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Motivation

Using d-dimensional function

f:T4=C, x— f(x).
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Motivation

Using d-dimensional function
f:T4=C, x— f(x).
Such functions can be written as a Fourier series

F) =" el enlx), x e T

kezd

with Fourier basis functions ¢y (x) = Hle exp (2wiksx) or alternatively with cosine basis
functions.
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Motivation

Using d-dimensional function
f:T4=C, x— f(x).
Such functions can be written as a Fourier series

F) =" el enlx), x e T

kezd

with Fourier basis functions ¢y (x) = Hle exp (2wiksx) or alternatively with cosine basis
functions.

Given: X = {x1,...,xy} C Tand f € CM with f(x;) = f;,j=1,....,. M
Goal: fi ~ i (f) € C, finite index set Z c Z¢,
such that f(x) = >  fidk(x) ~ f(x)

kel
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Motivation

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkqsk(xj)
at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
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Motivation

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkqsk(xj)

at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
Theorem: Decomposition in ANOVA terms®

©@Kuo, F. Y. and Sloan, I. H. and Wasilkowski, G. W. and Wozniakowski, H., On decompositions of multivariate functions,
Math. Comput., (2010).
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Motivation

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkgﬁk(xj)

at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
Theorem: Decomposition in ANOVA terms®

f=rfs ...1 x constant function
+ fry + froy -+ fray ...d x univariate functions
d L .
+fray + frusy + o+ fra-na (2) x bivariate functions
d - .
+ fri28y + frieay +oo + fra—2,d-1,a) g ) @ trivariate funktions

+ fri2,34) + friessy + oo+ fla—zda—2,d-1,4}

+ fri2,...d) ...1 x d-variate function

©@Kuo, F. Y. and Sloan, I. H. and Wasilkowski, G. W. and Wozniakowski, H., On decompositions of multivariate functions,
Math. Comput., (2010).
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Motivation

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkgﬁk(xj)

at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
Theorem: Decomposition in ANOVA terms

I = fo

... 1 x constant function
+fay+ iyt fla

...d x univariate functions

d - .
+ frioy + fasy oo+ fra-na . <2> x bivariate functions

+ fri23y + frizay + oo+ fla—2a-1.4)

. (;l) x trivariate funktions

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).

TUC - 19.09.2023 - Pascal Schréter

3/19 https://www.tu-chemnitz.de/~pasca


https://www.tu-chemnitz.de/~pasca

Motivation

Problem: curse of dimensionality, evaluation of trigonometric polynomials 3, _; fkgﬁk(xj)

at M points performed with NFFT has the computational cost O(|Z|log|Z| + [log €|* M)
Theorem: Decomposition in ANOVA terms

I =fo

... 1 x constant function
+fy+ i+ fla

...d x univariate functions

d - .
+ frioy + frsy oo+ framna . <2> x bivariate functions

+ frie3y + frueay oo+ fla2a-1.a)

. (;l) x trivariate funktions

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).
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rmal basis

Fourier cosine basis functions
The functions

" T™ x [0,1]" — C,

min . : [supp((k) 7, 0] o
v (x) = H exp (2miksas) | - (\/5) H cos (mkszs) |, k € Z™ x Njj
s=1 s=m+1

form an orthonormal basis of Lo (T™ x [0, 1]™).
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ANOVA decomposition

Theorem

Every function f € Ly(T™ x [0, 1]™) can be rewritten as

f(x) = Z ex(f)op " (x), x € T™ x [0, 1]" with the Fourier cosine coefficients
keZ™ xNg

Ck(f) = <fa ¢$’R>L2(me[oyl]n)'
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‘ ANOVA decomposition

Theorem

Every function f € Ly(T™ x [0, 1]™) can be rewritten as

f(x) = Z ex(f)op " (x), x € T™ x [0, 1]" with the Fourier cosine coefficients
keZ™ xNg
Ck(f) = <fa ¢Ln’n>L2(TmX[O’1]n)-

ANOVA terms
An ANOVA term is defined as
far T X [0,1]" 5 C, fa®) = Y alf)op"(x)

keZ™ xNg
supp k=u

for a subset of indices u C {1,...,m + n}.

