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‘ Motivation

Let f: T — C, x — f(x) be a function in C(T9).

Given: X = {x1,...,xm} C T?andy € CM with f(x;) =y;,j=1,..., M
Goal: find approximation f(x) ~ f(x).
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‘ Motivation

Let f: T — C, x — f(x) be a function in C(T9).

Given: X = {x1,...,xm} C T?andy € CM with f(x;) =y;,j=1,..., M
Goal: find approximation f(x) ~ f(x).

Ansatz: Use Fourier series

Fx) =" adf)exp(2mi(k,x)), x € T?

kezd

with the Fourier coefficients ck(f) := (f, exp (27 (k, -))) ..

2
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‘ Motivation

Let f: T — C, x — f(x) be a function in C(T9).

Given: X = {x1,...,xm} C T?andy € CM with f(x;) =y;,j=1,..., M
Goal: find approximation f(x) ~ f(x).

Ansatz: Use Fourier series
Fx) =" adf)exp(2mi(k,x)), x € T?
kezd

with the Fourier coefficients ck(f) := (f, exp (27 (k, -))) ..

2

Set f(x) = Y fcexp (27 (k,x)) and find fic = ci(f) € C.

keT
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‘ Motivation

Let f: T — C, x — f(x) be a function in C(T9).

Given: X = {x1,...,xm} C T?andy € CM with f(x;) =y;,j=1,..., M
Goal: find approximation f(x) ~ f(x).

Ansatz: Use Fourier series

Fx) =" adf)exp(2mi(k,x)), x € T?

kezd
with the Fourier coefficients cy (f) = (f, exp (27 (k, ")), -

Set f(x) = Y fcexp (27 (k,x)) and find fic = ci(f) € C.

keZ
We have to choose the index set Z c Z4. We call |Z| = B frequency budget.
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Motivation

Least squares approximation
We get fi ~ ex(f) € C, k € Z through

~ , by (x1) 0 Prp(x1) e ui\ |
|(76) = e[ = S 3 I I
Pk, (XM) kg (XM) ka Ym 2
—_——
=AEeCMxB M>B cCB ecM

with ¢x(x) = exp (2 (k, x))
andZ = {ky,...,kp} Cc Z%.
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‘ Motivation

Least squares approximation

We get fi ~ ex(f) € C, k € Z through
2

~ , by (x1) 0 Prp(x1) e Y1
|(76) = e[ = A 3 S N B
Pk, (XM) kg (XM) ka Ym 2
—_—— ~Y—
=AEeCMxB M>B cCB ecM

with ¢x(x) = exp (2 (k, x))
andZ = {ky,...,kp} Cc Z%.

The solution is given by (fi)ker = (A*A) 1A*y.
This can be computed efficiently using a least squares solver, together with NFFT if Z is a box.
It is theoretically shown that B ~ M/ log(M) implies that A has a good condition number with
high probability.”

@L. Kdmmerer, T. Ullrich, T. Volkmer, Worst-case recovery guarantees for least squares approximation using random
samples, Constr. Approx., 54:295-352, (2021).
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Example
f(@1,22) = be(1)b2(22)

£

0.4 0.6

Z2

0.8
T
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‘ Motivation

Example

F(1,22) = b(1)ba(2) ffork € T={-10,...,10}?,
|B| = B =441

0.563311
0.0596586
0.00631827
0.00066915
7.08678¢-05
105 7.5054e-06
7.94876e-07
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‘ Motivation

Example

F(z1, ) = bg(21)ba(z2) fuforke T ={—4,... 4} x{-24,..., 24},
|B| = B = 441

0.563311
0.0596586
0.00631827
0.00066915
7.08678¢-05
7.5054e-06
7.94876e-07

8.4183e-08

8.91558e-09

0.2 0.4 9.44223e-10

0.6

T2

0.8
T
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‘ Motivation

Example

For the projection Pz f := arg min lg — fl7, we get the projection error
g€span{exp(2wi(k,-)) ez

