f = &(X,Z(U))f

Computational cost: O ( > (|Z§‘,‘_l| log|Zms | + m,\Lll,lFTM)>
uclU v v

Algorithm 3: Grouped transform for the fast evaluation of mixed polynomials f4 with a
frequency set Z(U), see (3.6).

Furthermore, the identity

®(X,I(U)) = (f[(I)({xu | x € X} ’Il%l:‘i)T)IeU

12



holds. This (4.8) leads us to an algorithm for multiplying with the adjoint matrix ®(X,Z(U))*,
because

(X, ZU))" = (F@({x | x € X} %))

holds. Thus, we have a fast algorithm for the evaluation of the sum
k(k) = Y hxop " (x) (4.9)
xXEX

for coefficients h = (hy)xex € CM at the nodes k € Z(U), which we summarize as 4.

Input: Vector d € {exp, cos,alg}?, truncation set U, bandwidths N" € (2N)" for
u € U, nodes X C DY, |X| = M, coefficients hy € C for x € X

1 foreach u e U // This loop can be parallelized
2 do

3 | X {(z))jeutxer

4 Compute g" ‘I’(/'\N,’,Ig‘é)*(hx)xex using a |ul|-variate NFMT T

5 | £ (g) JETRy

6 end

Output: (f*)ucr = ®(X,Z(U))" (hx)xex

. . dy du lul
Computational cost: O (u%:U (\INBI log|Zngs | + mNFFTTM)
Algorithm 4: Adjoint grouped transformation for the fast evaluation of the sum (4.9) for

frequency sets Z(U) defined in (3.6).

5 Numerical Experiments

In this subsection, we test the ANOVA approximation with the mixed bases on synthetic data.
In Subsection 5.1, we show how the approximation procedure works and how we determine the
bandwidths in this case. In Subsection 5.2 we compare the ANOVA approximation with the mixed
bases to the ANOVA approximation with a fully periodic and a fully non-periodic basis, respectively.
Furthermore, we compare analytic global sensitivity indices in Appendix A to approximated ones.
Furthermore, we investigate here the empirical convergence behaviour of the different approximation
methods for this function.

We have extended the ANOVAapprox software [22] with the algorithms listed in Section 4 and run
all the following tests in this framework.

To determine the quality of the ANOVA approximation f for a function f, we consider the mean
squared error (MSE),

1
|Xtest |

2

)

MSE(f, f, Xiest) : ) = F(x)

XEXest

at the nodes Xjest-

5.1 ANOVA approximation with a mixed basis

In this subsection we approximate a function using the ANOVA approximation with the mixed
basis. A special focus lays in the question, how we determine the truncation set U and the according
bandwidths numerically. The function we are approximating in this section is

1
f1:[0,1]* = C, fi(x) == exp(sin(27wx1)zs) + cos(rzz)a? + 0 sin?(2mzy) + 5o, + 1.

13
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This function f; is smoothly periodizable in the first dimension, i.e. ff: T x [0,1]*> — C, fF*(x) =

f1(x) is infinitely differentiable. Furthermore, the function acts in the third dimension only as a
cosine function. This leads us to use the mixed basis (bﬁl with dy := (exp, alg, cos, alg) " for k € K9
for approximating the function f;.

For this approximation we restrict us to only 1000 nodes X in D9 distributed with the density

1
7r2\/z2 — x%\/m — 2

Furthermore, we are given another 10000 nodes Xjest in D9 distributed with the density wdt for
evaluating the mean squared error.

We follow the steps from Section 3.2.3. The function has only one dimensional and two-dimensional
interactions between variables. Thus, we set d; = 2 and consider the superposition set

Uy = {{1}, {2}, {3}, {4}, {1,2},{1,3},{1,4},{2,3},{2,4},{3,4}} from (3.8). We choose one band-
width parameter N7 € (2N) for the one-dimensional frequency sets, e.g. every non-zero entry of N1},
N2t N} and N4 is set to N;. Furthermore, we choose another bandwidth parameter Ny € (2N)
for the two-dimensional frequency sets, e.g. every non-zero entry of N{1:2} N{1.3} N{L4} N{23}
N4} and N4} is set to Ny. In short form we write this as N = (|{i} N u|Ny))i, for u e Us.
We call the approximation of the function f; using the 1000 nodes X and the bandwidth parameters
N7 and Ny le L N2 We determine the optimal bandwidth parameters N1 and N2 numerically by
minimizing the mean squared error MSE( f1, ~1N N2 Xiest), 1-€.

wd(x) =

(N)Z, = argmin  MSE(f1, /], Xiest). (5.1)
(N;)?_,€(2N)?

