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Motivation

Using d-dimensional function

f : Td → C, x 7→ f(x).

Such functions can be written as a Fourier series

f(x) =
∑
k∈Zd

ck(f)ϕk(x), x ∈ Td

with Fourier basis functions ϕk(x) =
∏d

s=1 exp (2πiksxs) or alternatively with cosine basis
functions.

Task
Given: X = {x1, . . . ,xM} ⊂ Td and f ∈ CM with f(xj) = fj , j = 1, . . . ,M

Goal: f̂k ≈ ck(f) ∈ C, finite index set I ⊂ Zd,
such that f̃(x) :=

∑
k∈I

f̂kϕk(x) ≈ f(x)
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Motivation

Problem: curse of dimensionality, evaluation of trigonometric polynomials
∑

k∈I f̂kϕk(xj)

at M points performed with NFFT has the computational cost O(|I| log|I|+ |log ϵ|d M)
Theorem: Decomposition in ANOVA terms①

f = f∅ . . . 1× constant function
+ f{1} + f{2} + . . . + f{d} . . . d× univariate functions

+ f{1,2} + f{1,3} + . . . + f{d−1,d} . . .

(
d

2

)
× bivariate functions

+ f{1,2,3} + f{1,2,4} + . . . + f{d−2,d−1,d} . . .

(
d

3

)
× trivariate funktions

+ f{1,2,3,4} + f{1,2,3,5} + . . . + f{d−3,d−2,d−1,d}

...
+ f{1,2,...,d} . . . 1× d-variate function

①Kuo, F. Y. and Sloan, I. H. and Wasilkowski, G. W. and Woźniakowski, H., On decompositions of multivariate functions,
Math. Comput., (2010).
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Universitätsverlag Chemnitz, (2022).
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Orthonormal basis

Fourier cosine basis functions
The functions

ϕm,n
k : Tm × [0, 1]n → C,

ϕm,n
k (x) :=

(
m∏
s=1

exp (2πiksxs)

)
·

((√
2
)|supp((kj)

m+n
j=m+1)| m+n∏

s=m+1

cos (πksxs)

)
, k ∈ Zm × Nn

0

form an orthonormal basis of L2(Tm × [0, 1]n).
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ANOVA decomposition

Theorem
Every function f ∈ L2(Tm × [0, 1]n) can be rewritten as
f(x) =

∑
k∈Zm×Nn

0

ck(f)ϕ
m,n
k (x), x ∈ Tm × [0, 1]n with the Fourier cosine coefficients

ck(f) := ⟨f, ϕm,n
k ⟩

L2(Tm×[0,1]n)
.

ANOVA terms
An ANOVA term is defined as

fu : L2(Tm × [0, 1]n) → C, fu(x) :=
∑

k∈Zm×Nn
0

suppk=u

ck(f)ϕ
m,n
k (x)

for a subset of indices u ⊂ {1, . . . ,m+ n}.

f(x) =
∑

u∈P({1,...,m+n})

fu(x)
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ANOVA decomposition

truncated ANOVA decomposition
We consider the truncated ANOVA decomposition

TUf =
∑
u∈U

fu

with U ⊆ P({1, . . . ,m+ n}), such that TUf ≈ f holds.

Example for f : Tm × [0, 1]n → C and U = {u ∈ P({1, . . . , d}) | |u| ≤ 2}

f = f∅ + f{1} + f{2} + . . . + f{d}

+ f{1,2} + f{1,3} + . . . + f{d−1,d}

+ f{1,2,3} + f{1,2,4} + . . . + f{d−2,d−1,d}

...
+ f{1,2,...,d}

TUf = f∅ + f{1} + f{2} + . . . + f{d}

+ f{1,2} + f{1,3} + . . . + f{d−1,d}

+ f{1,2,3} + f{1,2,4} + . . . + f{d−2,d−1,d}
...
+ f{1,2,...,d}
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ANOVA decomposition

truncated ANOVA decomposition
We consider the truncated ANOVA decomposition

TUf =
∑
u∈U

fu

with U ⊆ P({1, . . . ,m+ n}), such that TUf ≈ f holds.

Variance
We define the variance of a function f as

σ2(f) := ∥f∥2L2(Tm×[0,1]n)︸ ︷︷ ︸
L2 norm

− |c0(f)|2︸ ︷︷ ︸
mean value

=
∑

k∈(Zm×Nn
0 )\{0}

|ck(f)|2 .
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ANOVA decomposition

Global sensitivity indices③

The global sensitivity index (GSI) of an ANOVA term fu is defined as

ρ(u, f) :=
σ2(fu)

σ2(f)
.