TUC - 19.09.2023 - Pascal Schréter 6/19 https://www.tu-chemnitz.de/~pasca


https://www.tu-chemnitz.de/~pasca

‘ ANOVA decomposition

Theorem

Every function f € Ly(T™ x [0, 1]™) can be rewritten as

f(x) = Z ex(f)op " (x), x € T™ x [0, 1]" with the Fourier cosine coefficients
keZ™ xNg
Ck(f) = <fa ¢Ln’n>L2(TmX[O’1]n)-

ANOVA terms
An ANOVA term is defined as
far T X [0,1]" 5 C, fa®) = Y alf)op"(x)

keZ™ xNg
supp k=u

for a subset of indices u C {1,...,m + n}.

= Y fu

ueP({1,...,m+n})
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‘ ANOVA decomposition

truncated ANOVA decomposition

We consider the truncated ANOVA decomposition
TUf = Z fu
uelU

withU C P({1,...,m + n}), such that Ty, f ~ f holds.
Example for f: T™ x [0,1]" - Cand U = {u € P({1,...,d}) | Ju| < 2}

F=htlmtiet Tof = fo+ oy + oy + - + fray
+ faoy + fasy + oo+ flamia + froy + frsy o+ flaota
+ fruesy + flueay oo+ fla2.a-1.a4

14y 14y [} 3

+ fii2,..4) +foo —m
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‘ ANOVA decomposition

truncated ANOVA decomposition

We consider the truncated ANOVA decomposition

Tuf = qu

ucU

withU C P({1,...,m + n}), such that Ty, f ~ f holds.

Variance
We define the variance of a function f as

o*(f) = I I, cm xpom — o) = > le(F)?
—_— m n
L norm meanvalue  KE(Z™XNg)\{0}
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ANOVA decomposition

Global sensitivity indices®

The global sensitivity index (GSI) of an ANOVA term f, is defined as

2
plo f) = 3.
S O A LU R, lexc ()P
,f _ uc e, mA4N _ xN{ _
uem{l,u.,zm:m})\{w}p(u ) o*(f) > e (f)[°

keZ™ xNg\{0}

®Sobol, I. M., Global sensitivity indices for nonlinear mathematical models and their Monte Carlo estimates, Math.
Comput. Simulation, (2001).
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ANOVA approximation

" = {k €Z™ x N}

N;
ka__7j:]-a"'am; kj< J)jzla"'am+n}7N€(2N)m+n

Example: Zy* with N = (10,8,6) "
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ANOVA approximation

Fourier cosine polynomials

We define the set of Fourier cosine polynomials up to degree N as

Tni=9 Y. futw™ | feC

keZyg"
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‘ ANOVA approximation

Fourier cosine polynomials

We define the set of Fourier cosine polynomials up to degree N as

Tni=9 Y. futw™ | feC

keZ"

Approximation

Given: X = {x1,...,xp} CT™ x [0,1]* and f € CM with f(x;) = f;,7 =1,.... M
Goal: f € T with f(x;) =~ f;,j=1,....M
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‘ ANOVA approximation

Fourier cosine polynomials

We define the set of Fourier cosine polynomials up to degree N as

Tni=9 Y. futw™ | feC

keZ"

Approximation

Given: X = {x1,...,xp} CT™ x [0,1]" and f € CM with f(x;) = f;,j=1,.... M
Goal: f € Tx with f(x;) ~ f;,j=1,...,M
— feCwith Y o)~ fri=1,.... M
ke "
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‘ ANOVA approximation

Approximation of the coefficients®

-7

2
Lo(Tm x[0,1]7) /11‘m><[0,1]"

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).
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‘ ANOVA approximation

Approximation of the coefficients®

-1,

Lo(Tmx[0,1]7) /11‘mx[0 1

~ i3 = o

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).
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‘ ANOVA approximation

Approximation of the coefficients®

-1,

Lo(Tmx[0,1]7) /11‘mx[0 1

|M|Z)fa )]
—Mlﬂi)fj > i)

keZ"

22

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).
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ANOVA approximation

Approximation of the coefficients®

Hf f’L2Tm><[Ol] )/me[m]n (X)*f(x)‘zdx
N |M|Z’fﬂ )|
| M
_|M|]Z1’fj ke;nnfk¢ )’
f:= argrmn i‘fi_ Z o™ (xj)‘
hecl?® ] =1 keZ"

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).
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ANOVA approximation

Approximation of the coefficients®

Hf f’L2 (Tm x[0,1]" )/me[o . (X)*f(x)‘z dx

~ Z’fﬂ 6|
| M

=l X depres)|
|M| Jj=1 ke "