If = PrflE, = 1> e f) exp 2wt (e DI, = D le(f))”

k¢T k¢T
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‘ Motivation

Example

For the projection Pz f := arg min lg — fl7, we get the projection error
g€span{exp(2wi(k,-)) ez

I = PrfIE, = 13 e exp (2 ( DIE, = 3 |
k¢T k¢T
We get the following for the function f(xz1,z2) = bs(21)b2(22):
frequency square Z:
7 ={-10,-9,...,10}?
|Z| = B = 441
If = Pof|l?, ~4.027- 107

TUC - 09.02.2024 - Pascal Schroter, Felix Bartel 5/19 https://www.tu-chemnitz.de/~pasca


https://www.tu-chemnitz.de/~pasca

‘ Motivation

Example

For the projection Prf = arg min

lg — fl7, we get the projection error
g€span{exp(2wi(k,-)) ez

1f = PrflE, = 11D e f) exp 2mi (k, DI, = D le(f
k¢T k¢T
We get the following for the function f(z1, z2) = bg(x1)ba(x2):
frequency square Z:
T=1{-10,-9,...,10}?
|Z| = B = 441
If — Prfl|?, ~4.027-107°

optimal frequency box Z*:
TF ={-4,-3,...,4} x {—24,-23,... 24}
|T*| = B = 441
|f — Pr-fII2, ~2.974-107°
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Learning Anisotropy

Definition

We define anisotropic Sobolev spaces®

Hsl,...,sd = {f E LQ
5q

D"‘feLQforaz(al,...,ad)eNgwithal+---+adgl}
S1

with the norm || f[13c,...cs == P pezalmax{1, k7", ... ki Yo ()2

®H_-J. Schmeisser, H. Triebel, Function Spaces, Differential Operators and Nonlinear Analysis, Vieweg+Teubner Verlag
Wiesbaden, (1993).

TUC - 09.02.2024 - Pascal Schroter, Felix Bartel 7/19 https://www.tu-chemnitz.de/~pasca


https://www.tu-chemnitz.de/~pasca

Learning Anisotropy

Definition

We define anisotropic Sobolev spaces®

Hs1,...,5d = {f c L2

D"‘feLgforaz(al,...,ad)eNgwithal+---+adgl}
S1 Sd

with the norm || f[13c,...cs == P pezalmax{1, k7", ... ki Yo ()2

Lemma

Let N = (Ny,...,Ng) € (2Ng)%. When projecting functions f from anisotropic Sobolev spaces
Hs-+%4 to frequency boxes

d q
0 if N;=0
IN = X { } J i
i=1 | [=N;/2,N;/2) NZ otherwise,
we obtain 2 Ni\t N\ 527\ —2
sup lf — P fll7, = (max{1, (—) ,...,(—= .
[fll gs1-sa <1 N 2 ( { ( 2 ) ( 2 ) })

®H_-J. Schmeisser, H. Triebel, Function Spaces, Differential Operators and Nonlinear Analysis, Vieweg+Teubner Verlag
Wiesbaden, (1993).
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Learning Anisotropy

Approximation Error

frequency budget B € N

frequency cubes 7 optimal frequency boxes Zn-
. 4 H _ 1/(1 +---+1 1/s;
with N; = /B —— with N* = (BY/ (/= /Sd,)) /512
sup |f = Prfl7, ~ B” a sup  ||f = Pry. fll7, ~ B 7o
Il srsosa <1 Al rsnsensa <1
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Learning Anisotropy

Approximation Error

frequency budget B € N

frequency cubes 7 optimal frequency boxes Zn-
. 4 H _ 1/(1 +---+1 1/s;
with N; = /B —— with N* = (BY/ (/= /Sd,)) /512
sup |f = Prfl7, ~ B” a sup  ||f = Pry. fll7, ~ B 7o
Il srsosa <1 Al rsnsensa <1

Example

d:2, 81:1, 82:10

- _ 20
swp||f = Pryfllz, ~ B~ sup |If = Pry. fl7, ~ B~
I £1l 1,10 <1 11l 1,00<1
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Learning Anisotropy

