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Motivation

Let f : Td → C, x 7→ f(x) be a function in C(Td).

Task
Given: X = {x1, . . . ,xM} ⊂ Td and y ∈ CM with f(xj) = yj , j = 1, . . . ,M

Goal: find approximation f̃(x) ≈ f(x).

Ansatz: Use Fourier series

f(x) =
∑
k∈Zd

ck(f) exp (2πi ⟨k,x⟩) , x ∈ Td

with the Fourier coefficients ck(f) := ⟨f, exp (2πi ⟨k, ·⟩)⟩L2
.

Set f̃(x) :=
∑
k∈I

f̂k exp (2πi ⟨k,x⟩) and find f̂k ≈ ck(f) ∈ C.

We have to choose the index set I ⊂ Zd. We call |I| = B frequency budget.
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Motivation

Least squares approximation
We get f̂k ≈ ck(f) ∈ C, k ∈ I through∥∥∥(f̃(xj)− f(xj))

d
j=1

∥∥∥2
2
=

∥∥∥∥∥∥∥
 ϕk1(x1) · · · ϕkB

(x1)
...

. . .
...

ϕk1
(xM ) · · · ϕkB

(xM )


︸ ︷︷ ︸

=:A∈CM×B , M≥B

 f̂k1

...
f̂kB


︸ ︷︷ ︸

∈CB

−

 y1
...

yM


︸ ︷︷ ︸
∈CM

∥∥∥∥∥∥∥
2

2

−→ min

with ϕk(x) = exp (2πi ⟨k,x⟩)
and I = {k1, . . . ,kB} ⊂ Zd.

The solution is given by (f̂k)k∈I = (A∗A)−1A∗y.
This can be computed efficiently using a least squares solver, together with NFFT if I is a box.
It is theoretically shown that B ∼M/ log(M) implies that A has a good condition number with
high probability.①

①L. Kämmerer, T. Ullrich, T. Volkmer, Worst-case recovery guarantees for least squares approximation using random
samples, Constr. Approx., 54:295–352, (2021).
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Motivation

Example
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Motivation

Example

For the projection PIf := argmin
g∈span{exp(2πi⟨k,·⟩)}k∈I

∥g − f∥2L2
we get the projection error

∥f − PIf∥2L2
= ∥

∑
k/∈I

ck(f) exp (2πi ⟨k, ·⟩)∥2L2
=
∑
k/∈I
|ck(f)|2

We get the following for the function f(x1, x2) = b6(x1)b2(x2):

frequency square I :
I = {−10,−9, . . . , 10}2
|I| = B = 441

∥f − PIf∥2L2
≈ 4.027 · 10−5

optimal frequency box I∗:
I∗ = {−4,−3, . . . , 4} × {−24,−23, . . . , 24}
|I∗| = B = 441

∥f − PI∗f∥2L2
≈ 2.974 · 10−6
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Learning Anisotropy
Definition

We define anisotropic Sobolev spaces②

Hs1,...,sd :=

{
f ∈ L2

∣∣∣∣ Dαf ∈ L2 for α = (α1, . . . , αd) ∈ Nd
0 with

α1

s1
+ · · ·+ αd

sd
≤ 1

}
with the norm ∥f∥2Hs1,...,sd :=

∑
k∈Zd |max{1, ks11 , . . . , ksdd }ĉk(f)|2.

Lemma
Let N = (N1, . . . , Nd) ∈ (2N0)

d. When projecting functions f from anisotropic Sobolev spaces
Hs1,...,sd to frequency boxes

IN :=
d×

j=1

{
{0} if Nj = 0

[−Nj/2, Nj/2) ∩ Z otherwise,

we obtain sup
∥f∥Hs1,...,sd≤1

∥f − PIN
f∥2L2

=
(
max

{
1,
(N1

2

)s1
, . . . ,

(Nd

2

)sd})−2

.

②H.-J. Schmeisser, H. Triebel, Function Spaces, Differential Operators and Nonlinear Analysis, Vieweg+Teubner Verlag
Wiesbaden, (1993).
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Learning Anisotropy
Approximation Error

frequency budget B ∈ N

frequency cubes IN
with Nj =

d
√
B

sup
∥f∥Hs1,...,sd≤1

∥f − PIN
f∥2L2

∼ B− 2min{s1,...,sd}
d

optimal frequency boxes IN∗

with N∗
j = (B1/(1/s1+···+1/sd))1/sj

sup
∥f∥Hs1,...,sd≤1

∥f − PIN∗ f∥2L2
∼ B

− 2
1/s1+···+1/sd

Example
d = 2, s1 = 1, s2 = 10

sup
∥f∥H1,10≤1

∥f − PIN
f∥2L2

∼ B−1 sup
∥f∥H1,10≤1

∥f − PIN∗ f∥2L2
∼ B− 20

11

Example
f(x1, x2) = b6(x1)b2(x2) has the smoothness s1 = 11

2 and s2 = 3
2

∥f − PIN
f∥2L2

≲ B− 3
2 ∥f − PIN∗ f∥2L2

≲ B− 33
14 ≲ B−2.357
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Learning Anisotropy
Algorithm