M
fi= arg min Z ‘fj - Z fqubf(n’"(xj)r ~ (cx(f) ez
hecl™ " =1 keIl "

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).
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ANOVA approximation

Approximation of the coefficients®

Hf f’L2 (Tm x[0,1]" )/me[o . (X)*f(x)‘z dx

~ Z’fﬂ 6|
| M

=l X depres)|
|M| Jj=1 ke "

M
fi= arg min Z ‘fj - Z fqubf(n’"(xj)r ~ (cx(f) ez
hecl™ " =1 keIl "

— Least squares solver

®Schmischke, M., Interpretable Approximation of High-Dimensional Data based on the ANOVA Decomposition, Thesis,
Universitatsverlag Chemnitz, (2022).
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Evaluation of Fourier cosine polynomials

Fourier cosine polynomials

)= > fe"(x), feC

keZy"
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Evaluation of Fourier cosine polynomials

Fourier cosine polynomials

= Y Ae"(x), fecC

keZ "

Trigonometric polynomials

o) = > fPexp(2ri(k,x)), foPeC

kEZm ,0

The computation of the values (f***(x )) | through a NFFT has the computational cost
O(IZ° [og| IR °| + [log e|™ M).

5 =TI N

Jj=1
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Theorem
Letf = ( fk)kg;n,n e CI7%""[ pe a coefficient vector for a Fourier cosine polynomial f. We define a coefficient

rexp

A m+mn,0 A A a
vector £ = (fi7"), cpmino € cl= | fora trigonometric polynomial f<*® through
N

0 73] >m: k}j = —%
rexp . — k. 7717—}—71, N 0
k = (\/i) [supp( J)J—m+1| f( (kj);-';l ) 7else 5 k € IN o
(‘kj‘);n;;r7+1

hTf;Sn the following identity between the Fourier cosine polynomial f and the trigopnometric polynomial f¢*?
olds

s =1 (S0 ))vxetmx

53%5) j=m+1
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‘ Evaluation of Fourier cosine polynomials

Theorem
Letf = ( fk)kg;n,n e CI7%""[ pe a coefficient vector for a Fourier cosine polynomial f. We define a coefficient

~ m+n,0 . . 0
( exp)kE mtn,0 € cl= | fora trigonometric polynomial f<*? through

vector £ = (fg

0 Fj>mikj=-
, ke zdto,

fexp . = (k-)’,"j;;" | 2
k T (\/5) PP j=m f( (k)J 1 ) ,€else

kDt

Then the following identity between the Fourier cosine polynomial f and the trigonometric polynomial f¢*?

holds
fx) = fo° (((1(mJ2%+}L >> vx € T™ x [0,1]".

Tj)j=m+1

Remark
Fourier cosine polynomials can be evaluated thought a NFFT.
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1,2 3,0
Loem Lé66T
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2E5 ‘ Evaluation of Fourier cosine polynomials

Example: z
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‘ Application

1\ 2
f:]0,1)* = C, f(x1,20,23,24) == (221 — 1)%x3 + 10sin(272;) (xg - 5) + exp(z3)
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1

2
f:00,1]* = C, f(z1, 22, w3, 24) = (221 — 1)%x3 + 10sin(27z1) (!Ez - ) + exp(z3)

2

A il a M =50
041 4 ¢ Fourier cosine basis M =100
0 ° M = 200
* M = 500
0.2 |
I ——  Exact GSIs
0 | TA.‘ | [ I P YO

{1y {2

{3}

Ay | Ay, | A,
{4y {12} {13} {14} {23} {24} {3;4}
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Application

2
1
f:00,1]* = C, f(z1, 22, w3, 24) = (221 — 1)%x3 + 10sin(27z1) (202 - 2) + exp(z3)
A M =50
. . . M = 100
. Cosine basis M — 200
A * M = 500
4 N A M =50
041 W ot *  Fourier cosine basis L =100
vk QI . M = 200
1 [NEN . * M = 500
i XN ’9\ '
0.2 | i o i
i R i I ——  ExactGSIs
0 i ivetyerLiii Aot ALl SN VS WO VS . Y YOO SV
{1} {2} {3} {4y {12} {13} {14} {23} {24} {3;4}
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Application