Approximation Error

frequency budget B € N

frequency cubes 7 optimal frequency boxes Zn-
with N; = VB with N¥ = (BY/(/sitt1/sa))1/s;
_2min{sy,...,s4} _ 2
sup If— PZNf||2L2 ~B T a % sup If — PIN*f||2L2 ~ BT IsiFFi/5g
Il srsosa <1 Al rsnsensa <1
Example
d:2, 81:1, 82:10
— _ 20
sup ||f = PrflZ, ~ B~ sup  ||f = Pry. fl7, ~ BT
1l gr210<1 1Nl g220<1
Example
f(@1,22) = bg(x1)ba(x2) has the smoothness s; = 4 and s, = 2
_3 _33 _
If = P flIZ, S B2 If = Pre. fllz, S B~ < B7%%7
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Learning Anisotropy

Algorithm

How to find the smoothness s, ..., s4

Example: d = 2, find smoothness s;

N(n) = (n N2)T >
Ty = = in =1} x {=Na, ..., Ny — 1}

Hf_PImn)inQ - H Z Ck(f)’ :

¢TI Lo {,. N
N(n) , yd ,\;2
= > lalf)
kezﬂl(n)
: 7
2n
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Learning Anisotropy

Algorithm

How to find the smoothness s, ..., 5,?

Example: d = 2, find smoothness s;

N(n) = (n N2)T %
IN(n) :{—n,...,n—l} X {—Ng,...,Nz—l}
2 2
Hf _PIM")fHL - H Z Ck(f)’ L
2 €Iﬁ(n) 2 ;
= > la(DP
K& Ty
= > D+ Dl
k1€EZ |k1|>n : 4
[k2|>N> k2| < N2

<A+ Cn2 2n
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Learning Anisotropy

Algorithm

How to find the smoothness s;, . ..

Example: d = 2, find smoothness s;

N(n) = (n NQ)T

Ingy ={—7n--.;n =1} x {=Na,.

2 2
I =Pt = 3 et
L2 L2
keIN(n)
= > lalh
kQIN(n)

ki1€Z |k1|>n
[k2|>N2 |k2| <N

5 A+ Cjn_QSj

78d?
.., Ny —1}

STl HP+ D0 Je(H)P

A+ Cn~2%s

n
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Learning Anisotropy
Algorithm

Lemma
Let f: T¢ — C be a function and f = D keT fr exp(2mi (k, -)) an approximation. Then

1 A pe A .
5 D P = If = FllE, < IF = PrfliE, <23 1Al +1If = fIIE..

k¢T k¢7T
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Learning Anisotropy
Algorithm

Lemma
Let f: T¢ — C be a function and f = D keT fr exp(2mi (k, -)) an approximation. Then

1 A pe A .
5 D P = If = FllE, < IF = PrfliE, <23 1Al +1If = fIIE..

k¢T k¢7T

Itfollows > [fil* ~ |If = Prg,, fII}, S A+ Cn 2 if [|f — f]|2, is small.
kgIN(n)

TUC - 09.02.2024 - Pascal Schroter, Felix Bartel 10/19 https://www.tu-chemnitz.de/~pasca


https://www.tu-chemnitz.de/~pasca

Learning Anisotropy

Algorithm

How to find the smoothness s; numerically from given fi fork € In?

Z | ful® ~ Z fil® S (A+Cin ) (N; —n)
kerﬁ(n) keIN\IN(n)
107+

1077 |

10—13 1

(A4 Cin=?)(N; — n)

1071 & : :
10! 10?
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Learning Anisotropy

Algorithm

How to find the smoothness s; numerically from given fi fork € In?

Do Y AP S A+ CnT)(N; —n)

keI () KEIN\TR ()

f(z1,m2) = be(w1)b2(x2)

10° 10t 102
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Learning Anisotropy

Algorithm

How to find the smoothness s; numerically from given fi fork € In?

