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Introduction

Funk–Radon transform
I Sphere S2 = {ξ ∈ R3 : ‖ξ‖ = 1}
I Function f : S2 → C on the sphere
I Funk–Radon transform computes the

integrals along all great circles

Rf(ξ) =
∫
ξ·η=0

f(η) ds(η)

=

∫
S2
f(η)δ(ξ · η) dη

What we want to do
Compute f from the given valuesRf (inverse problem)
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Spherical convolution operators
Definition

Spherical convolution

I Function f : S2 → C on the sphere
I Kernel function h : [−1, 1]→ C on the interval

Definition (convolution operator)

The operatorM of convolution with h is defined as

Mf(ξ) = h ? f(ξ) =

∫
S2
f(η)h(ξ · η) dη, ξ ∈ S2.

−1 −0.5 0 0.5 1
0

0.5

1

h(t) = |t|

h(ξ · ◦) = |ξ · ◦|
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Spherical convolution operators
Spherical harmonics and convolution operators

I Every function f ∈ L2(S2) can be written as Fourier series

f =

∞∑
n=0

n∑
k=−n

f̂(n, k)Y k
n

I Fourier coefficients f̂(n, k) :=
∫
S2 f(ξ)Y

k
n (ξ) dξ

I Y k
n — spherical harmonics of degree n

Funk–Hecke formula (for convolution operators)

Mf =

∞∑
n=0

n∑
k=−n

M̂(n)f̂(n, k)Y k
n

with
M̂(n) = 2π

∫ 1

−1
h(t)Pn(t) dt

Pn — Legendre polynomial of degree n
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Spherical convolution operators
Sobolev spaces

Definition
Let s ≥ 0. The Sobolev space Hs(S2) is the completion of the space of
polynomials f : S2 → C with the norm

‖f‖2s :=
∞∑
n=0

n∑
k=−n

∣∣∣f̂(n, k)∣∣∣2(n+
1

2

)2s

.

Assumption onM
For s > 0 and β > 0, let the convolution operator

M : Hs(S2)→ Hs+β(S2)

be bijective and continuous (henceM−1 is continuous)

I Assumption is equivalent to M̂(n) ∼ n−β
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Spherical convolution operators
Examples

Some notable examples of convolution operators

I Funk–Radon transform is the convolution with the
delta distribution h(t) = δ(t)

R : Hs
e (S2)→ H

s+ 1
2

e (S2)

I Hemispherical transform is the convolution with h(t) = 1t≥0(t)
(Funk, 1915)

H : Hs
o(S2)→ H

s+ 3
2

o (S2)

I spherical cosine transform is the convolution with h(t) = |t| (Petty, 1961)

C : Hs
e (S2)→ H

s+ 5
2

e (S2)
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Spherical convolution operators
Examples

What are these transforms good for?
I Various applications in stereology and geometric tomography

I Funk–Radon transform
I Intersection bodies
I Q–ball imaging in medicine (Tuch, 2004)
I Surface wave models for earthquakes (Amirbekyan & Michel & Simons, 2008)
I Synthetic aperture radar (SAR) (Yarman & Yazici, 2011)

I Hemispherical transfrom
I Discrete choice models in economy (Gautier & Kitamura, 2013)

I Spherical cosine transform
I Projection bodies
I Estimating the rose of directions of fiber processes (Kiderlen & Pfrang, 2005)
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Spherical Deconvolution
Noisy data

The inverse problem
We have g =Mf ∈ Hs+β(S2)
We want f ∈ Hs(S2)

I The decomposition in eigenfunctions and eigenvalues yields

f =M−1g =

∞∑
n=0

n∑
k=−n

ĝ(n, k)

M̂(n)
Y k
n (1)

I Small deviation ε (white noise)

I Idea: multiply the Fourier coefficients in (1) with suitable filter coefficients
ψ̂(n) ∈ [0, 1]

I This is a convolution with ψ: mollifier method (Louis & Maas, 1990)
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Spherical Deconvolution
Noisy data
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Spherical Deconvolution
Discrete data

I We have discrete and noisy data

g(ξm) =Mf(ξm) + ε(ξm), m = 1, . . . ,M.

I Idea: Use a quadrature formula to calculate

ĝ(n, k) =

∫
S2
g(ξ)Y k

n (ξ) dξ ≈
M∑
m=1

ωmg(ξm)Y
k
n (ξm)

I Define hyperinterpolation of degree N (Sloan, 1995) (Hesse & Sloan, 2006)

LNg =

N∑
n=0

n∑
k=−n

(
M∑
m=1

ωmg(ξm)Y
k
n (ξm)

)
Y k
n

Estimator

EN,ψ(g) = ψ ?M−1LN (g).
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Spherical Deconvolution
Discrete data

How to measure the error
I Mean integrated squared error MISE

E ‖f − EN,ψ(Mf + ε)‖2L2 =E
∫
S2
|f(ξ)− EN,ψ(Mf + ε)(ξ)|2 dξ

I For s, S ≥ 0, define the class of functions

F (s, S) =
{
f ∈ Hs(S2) : ‖f‖s ≤ S

}
I Want to minimize the maximum risk

sup
f∈F (s,S)

E ‖f − EN,ψ(Mf + ε)‖2L2

I Minimax error

inf
ψ

sup
f∈F (s,S)

E ‖f − EN,ψ(Mf + ε)‖2L2
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Spherical Deconvolution
Asymptotiacally optimal mollifiers

Theorem
I Let s > 1.62 and S > 0

I Convolution operatorM : Hs(S2)→ Hs+β(S2) be bijective and
continuous

I For everyN ∈ N let the hyperinterpolationLN be exact (i.e. a projector) with
M ∼ N2 nodes and almost constant weights cf. (Filbir & Mhaskar, 2010)

I White noise ε (ξm)

There exists an asymptotically optimal family of mollifiers {ψsL | L ∈ R+} for the
class F (s, S). ForN →∞ there are parameters L(N) such that

sup
f∈F (s,S)

E ‖f − EN,ψs
L(N)

(Mf + ε)‖2L2

' inf
ψ

sup
f∈F (s,S)

E ‖f − EN,ψ(Mf + ε)‖2L2 ' const ·M
−s

s+β+1 .
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Spherical Deconvolution
Asymptotiacally optimal mollifiers

ψsL =

L∑
n=0
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Spherical Deconvolution
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Application
Algorithm

Algorithm to compute the estimator

We have g(ξm) and quadrature weights ωm, m = 1, . . . ,M

1. Compute the Fourier coefficients L̂Ng(n, k) =
M∑
m=1

ωmg(ξm)Y
k
n (ξm)

2. Compute the regularization ÊN,ψg(n, k) =
ψ̂(n)

M̂(n)
L̂Ng(n, k)

3. Compute the estimator EN,ψg =

N∑
n=0

n∑
k=−n

ÊN,ψg(n, k)Y k
n

I Complexity:O(N2 log2N) with fast spherical Fourier transform (NFSFT)
(Driscoll & Healy, 1994) (Potts, Steidl & Tasche, 1998) (Kunis & Potts, 2003)
(Keiner & Potts, 2008)
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Application
Numerical results for the Funk–Radon transform

Test function f (quadratic spline) Funk–Radon transform of f

Rf(ξ) =
∫
ξ·η=0

f(η) ds(η)
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Application
Numerical results for the Funk–Radon transform

optimal mollifier
N=100

Dirichlet mollifier
N=100

optimal mollifier
N=500
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Application
Numerical results for the Funk–Radon transform
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The end

\endinput
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