In other words, we use cross validation to determine the bandwidth parameters N; and Ns.

We see in Figure 2 the MSE for some choices of N1 and No. The ANOVA approximation does
the best approximation for Ny = 12 and Np = 10. In Figure 3 the approximated GSIs for this
approximation are shown. To this end we choose the threshold § = 1073 and find through (3.9) the
truncation set Up = {{1}, {2}, {3}, {4}, {1,2},{2,4},{3,4}}. Next, we find better bandwidths N"

14



[ Step | Ny | Ny [ Ny | Npwy [ Ny [ Ny [ Nisy || MSE
1 12 12 12 12 10 10 10 [[ 1.31369 - 108
2 12 12 12 12 10 10 12 || 1.36285- 1078
3 12 12 12 12 10 10 8 || 1.25704 - 108
4 12 12 12 12 10 10 6| 1.2035-10°%
5 12 12 12 12 10 10 4 |/ 3.97122-108
6 12 12 12 12 10 12 6 || 1.24734-108
7 12 12 12 12 10 8 6 || 1.15079 - 10~°
8 12 12 12 12 10 6 6 || 1.13142-107%
9 12 12 12 12 10 4 6 || 1.10034-10~%

10 12 12 12 12 10 2 6 || 4.68726- 1073
11 12 12 12 12 12 4 6 || 1.20275-10~10
12 12 12 12 12 14 4 6 || 4.27822-10~ 11
13 12 12 12 12 16 4 6 || 5.42373-10~ 11
14 12 12 12 14 14 4 6 || 4.28631-10~ 11
15 12 12 12 10 14 4 6 || 4.2808 .10~
16 12 12 14 12 14 4 6 || 4.29279-10~ 1!
17 12 12 10 12 14 4 6 || 4.26967-10~ 11
18 12 12 8 12 14 4 6 || 4.25943-10~ 11
19 12 12 6 12 14 4 6 || 4.24758-10~ 11
20 12 12 4 12 14 4 6 || 4.25071-10~ 11
21 12 14 6 12 14 4 6 || 4.24995-10~ 11
22 12 10 6 12 14 4 6 || 4.23524-10~ 11
23 12 8 6 12 14 4 6 || 4.17446-10~11
24 12 6 6 12 14 4 6 || 4.35334-10~ 1!
25 14 8 6 12 14 4 6 || 6.80995-10~12
26 16 8 6 12 14 4 6 || 6.58355-10~12
27 18 8 6 12 14 4 6 || 6.5848 - 10712

Table 1: Mean squared errors for Uy and bandwidths N" = (|{i} N u| N|u‘)§1:1 for some choices of
the parameters Ny and Ns.

for Uy. To do this we introduce a new set of bandwidth parameters N, € (2N) for u € Uy, i.e. one
parameter for every bandwidth. We get the bandwidths N" by setting every non-zero entry to Ny,
ie. N = (|{i} Nu|Ny)i,. We optimise these bandwidth parameters one by one, starting with
the parameters corresponding to the two-dimensional bandwidths. We do this through increasing
the parameter firstly bigger until the MSE gets bigger. If the MSE gets bigger in the first step, we
decrease the parameter until the MSE gets bigger. Then we use the parameter which has generated
the minimal MSE. As a starting point we use the bandwidths N = (|{i} N u| Njy){—; generated by
the optimal parameters N1 = 12 and Ny = 10 of the previous approximation step. In Table 1 we
show the parameters we tried to find the optimal ones.