2
. 1
f:]0,1)* = C, f(x1,20,23,24) == (221 — 1)%x3 + 10sin(272;) ((Eg - 2) + exp(z3)
A M =50
. . . M =100
. Cosine basis M — 200
. A * M = 500
4 : N A M =50
o4 Rty o *  Fourier cosine basis 1 = 100
1 :?H LINES oF d M = 200
1t N (RN A 11 N * M = 500
(RN [N w
Iy HH N :QH o ! QTT A M =50
0.2 ¢ S I i *  Fourier basis M =100
i HH R HH i :H hd M = 200
1 i R i i i * M = 500
N e R i i Alll
i 1 Vi 1l i [RRN JE— EXGCtGS'S
mni o S N I i ’ ’ ¥ . +
0 INNENI HH‘\A-\Q-MMHH Hu\fA.AA.wMA\H L1l 4 \f

{1} {2} {3} {4y {12} {13} {14} {23} {24} {3;4}
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Application

2

f:00,1)* = C, f(x1, 20, 23,24) == (221 — 1)*x3 + 10sin(27z;) (xg — ;) + exp(z3)
_ 1 -2

MSE(f, f, Xtest) = m ‘f(x) - f(x)‘

XEXyest
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2
1
f:00,1)* = C, f(x1, 20, 23,24) == (221 — 1)*x3 + 10sin(27z;) (xg - 2) + exp(z3)
- 1 - 2
MSE(f, f, o) i= o > |10 = fx)|
|Xtest| xEX,
test
3 :: RN
T RN S
10 e
2 1072 e e
< B S SR === -x-  Cosine
e I %L -x-  Fourier cosine
~ 10 3 Sk )
= ===t -x-  Fourier
= 107 e
S
_5 TSIl
10 ~Ix
| | | M
102 103 104
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Application

2
. 1
f:00,1)* = C, f(x1, 20, 23,24) == (221 — 1)*x3 + 10sin(27z;) (xg - 2) + exp(z3)
- 1 2
MSE(f, f, o) i= o > |10 = fx)|
|Xtest| cx,
x test
107" ¢
E 10-2 + Cosine
&{ Fourier cosine
[ _ F .
= 1073 | ounfg
= TOM™ 2
D 104 | 20M !
= 10
107° ¢

102 103 104
TUC - 19.09.2023 - Pascal Schréter 16/19 https://www.tu-chemnitz.de/~pasca



https://www.tu-chemnitz.de/~pasca

‘ Application

Chebyshev basis functions

The functions

Ty : [0, 1] — (C,
Tk (x) :== cos(k arccos(2z — 1)), k € Ny

form an orthonormal basis of L. ([0, 1], w) with the weight

1
TV T — 22

w: [07 1} — (0,00), w(:z:) =
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‘ Application

Chebyshev basis functions

The functions

Ty : [0, 1] — (C,
Tk (x) :== cos(k arccos(2z — 1)), k € Ny

form an orthonormal basis of L. ([0, 1], w) with the weight

1
TV T — 22

w: [07 1} — (0,00), w(:z:) =

Te(@) = 6 (arccos(2:1c - 1))

™
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Application

1
f:]0,1)* = C, f(x1,20,23,24) = exp(sin(2mzy)xs) + cos(mas)r? + — sin?(27x1) 4+ 5v/wory + 1

10
Y e - o

| Xtest | XE Xiest

MSE(fv fa Xtest) = ‘2
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‘ Application

1
f:]0,1)* = C, f(x1,20,23,24) = exp(sin(2mzy)xs) + cos(mas)r? + — sin?(27x1) 4+ 5v/wory + 1

10
MSE(/, 1, Xiest) = @ xg\;est ‘f(X) - f(X)‘2

1071

1073

1079

1077

Ny
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‘ Application

1
f:]0,1)* = C, f(x1,20,23,24) = exp(sin(2mzy)xs) + cos(mas)r? + — sin?(27x1) 4+ 5v/wory + 1

10
. 1 - 2
MSE(f, LX) = p— > [7(x) = f)]
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‘ Conclusion

Conclusion

» We can approximate partial periodic functions f: T™ x [0,1]* — C
» This is fast for functions with mainly low dimensional interactions
> Itis implemented in the ANOVA framework as Branch named NFFCT

> https://github.com/NFFT/NFFT3.jl/tree/NFFCT
> https://github.com/NFFT/GroupedTransforms.jl/tree/NFFCT
> https://github.com/NFFT/ANOVAapprox.jl/tree/NFFCT

» We can use the Chebyshev basis for approximation too
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Thank You
for Your attention
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