Do Y AP S A+ CnT)(N; —n)

keI () KEIN\TR ()
107t | .
o i f(z1,m2) = be(w1)b2(x2)
A
(\ _
T .i{ 10 T * o0,
z .
N )
. .
E) 10_13 1 omo..-.
\—\\
1019 L | . n
10° 10! 102
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Learning Anisotropy

Algorithm

How to find the smoothness s; numerically from given fi fork € In?

Y AL

kel'ﬁ(n)

Y KPS AFOnT)(N; —n)

KEIN\TR ()

f(z1,32) = be(w1)b2(x2)

h(n) = Dn~?"
t=4
D, ~ 592.8867
D= 0.000958

Hull width 2« ~ 618879

D
D,

TUC - 09.02.2024 - Pascal Schroter, Felix Bartel

11/19

https://www.tu-chemnitz.de/~pasca


https://www.tu-chemnitz.de/~pasca

Learning Anisotropy

Algorithm

How to find the smoothness s; numerically from given fi fork € In?

Y AL

kel'ﬁ(n)

Y KPS AFOnT)(N; —n)

KEIN\TR ()

f(z1,32) = be(w1)b2(x2)

h(n) = Dn~?
t=206

Dy~ 63268.7
Dix=1

Hull width 2+ =~ 63268

D
D,
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Learning Anisotropy

Algorithm

How to find the smoothness s; numerically from given fi fork € In?

Do Y AP S A+ CnT)(N; —n)

keI () KEIN\TR ()

f(z1,m2) = be(w1)b2(x2)

h(n) = Dn~?
t=25

Dy~ 5754.04
Dix=1

Hull width 2« ~ 5754
l
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Learning Anisotropy
Algorithm

Theorem (Bartel, S. '24)

Let f: T¢ — C be a function with Cin=>* < ||f — Pry || < Cun™?%, C1,Cy, s > 0, n € Nand

f= > keTn fr exp(2mi (k, -)) an approximation. Let further M € N and approximate s by

maxme[M](m%ZkgEIN(n)|fk|2)> l} = Du]

minme[Ml(m”zkgzN | fic|2) =D

(n)

t := argmin
reR

Then

It—s| < li‘;g(“ﬂ?) and (1/2— )V i < /DuDj < (2+29)VoC,,

holds with v = || f = fI2,/Ilf — Prg

N(n)

o At1y Cy
17, and 6 = T2 .
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Learning Anisotropy

Example

Numerical example

f(x1,22) = be(w1)b2(2)

10-4 1 a— - x-  frequency squares
L TXe—x --x--  frequency boxes
5 R TT™=
—5 L ~. > S
10 \.*v\‘ \%‘\X\
«~ g F—— ==
= 1076 £ e =
= =
| *
S _ <
— 10 7 1L *. o=
e
T
1078 + \’“‘»*,\
S|
107° * ' M
103 10* 10°
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Learning Anisotropy

Example

Numerical example

frequency squares

1074 frequency boxes
s 0.7(x/ log(x))~*/?
U 2.5(z/ log(x)) /14
T 1076 1
|
S
= 1077 ¢
1078 ¢
1079 : M
103 10* 10°
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ANOVA approximation

Definition

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkqsk(xj)
at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
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ANOVA approximation

Definition

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkqsk(xj)

at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
Theorem: Decomposition in ANOVA terms®

®Kuo, F. Y. and Sloan, I. H. and Wasilkowski, G. W. and Wozniakowski, H., On decompositions of multivariate functions,
Math. Comput., (2010).

TUC - 09.02.2024 - Pascal Schroter, Felix Bartel 14/19 https://www.tu-chemnitz.de/~pasca


https://www.tu-chemnitz.de/~pasca

ANOVA approximation

Definition

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkgﬁk(xj)

at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
Theorem: Decomposition in ANOVA terms®

f=rfs ...1 x constant function
+ fry + fioy -+ fray ...d x univariate functions
d L .
+fray + frusy + o+ fra-na (2) x bivariate functions
d - .
+ fri28y + frieay +oo + fra—2,d-1,a) g ) @ trivariate funktions