We get the bandwidths N" = (|{i} Nu|Ny)j_; with the parameters Ny = 16, Npgy = 8,
Nizy =6, Nyyy = 12, Ny oy = 14, Nyo 4y = 4, and Ny34y = 6. Finally, we repeat the one by one
optimizing procedure again with all parameters for the bandwidths, e.g. we consider every non-zero
entry of each bandwidth as one parameter. As result, we get the bandwidths

16 0 0 0
)
0 0 0 10
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N{172}:(lg6>, Nm}:(%),and N{274}:<§>
0 0 8

with a mean squared error of 9.74704 - 10~'4. We point out that this is quite a good approximation
since we use only 1000 nodes X. All in all, we approximate the function f; with a sum of 365 basis
functions combined with the same number of coefficients.

5.2 Comparison of analytic and approximated global sensitivity indices

In this subsection we approximate a function multiple times with different numbers of nodes M.
This time we restrict ourselves to uniformly sampled nodes. This has the advantage that we can
compare the ANOVA approximation with the mixed basis to the Fourier basis and with the half
period cosine basis approximation. We also compare the approximated GSIs with analytically
calculated ones. In order to do this, we consider the function

1 2
f2: [0, 1]4 — C, fa(z1,29,23,24) = (227 — 1)2553 + 10sin(27xy) <:c2 — 2> + exp(z3).

The function fo does not depend on the variable z4. Furthermore, the function has the same values
at the boundaries in dimension one and two, e.g.

f2(0, 22, 23, 4) = fo(1l, 22,23, 24), Vo, 23,24 € [0, 1]
fo(21,0,23,24) = fo(x1,1, 23, 24), Va1, 23,24 € [0, 1].

Thus, we should use the Fourier basis for the first two coordinates and the half period cosine basis for
the third, i.e. d := (exp, exp, cos,cos) . Furthermore, we test two more ANOVA approximations
without mixed bases, namely one with a Fourier basis and one with a half period cosine basis. In
the appendix A we calculate the analytic GSIs of this function fo. The results are

133

1 = ~ 0.
PULL ) = 556000 = T0e2 0.369507,
—530 4+ 1800e — 540e2

3 — ~ 00.345259

p({3}, 12) 177 + 1800e — 540¢2 )
100

1,2 — ~ 0.277825

P12} 12) = 5576000 — 18002 )
8

p({1,3}, fa) = ~ 0.007409,

177 + 1800e — 540e2

and the other analytic GSIs are zero.

We now compare this with the approximated GSIs. For ANOVA approximation we use M =
50, 100, 200, 500, 1000, 2000, 5000, 10000, 20000 and 50000 uniformly distributed nodes X. For this
function fo we consider the superposition set Uy, with ds = 2, since the function f; has only
one-dimensional and two dimensional interactions between variables. In this example we restrict
ourselves to two bandwidth parameters, N7 for one-dimensional bandwidths and Ns for the two-
dimensional bandwidths. For M < 10000 we determine the bandwidth parameters N; and Ny
numerically like in (5.1). The results are shown in the Table 2. We obtain the bandwidths for
M > 10000 by extrapolating the previously determined optimal bandwidths.

In Figure 4 we plot the resulting mean squared errors. Here we notice that the error for the
approximation with the Fourier basis decays with the rate M ~!. This decay rate M ! is optimal,
since the periodization fY*: T* — C, fY(x) = fa(x) is not continuous, see [14]. The error of the
approximation with the mixed basis and the half period cosine basis decays with the;3 rate M _%,
while the approximation with the mixed basis gives a better constant. This rate M ™2 is optimal
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M cos d, exp
Ny No Ny No Ny No
50 4 2 4 2 4 2
100 4 4 4 4 4 4
200 6 4 6 4 14 4
500 12 8 10 8 32 6
1000 18 10 14 10 76 6
2000 28 14 24 14 150 10
5000 56 22 40 22 300 14
10000 70 32 60 32 720 18
20000 170 46 110 46 1962 26
50000 382 76 224 76 6548 40

Table 2: Optimal bandwidths (for M < 10000) N* = (|{i} Nu| Nyy|)iz; for Uy for f, approximated
at M training nodes and (for M > 10000) extrapolated bandwidths.

for the approximation with the cosine basis. Furthermore, we see that the approximation with the
mixed basis decays with the same rate as the approximation with the half period cosine basis but
provides a better constant factor.