How to find the smoothness s1, . . . , sd?
Example: d = 2, find smoothness s1

Ñ(n) :=
(
n N2

)⊤
IÑ(n) = {−n, . . . , n− 1} × {−N2, . . . , N2 − 1}∥∥∥f − PIÑ(n)
f
∥∥∥2
L2

=
∥∥∥ ∑

k/∈IÑ(n)

ck(f)
∥∥∥2
L2

=
∑

k/∈IÑ(n)

|ck(f)|2

=
∑
k1∈Z

|k2|>N2

|ck(f)|2 +
∑

|k1|>n
|k2|≤N2

|ck(f)|2

≲ A+ Cjn
−2sj

...

...

· · ·· · ·

2n

2
N

2
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+

C
n
−
2
s
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Learning Anisotropy
Algorithm

Lemma
Let f : Td → C be a function and f̃ =

∑
k∈I f̂k exp(2πi ⟨k, ·⟩) an approximation. Then

1

2

∑
k/∈I
|f̂k|2 − ∥f − f̃∥2L2

≤ ∥f − PIf∥2L2
≤ 2

∑
k/∈I
|f̂k|2 + ∥f − f̃∥2L2

.

It follows
∑

k/∈IÑ(n)

|f̂k|2 ∼ ∥f − PIÑ(n)
f∥2L2

≲ A+ Cjn
−2sj if ∥f − f̃∥2L2

is small.
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Learning Anisotropy
Algorithm

How to find the smoothness sj numerically from given f̂k for k ∈ IN?
∑

k/∈I
Ñ(n)

|f̂k|2 ≈
∑

k∈IN\I
Ñ(n)

|f̂k|2 ≲ (A+ Cjn
−2sj )(Nj − n)

101 102
10−19

10−13

10−7

10−1

n

(A
+

C
j
n
−
2
s
j
)(
N

j
−

n
)
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t =

Du≈
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Learning Anisotropy
Algorithm

How to find the smoothness sj numerically from given f̂k for k ∈ IN?
∑

k/∈I
Ñ(n)

|f̂k|2 ≈
∑

k∈IN\I
Ñ(n)

|f̂k|2 ≲ (A+ Cjn
−2sj )(Nj − n)

100 101 102
10−19

10−13

10−7

10−1

Dun
−2t

Dln
−2t

Du
Dl

n

∑
k
∈
I
N

\I
N

j
,n

| f̂
k
|2 f(x1, x2) = b6(x1)b2(x2)

h(n) = Dn−2t

t = 4

Du≈ 592.8867

Dl≈ 0.000958

Hull width Du
Dl

≈ 618879
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Learning Anisotropy
Algorithm

How to find the smoothness sj numerically from given f̂k for k ∈ IN?
∑

k/∈I
Ñ(n)

|f̂k|2 ≈
∑

k∈IN\I
Ñ(n)

|f̂k|2 ≲ (A+ Cjn
−2sj )(Nj − n)

100 101 102
10−19

10−13

10−7

10−1

Dun
−2t

Dln
−2t

Du
Dl n

∑
k
∈
I
N

\I
N

j
,n

| f̂
k
|2 f(x1, x2) = b6(x1)b2(x2)

h(n) = Dn−2t

t = 6

Du≈ 63268.7

Dl≈ 1

Hull width Du
Dl

≈ 63268
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Learning Anisotropy
Algorithm

How to find the smoothness sj numerically from given f̂k for k ∈ IN?
∑

k/∈I
Ñ(n)

|f̂k|2 ≈
∑

k∈IN\I
Ñ(n)

|f̂k|2 ≲ (A+ Cjn
−2sj )(Nj − n)

100 101 102
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Dun
−2t

Dln
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Du
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n

∑
k
∈
I
N

\I
N

j
,n

| f̂
k
|2 f(x1, x2) = b6(x1)b2(x2)

h(n) = Dn−2t

t = 5

Du≈ 5754.04

Dl≈ 1

Hull width Du
Dl

≈ 5754
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Learning Anisotropy
Algorithm

Theorem (Bartel, S. ’24)
Let f : Td → C be a function with Cln

−2s ≤ ∥f − PIÑ(n)
∥ ≤ Cun

−2s, Cl, Cu, s > 0, n ∈ N and
f̃ =

∑
k∈IN

f̂k exp(2πi ⟨k, ·⟩) an approximation. Let further M ∈ N and approximate s by

t := argmin
r∈R

(
maxm∈[M](m

2r
∑

k/∈IÑ(n)
|f̂k|2)

minm∈[M](m2r
∑

k/∈IÑ(n)
|f̂k|2)

)[
} =: Du

} =: Dl

]
.