+ fri234) + friessy + oo+ fla—za—2,d-1,4}

+ fii2,...d) ...1 x d-variate function

®Kuo, F. Y. and Sloan, I. H. and Wasilkowski, G. W. and Wozniakowski, H., On decompositions of multivariate functions,
Math. Comput., (2010).
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ANOVA approximation

Definition

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkgﬁk(xj)

at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
Theorem: Decomposition in ANOVA terms

f=~fo ... 1 x constant function
+fry +fy o+ fiagy ...d x univariate functions
d - .
+ froy + frusy + -0+ fra-iay <2> x bivariate functions
d I .
+ f{1,2’3} + f{1’2,4} +... + f{dfz,dfl,d} 5 x trivariate funktions

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).
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ANOVA approximation

Definition

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkgﬁk(xj)

at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
Theorem: Decomposition in ANOVA terms

f=~fo ... 1 x constant function
+fiy +fy o+ fiagy ...d x univariate functions
d - .
+ froy + fosy o+ fla-nag <2> x bivariate functions
d A .
+ fri23) + frizay + oo+ fla—2a-1.a) o (g) % trivariate funktions

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).

TUC - 09.02.2024 - Pascal Schroter, Felix Bartel 14/19 https://www.tu-chemnitz.de/~pasca


https://www.tu-chemnitz.de/~pasca

ANOVA approximation

Definition

Problem: curse of dimensionality, evaluation of trigonometric polynomials > keT fkq&k(xj)

at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
Theorem: Decomposition in ANOVA terms approximated by trigonometric polynomials

f=fy ...1 x constant function
+ fﬁ{}” Rt fg{}” 2 4 ff{z{}‘”"’ ...d x univariate functions
‘ d - .
+ fﬁﬁ;’f}’l’N{l’Z}’Z + fagy +ee + f{{\;{f[fg?’d’l’]\[”’l’d}‘d <2> x bivariate functions
, . f d L .
+ 1,23 + f{{\;{,;‘,ﬁ}’l7N{1’274}727N{1’2'4)'4 +.oo + fla—2,a-1,4y - <3> x tivariate funktions
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ANOVA approximation

Definition

F() = Xkeza ax(f) exp (271 (k, %))

ANOVA terms
An ANOVA term is defined as

fu: T' = C, fulx) = Z c(f) exp (2mi (k, X)),  fu € H™1 " 1ul

kez? _.
supp k=u =1¢x(x)

for a subset of indicesu C {1,...,d}.
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ANOVA approximation

Definition

F() = Xkeza ax(f) exp (271 (k, %))

ANOVA terms
An ANOVA term is defined as

fu: T' = C, fulx) = Z c(f) exp (2mi (k, X)),  fu € H™1 " 1ul

d
Sugg%:u =1¢x(x)
for a subset of indicesu C {1,...,d}.

-k

ueP([d
Ju= Z i (f) Pk

kezd

supp k=u
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ANOVA approximation

Definition

F() = Xkeza ax(f) exp (271 (k, %))

ANOVA terms
An ANOVA term is defined as

fur T = € fu() = YD () exp @mik, X)), fu € H™ 0
—_——
sulgpe)%d:u =¢K(x)

for a subset of indicesu C {1,...,d}.

Z fu faY fa

ueP([d uelU

fu= Z aPor o Su= Y elf)dx
kezd kezd
supp k=u supp k=u
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ANOVA approximation

Definition

- {0}, ifN; =0 .
= IN = T
N, = X {[_Nu,j /2,Nu;/2)NZ\ {0}, otherwise’ = U I,

Ing, with Ny= (18 0 0)

| Ing, ~ With  Ny=(0 25 0)'
( )

( )

jN\'.w, with Nigy=(0 0 12
iN{i.z} with Npa=(12 7 0 !
m § with
’ jN{Z_” Wlth N{Z.:i}: ([) 12 b) [

- . T
IN{1,2,3} with N{172,3}: (5 3 3)
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ANOVA approximation

Definition

F() = Xkeza ax(f) exp (271 (k, %))

ANOVA terms
An ANOVA term is defined as

fur T = € fu() = YD () exp @mik, X)), fu € H™ 0
—_——
sulgpe)%d:u =¢K(x)

for a subset of indicesu C {1,...,d}.