Next, in Figure 5, we compare the approximated GSIs with the analytic GSIs and see that they
converge. The approximated GSIs using the Fourier basis converge slower than the approximated
GSIs using the mixed basis. In Figure 6 we consider the individual approximated GSIs for different
numbers of training nodes. Here we notice that the approximated GSIs using the Fourier basis
performs particularly poorly in the dimensions where the function f5 is not continuously periodizable,
e.g. for u = {3} we have particularly large deviations from the analytic GSI. Furthermore, we see for
example at u = {1, 2} that the approximated GSIs using the half period cosine basis converge more
slowly towards the analytic GSI than approximated GSIs using the Fourier basis. The approximated
GSIs using the mixed basis combines the positive properties of the other two ANOVA approximations
and therefore converges much faster.
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A Analytic Calculation of Global Sensitivity Indices

In the following we calculate the analytic GSIs for the function

f2: ]D)d2 — (C,
1 2
fa(x1, 22,23, 24) = (227 — 1)2333 + 10sin(27x1) (:L‘g — 2) + exp(x3)

)
= datxs — 4rywz + w3 + 10sin(2rzy o — 10sin(27mw )2 + 3 sin(2mxy1) + exp(x3)

with dy = (exp, exp, cos, cos) " using the basis B92. First we calculate the mixed coefficients cﬁ2 (f2),

exploiting linearity. For this purpose we define

hi (21, 22, T3, 24) = 2173,
ha(21, 22, 23, 74) = T173,
h3(z1, 2, 23, 74) = 3,

ha(z1, T, T3, 4) = sin(2mz;)x3,
hs(x1, 9, x3,x4) = sin(2mwx )z,
he(x1, 29, x3,24) = sin(27x;), and
h7(x1, 29,3, 24) = exp(x3)

and observe

5
2 (f2) = 4cg (hy) — 462 (ha) + ¢ (hs) + 1062 (ha) — 1062 (hs) + —cg? (h) + g2 (h7)  (A.1)

2
for all k € K92, We know that, if f € Ly(D9) is a function given as product f(x) = ?:1 f;jj (xj) of
functions f;-l 7€ Ly(D%), j=1,...,d, then for all k € K¢ we can decompose the mixed coefficients,
i.e.
d; s pd;
&(f) =TT e (f7 ().
j=1

Thus, we decompose the functions h; into

g]e-Xp: D™P - C, j=1,...,4, g;”: D = C, j=1,...,3,

g1 () =1, 917 (x) = 1,

95" (z) =z, 95" (x) = =,

957" (z) = 2%, 95" (x) = exp(z),

gy P(z) = sin(27z).

Next we calculate the Fourier coefficients and the cosine coefficients of these functions. We observe

AP (g7P) = Ok and ¢5(g5%®) = ko because of the orthogonality of the basis functions and

bg Y = ¢ = 1. We start with the zeroth Fourier coefficients and cosine coefficients and observe

1 1
co(g2") = g™ (95™) = o (g5 ) =73 and o™ (

3

=5 o

COS)

g3 ) =e—1
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through ¢ = ¢§™ = fol f(z) dz. For the case k # 0 we observe

Cexp( exp) 1 cos( cos) _ ﬁ(_l)k -1

D) 7 ]C Ck 92 - 2k2 )
1 1 (—1%)e -1

exXp/ expy\ __ . _

G (057) = Goage T gy and ) =V

To this end we use the identity ¢5F () = sin(2mz) = & exp(2riz) — 5 exp(—2miz) for the coefficients