Then

|t− s| ≤ log(δ)

log(M)
and (1/2− γ)

√
δ
−1

Cl ≤
√

DuDl ≤ (2 + 2γ)
√
δCu

holds with γ := ∥f − f̃∥2L2
/∥f − PIÑ(n)

∥2L2
and δ := 4+4γ

1−2γ
Cu

Cl
.
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Learning Anisotropy
Example

Numerical example

103 104 105
10−9

10−8

10−7

10−6

10−5

10−4

M

∥ ∥ ∥f−
f̃
∥ ∥ ∥ 2

f(x1, x2) = b6(x1)b2(x2)

frequency squares
frequency boxes
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Learning Anisotropy
Example

Numerical example

103 104 105
10−9

10−8

10−7

10−6

10−5

10−4

M

∥ ∥ ∥f−
f̃
∥ ∥ ∥ 2

f(x1, x2) = b6(x1)b2(x2)

frequency squares
frequency boxes
0.7(x/ log(x))−3/2

2.5(x/ log(x))−33/14
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ANOVA approximation
Definition

Problem: curse of dimensionality, evaluation of trigonometric polynomials
∑

k∈I f̂kϕk(xj)

at M points performed with NFFT has the computational cost O(|I| log|I|+ |log ϵ|d M)
Theorem: Decomposition in ANOVA terms③

f = f∅ . . . 1× constant function
+ f{1} + f{2} + . . . + f{d} . . . d× univariate functions

+ f{1,2} + f{1,3} + . . . + f{d−1,d} . . .

(
d

2

)
× bivariate functions

+ f{1,2,3} + f{1,2,4} + . . . + f{d−2,d−1,d} . . .

(
d

3

)
× trivariate funktions

+ f{1,2,3,4} + f{1,2,3,5} + . . . + f{d−3,d−2,d−1,d}
...
+ f{1,2,...,d} . . . 1× d-variate function

③Kuo, F. Y. and Sloan, I. H. and Wasilkowski, G. W. and Woźniakowski, H., On decompositions of multivariate functions,
Math. Comput., (2010).
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ANOVA approximation
Definition

Problem: curse of dimensionality, evaluation of trigonometric polynomials
∑

k∈I f̂kϕk(xj)

at M points performed with NFFT has the computational cost O(|I| log|I|+ |log ϵ|d M)
Theorem: Decomposition in ANOVA terms
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④Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitätsverlag Chemnitz, (2022).
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ANOVA approximation
Definition

Problem: curse of dimensionality, evaluation of trigonometric polynomials
∑

k∈I f̂kϕk(xj)

at M points performed with NFFT has the computational cost O(|I| log|I|+ |log ϵ|d M)
Theorem: Decomposition in ANOVA terms approximated by trigonometric polynomials

f ≈ f∅ . . . 1× constant function

+ f
N{1},1
{1} + f

N{2},2
{2} + . . . + f

N{d},d
{d} . . . d× univariate functions

+ f
N{1,2},1,N{1,2},2
{1,2} + f{1,3} + . . . + f

N{d−1,d},d−1,N{d−1,d},d
{d−1,d} . . .

(
d

2

)
× bivariate functions

+ f{1,2,3} + f
N{1,2,4},1,N{1,2,4},2,N{1,2,4},4
{1,2,4} + . . . + f{d−2,d−1,d} . . .
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d

3

)
× trivariate funktions
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ANOVA approximation
Definition

f(x) =
∑

k∈Zd ck(f) exp (2πi ⟨k,x⟩)

ANOVA terms
An ANOVA term is defined as

fu : Td → C, fu(x) :=
∑
k∈Zd

suppk=u

ck(f) exp (2πi ⟨k,x⟩)︸ ︷︷ ︸
=:ϕk(x)

, fu ∈ H
su1

,...su|u|

for a subset of indices u ⊂ {1, . . . , d}.

f =
∑

u∈P([d])

fu

fu =
∑
k∈Zd

suppk=u

ck(f)ϕk ⇝

f ≈
∑
u∈U

fu

fu =
∑
k∈Zd

suppk=u

ck(f)ϕk ⇝

f ≈
∑
u∈U

fu

fu ≈
∑

k∈ĨNu

ck(f)ϕk ⇝

f ≈
∑
u∈U

fu

fu ≈
∑

k∈ĨNu

f̂kϕk

f̂k ≈ ck(f)
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k∈ĨNu

ck(f)ϕk ⇝

f ≈
∑
u∈U

fu

fu ≈
∑

k∈ĨNu
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ANOVA approximation
Definition