∑
u∈P({1,...,m+n})\{∅}

ρ(u, f) =

∑
u∈P({1,...,m+n})\{∅}

σ2(fu)

σ2(f)
=

∑
k∈Zm×Nn

0 \{0}
|ck(f)|2∑

k∈Zm×Nn
0 \{0}

|ck(f)|2
= 1

③Sobol, I. M., Global sensitivity indices for nonlinear mathematical models and their Monte Carlo estimates, Math.
Comput. Simulation, (2001).
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ANOVA approximation

Index set

Im,n
N :=

{
k ∈ Zm × Nn

0

∣∣∣∣ kj ≥ −Nj

2
, j = 1, . . . ,m; kj <

Nj

2
, j = 1, . . . ,m+ n

}
,N ∈ (2N)m+n

Example: I1,2
N with N = (10, 8, 6)⊤

y

x

z
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ANOVA approximation

Fourier cosine polynomials
We define the set of Fourier cosine polynomials up to degree N as

TN :=

 ∑
k∈Im,n

N

f̂kϕ
m,n
k

∣∣∣∣∣∣ f̂k ∈ C

 .

Approximation
Given: X = {x1, . . . ,xM} ⊆ Tm × [0, 1]n and f ∈ CM with f(xj) = fj , j = 1, . . . ,M

Goal: f̃ ∈ TN with f̃(xj) ≈ fj , j = 1, . . . ,M

⇐⇒ f̂ ∈ C|I
m,n
N | with

∑
k∈Im,n

N

f̂kϕ
m,n
k (xj) ≈ fj , j = 1, . . . ,M
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ANOVA approximation

Approximation of the coefficients②∥∥∥f − f̃
∥∥∥2
L2(Tm×[0,1]n)

=

∫
Tm×[0,1]n

∣∣∣f(x)− f̃(x)
∣∣∣2 dx

≈ 1

|M |

M∑
j=1

∣∣∣fj − f̃(xj)
∣∣∣2

=
1

|M |

M∑
j=1

∣∣∣fj − ∑
k∈Im,n

N

f̂kϕ
m,n
k (xj)

∣∣∣2
f̂ := argmin

ĥ∈C|I
m,n
N |

M∑
j=1

∣∣∣fj − ∑
k∈Im,n

N

ĥkϕ
m,n
k (xj)

∣∣∣2 ≈ (ck(f))k∈Im,n
N

→ Least squares solver

②Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitätsverlag Chemnitz, (2022).
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ĥkϕ
m,n
k (xj)

∣∣∣2 ≈ (ck(f))k∈Im,n
N

→ Least squares solver

②Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitätsverlag Chemnitz, (2022).
TUC · 29.08.2023 · Pascal Schröter 11 / 19 https://www.tu-chemnitz.de/~pasca

https://www.tu-chemnitz.de/~pasca


ANOVA approximation

Approximation of the coefficients②∥∥∥f − f̃
∥∥∥2
L2(Tm×[0,1]n)

=

∫
Tm×[0,1]n

∣∣∣f(x)− f̃(x)
∣∣∣2 dx

≈ 1

|M |

M∑
j=1

∣∣∣fj − f̃(xj)
∣∣∣2

=
1

|M |

M∑
j=1

∣∣∣fj − ∑
k∈Im,n

N

f̂kϕ
m,n
k (xj)

∣∣∣2
f̂ := argmin
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Universitätsverlag Chemnitz, (2022).
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ANOVA approximation
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Evaluation of Fourier cosine polynomials

Fourier cosine polynomials

f(x) =
∑

k∈Im,n
N

f̂kϕ
m,n
k (x), f̂ ∈ C

Trigonometric polynomials

f exp(x) =
∑

k∈Im,0
N

f̂ exp
k exp(2πi ⟨k,x⟩), f̂ exp ∈ C

The computation of the values (f exp(xj))
M
j=1 through a NFFT has the computational cost

O(|Im,0
N | log|Im,0

N |+ |log ϵ|m M). ∣∣∣Im,0
N

∣∣∣ = m∏
j=1

Nj

TUC · 29.08.2023 · Pascal Schröter 12 / 19 https://www.tu-chemnitz.de/~pasca

https://www.tu-chemnitz.de/~pasca


Evaluation of Fourier cosine polynomials

Fourier cosine polynomials

f(x) =
∑

k∈Im,n
N

f̂kϕ
m,n
k (x), f̂ ∈ C

Trigonometric polynomials

f exp(x) =
∑

k∈Im,0
N

f̂ exp
k exp(2πi ⟨k,x⟩), f̂ exp ∈ C

The computation of the values (f exp(xj))
M
j=1 through a NFFT has the computational cost