Z fu Rt =Y fu =~ fu

ueP(ld uev uevU uel
fu= Z alf)dx  w Ju= Z a(fox v fur Z (o ~ furm Z froie
kezd kez? keln keln
supp k=u supp k=u u R u
fie = ex(f)
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ANOVA approximation
Learning Anisotropy

Theorem (Bartel, S. '24)
Let B € N be a frequency budget and U C P({1,...,d}). Further, let Cy,; > 0 and sy,; > 0 already computed,

j € uforu € U. Then the solution of

mm Z ZC ,JN_QS“ e

G 2
Inl\}nHf_]DINfHL2 ueU jEu

s.t. |IN| =B = s.t. Z H Ny,; =B

ucU jeu
is given in the following steps. We define

1
2511 5 N\ Zou,; T keu fuj /5,
Ma(m) = [ (75“20‘*0) §FEReu Tu s/t k

JjEu

and compute A\by B =Y _.. Mu(\). Finally we get foru € U and j € u

uclU

1/su,j

ZouiCui  ang 1 Zau] = Ma().

Nuj = \Ma ()
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ANOVA approximation

Algorithm

Algorithm

Input: e points X = {x;,...,x)/} C T? datay € CM
e initial index set 7, and frequency budget B € N

Output: approximation f = D ker f exp(2mi(k,)) =~ f

compute approximated Fourier coefficients fi, k € Z, with X and y € C by least squares;
£+ 0;
repeat
L+ 1;
learn anisotropy C\, ;, and s, ; for all ANOVA terms based on fk, ke, q
update 7, based on C,, ;, and s, ; according to the theorem;
compute updated approximated Fourier coefficients fi, k € Z, by least squares;
until approximation good enough or step limit exceeded;

00 N o0 A WN A
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ANOVA approximation

Example

Numerical Example

f(x1, 2, x3) = be(x1)ba(x3) + ba(x2)

1074 £ ST AN - x-  frequency squares
. e --x-- frequency boxes
\ Hem o L
1077 B
_a i e
= 1076 | o
| =
. Rk -
f— -7 1 N
10 ——
S
8 | - ~ =
10 el i,
=%
107° ; M
10% 10°
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ANOVA approximation

Example

Numerical Example

f(x1, 2, x3) = be(x1)ba(x3) + ba(x2)

frequency squares
frequency boxes
3(z/ log(x))~*?
80(z/ log(x))~*"

2

|71

10~9

10* 10°
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‘ Conclusion

Conclusion

» We have an algorithm to learn anisotropy from computed Fourier coefficients

> We applied it for the ANOVA approximation to solve the parameter choice problem
» Preprint “Learning Anisotropy parameters in ANOVA approximation” is in preparation
» Outlook: Find optimal frequency budgets for noisy data using fast cross-validation®

®F. Bartel and R. Hielscher., Concentration inequalities for cross-validation in scattered data approximation, J. Approx.
Theory, 227:Paper No. 105715, 17, (2022).
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Conclusion

Conclusion
» We have an algorithm to learn anisotropy from computed Fourier coefficients
> We applied it for the ANOVA approximation to solve the parameter choice problem

» Preprint “Learning Anisotropy parameters in ANOVA approximation” is in preparation
» Outlook: Find optimal frequency budgets for noisy data using fast cross-validation®

Thank You
for Your attention

®F. Bartel and R. Hielscher., Concentration inequalities for cross-validation in scattered data approximation, J. Approx.
Theory, 227:Paper No. 105715, 17, (2022).
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Fast Cross-Validation

Leave one out cross-validation

Let f be an approximation based on data points and function values
{(xYy1), ..., (x™,yp)} € T? x C and f_; the same method on the samples with the j-th sample
omitted. The cross-validation score is defined via

1L _
CV(f) = EZ|f—j(XJ) -yl
j=1

Fast cross-validation N " CoTTw
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