¢ (g7 and get 7P (g5P) = %, P (g5P) = — %, and the ohter coefficients are zero. Next, we
consider the Fourier cosine coefficients ¢y of the functions h;, ¢ = 1,...,7 and obtain
%, kl,kg,kg,k’4:0
ﬁ_’_ﬁlklv k27k3ak‘14:05k17§0
k
CﬁQ(hl) = f( 3;222 1, klakQak4:07k3 #07
f( 4k2]€2 +f2ﬂ3k k.21a k2>k4207k17k37£0
0, else
1 ki, ko, k3, kg =0
Tl ko, k3, ks =0,k #0
k
CﬁQ(hQ) - f( 171.2:;2 1) k17k27 k4 = 07 k3 ;é 0 5
k
W2 R, kaiky =0k ks # 0
0, else
3, ki, ko, k3, kg =0
k
ﬁz(h3) = \/>( 12k32 17 kla k27 k4 = O) k3 7é 0 )
0, else
— &> ko k3, ky =0,k =1
& ko, ks, ka = 0,k1 = —
) = bl k= 0k = LR £0
_ﬁ—i_ﬁl) k37k4:07k1:_17k2#0
0, else
_ia k27k3>k4:07k1 =1
ia k2ak37k4207k1 = -
®k(hs) = e ke ka=0ki =1k #0
_ﬁ7 k37k4:07k1:_17k2#0
0, else
—%, koks3,ka=0k =1
Cﬁ2(h6) = %a k27k37k4 - 07 kl =-1 5 and
0, else
e_17 k17k27k37k4:0
_1)k3e—
e (hn) = S VIS kukaka = 0,k 0.
0, else
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Finally, using the (A.1) we calculate the Fourier cosine coefficients cﬁ2( f2) for the function fo,

2 (fy) =

e— 2 k1, ko, ks, ka = 0
R ko, kg, ka =0,k =1

— L+ 5 ko, ks, ks =0,k = —
ﬁ ko, ks, ks =0, [ky| > 2
V2L VR ke k= 0,k £ 0
—ﬁi, ks, ks =0,k =1,ky #0
ﬁi, kg, ks =0,k = —1,ko #0
2v2Cit, oy by = 0, k1, kg # 0

0, else

103

Furthermore, we consider the norm of the function f2 and observe || f2[l,paz) = 135 + 5+ Using

this we observe the variance o%(fo) = 2% + 2e — &. Next, we consider the ANOVA terms o?(f,)
for subsets of indices u C [4] using their series representatlon 02 (fu) = kexa: ]c 2(f)|2. For the

further calculation we

02(fu) of the ANOVA

supp k=u
4 4 . : .
need Y 72, ki‘l = 55 and Y22, ﬁ = §g- Using this we get the variances

terms fy,
3
f{l} Z ‘cke1| = + Z 4k4 360
k;ﬁo
s = 25 5
2 _ _ _
o (fu2y) = Z Z \Cke1+ye2 - Z4w4k4 T 18
k=—00j k=1
k0 ];éo
-1 1

*(fra) = Z Z\Cke1+ae3 2ZZW 135°

k=—o00j=1 k=1j=1
k#0

Since the other mixed coeflicients except 0223( f2) are zero, we get the variance o( f(3;) through the

theorem of Parseval,

53 5 e?
o(fray) = 0*(f2) = *(fy) = o*(fuy) = *(frs) = — g + 30~ 5
Finally, we get the analytic global sensitivity indices
133
1 = ~ 0.
p({1}, f2) 59+ 6000 — 1802 0.369507,
—530 + 1800e — 540e?
= ~ 0.3452
3 f2) 177 + 18000 — 54062~ 0349259,
100
1,2 = ~ 0.277825, and
p({ ’ }af?) 59 + 600e — 18002 , an
8
p({1,3}, f2) = ~ 0.007409.

22

177 4 1800e — 540e?



	Introduction
	Preliminaries
	Function Spaces
	Orthonormal Basis

	Interpretable ANOVA Approximation
	ANOVA Decomposition
	Numerical ANOVA Approximation
	Grouped Index Sets
	Approximation
	How to choose the truncation set U?


	Fast Evaluation of Mixed Polynomials
	Non-Equidistant Fast Mixed Transform
	Grouped Mixed Transformations

	Numerical Experiments
	ANOVA approximation with a mixed basis
	Comparison of analytic and approximated global sensitivity indices

	References
	Analytic Calculation of Global Sensitivity Indices