ĨNu
:=

d×
j=1

{
{0}, if Nj = 0

[−Nu,j/2, Nu,j/2) ∩ Z \ {0}, otherwise
, IN =

⋃
u∈U

ĨNu

ĨN{1} with N{1}=
(
18 0 0

)⊤
ĨN{2} with N{2}=

(
0 25 0

)⊤
ĨN{3} with N{3}=

(
0 0 12

)⊤
ĨN{1,2} with N{1,2}=

(
12 7 0

)⊤
ĨN{1,3} with N{1,3}=

(
9 0 8

)⊤
ĨN{2,3} with N{2,3}=

(
0 12 6

)⊤
ĨN{1,2,3} with N{1,2,3} =

(
5 3 3

)⊤
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k∈ĨNu

ck(f)ϕk ⇝

f ≈
∑
u∈U

fu

fu ≈
∑

k∈ĨNu
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ANOVA approximation
Learning Anisotropy

Theorem (Bartel, S. ’24)
Let B ∈ N be a frequency budget and U ⊆ P({1, . . . , d}). Further, let Cu,j > 0 and su,j > 0 already computed,
j ∈ u for u ∈ U . Then the solution of

min
N

∥f − PINf∥2L2

s.t. |IN| = B
⇐⇒

min
N

∑
u∈U

∑
j∈u

Cu,jN
−2su,j

u,j

s.t.
∑
u∈U

∏
j∈u

Nu,j = B

is given in the following steps. We define

Mu(µ) =
∏
j∈u

(
2su,jCu,j

µ

) 1
2su,j+

∑
k∈u su,j/su,k

and compute λ by B =
∑

u∈U Mu(λ). Finally we get for u ∈ U and j ∈ u

Nu,j =

√
2su,jCu,j

λMu(λ)

1/su,j

and |INu | = Mu(λ).
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ANOVA approximation
Algorithm

Algorithm

Input: • points X = {x1, . . . ,xM} ⊂ Td, data y ∈ CM

• initial index set I0, and frequency budget B ∈ N

Output: approximation f̃ =
∑

k∈I f̂k exp(2πi ⟨k, ·⟩) ≈ f

1 compute approximated Fourier coefficients f̂k, k ∈ I0 with X and y ∈ CM by least squares;
2 ℓ← 0;
3 repeat
4 ℓ← ℓ+ 1;
5 learn anisotropy Cu,j , and su,j for all ANOVA terms based on f̂k, k ∈ Iℓ−1;
6 update Iℓ based on Cu,j , and su,j according to the theorem;
7 compute updated approximated Fourier coefficients f̂k, k ∈ Iℓ by least squares;
8 until approximation good enough or step limit exceeded;
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ANOVA approximation
Example

Numerical Example

104 105
10−9

10−8

10−7

10−6

10−5

10−4

M

∥ ∥ ∥f−
f̃
∥ ∥ ∥ 2

f(x1, x2, x3) = b6(x1)b2(x3) + b4(x2)

frequency squares
frequency boxes
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ANOVA approximation
Example

Numerical Example

104 105
10−9

10−8

10−7

10−6

10−5

10−4

M

∥ ∥ ∥f−
f̃
∥ ∥ ∥ 2

f(x1, x2, x3) = b6(x1)b2(x3) + b4(x2)

frequency squares
frequency boxes
3(x/ log(x))−1.5

80(x/ log(x))−2.7
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Conclusion

Conclusion

▶ We have an algorithm to learn anisotropy from computed Fourier coefficients
▶ We applied it for the ANOVA approximation to solve the parameter choice problem
▶ Preprint “Learning Anisotropy parameters in ANOVA approximation” is in preparation
▶ Outlook: Find optimal frequency budgets for noisy data using fast cross-validation⑤

⑤F. Bartel and R. Hielscher., Concentration inequalities for cross-validation in scattered data approximation, J. Approx.
Theory, 227:Paper No. 105715, 17, (2022).
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Fast Cross-Validation

Leave one out cross-validation
Let f̃ be an approximation based on data points and function values
{(x1, y1), . . . , (x

M , yM )} ⊂ Td × C and f̃−j the same method on the samples with the j-th sample
omitted. The cross-validation score is defined via

CV(f̃) =
1

n

M∑
j=1

|f̃−j(x
j)− yj |2 .

Fast cross-validation

FCV(f̃) =
1

n

M∑
j=1

|f̃(xj)− yj |2
(1−B/M)2
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