O(|Im,0
N | log|Im,0

N |+ |log ϵ|m M). ∣∣∣Im,0
N

∣∣∣ = m∏
j=1

Nj

TUC · 29.08.2023 · Pascal Schröter 12 / 19 https://www.tu-chemnitz.de/~pasca

https://www.tu-chemnitz.de/~pasca


Evaluation of Fourier cosine polynomials

Theorem
Let f̂ = (f̂k)k∈Im,n

N
∈ C|I

m,n
N | be a coefficient vector for a Fourier cosine polynomial f . We define a coefficient

vector f̂ exp = (f̂exp
k )

k∈Im+n,0
N

∈ C|I
m+n,0
N | for a trigonometric polynomial fexp through

f̂exp
k :=


0 , ∃j > m : kj = −Nj

2(√
2
)−|supp(kj)

m+n
j=m+1| f̂( (kj)

m
j=1

(|kj |)
m+n
j=m+1

) , else , k ∈ Im+n,0
N .

Then the following identity between the Fourier cosine polynomial f and the trigonometric polynomial fexp

holds

f(x) = fexp

((
(xj)

m
j=1

( 1
2
xj)

m+n
j=m+1

))
∀x ∈ Tm × [0, 1]n.

Remark
Fourier cosine polynomials can be evaluated thought a NFFT.
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Evaluation of Fourier cosine polynomials

Example:

y

x

z

I1,2
(6,6,6)⊤

y

x

z

I3,0
(6,6,6)⊤
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Application

f : [0, 1]4 → C, f(x1, x2, x3, x4) := (2x1 − 1)2x3 + 10 sin(2πx1)

(
x2 −

1

2

)2

+ exp(x3)

{1} {2} {3} {4} {1; 2} {1; 3} {1; 4} {2; 3} {2; 4} {3; 4}
0

0.2

0.4

Cosine basis

M = 50
M = 100
M = 200
M = 500

Fourier cosine basis

M = 50
M = 100
M = 200
M = 500

Fourier basis

M = 50
M = 100
M = 200
M = 500

Exact GSIs
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2
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MSE(f, f̃ ,Xtest) :=
1

|Xtest|
∑

x∈Xtest

∣∣∣f(x)− f̃(x)
∣∣∣2

102 103 104

10−5

10−4

10−3

10−2

10−1

M

M
S
E
(f
,f̃

,X
te
st
)

Cosine
Fourier cosine
Fourier

TUC · 29.08.2023 · Pascal Schröter 16 / 19 https://www.tu-chemnitz.de/~pasca

https://www.tu-chemnitz.de/~pasca


Application

f : [0, 1]4 → C, f(x1, x2, x3, x4) := (2x1 − 1)2x3 + 10 sin(2πx1)

(
x2 −

1

2

)2

+ exp(x3)

MSE(f, f̃ ,Xtest) :=
1

|Xtest|
∑

x∈Xtest

∣∣∣f(x)− f̃(x)
∣∣∣2

102 103 104

10−5

10−4

10−3

10−2

10−1

M

M
S
E
(f
,f̃

,X
te
st
)

Cosine
Fourier cosine
Fourier

TUC · 29.08.2023 · Pascal Schröter 16 / 19 https://www.tu-chemnitz.de/~pasca

https://www.tu-chemnitz.de/~pasca


Application

f : [0, 1]4 → C, f(x1, x2, x3, x4) := (2x1 − 1)2x3 + 10 sin(2πx1)

(
x2 −

1

2

)2

+ exp(x3)

MSE(f, f̃ ,Xtest) :=
1

|Xtest|
∑

x∈Xtest

∣∣∣f(x)− f̃(x)
∣∣∣2

102 103 104

10−5

10−4

10−3

10−2

10−1

M

M
S
E
(f
,f̃

,X
te
st
)

Cosine
Fourier cosine
Fourier
70M− 3

2

20M−1

TUC · 29.08.2023 · Pascal Schröter 16 / 19 https://www.tu-chemnitz.de/~pasca

https://www.tu-chemnitz.de/~pasca


Application

Chebyshev basis functions
The functions

Tk : [0, 1] → C,
Tk(x) := cos(k arccos(2x− 1)), k ∈ N0

form an orthonormal basis of L2([0, 1], ω) with the weight

ω : [0, 1] → (0,∞), ω(x) :=
1

π
√
x− x2

Tk(x) = ϕ0,1
k

(
arccos(2x− 1)

π

)
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Application
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Conclusion

Conclusion
▶ We can approximate partial periodic functions f : Tm × [0, 1]n → C
▶ This is fast for functions with mainly low dimensional interactions
▶ It is implemented in the ANOVA framework as Branch named NFFCT

▶ https://github.com/NFFT/NFFT3.jl/tree/NFFCT
▶ https://github.com/NFFT/GroupedTransforms.jl/tree/NFFCT
▶ https://github.com/NFFT/ANOVAapprox.jl/tree/NFFCT

▶ We can use the Chebyshev basis for approximation too
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Thank You
for Your attention
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