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The cone-beam transform and spherical convolutions
The generalized Funk–Radon transform

Funk–Radon transform [Funk, 1911]

I Sphere Sd−1 = {ξ ∈ Rd : ‖ξ‖ = 1}
I Function f : Sd−1 → C

I Funk–Radon transform

S(0)f(ξ) =
∫
Sd−1

δ(ξ>η) f(η) dη

=

∫
ξ>η=0

f(η) dλ(η)

(integrals of f along all great circles)

Goal
Reconstruct the function f from the integrals S(0)f
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The cone-beam transform and spherical convolutions
The generalized Funk–Radon transform

Generalized Funk–Radon transform [Louis, 2016]

I Take derivatives of the delta distribution

I generalized Funk–Radon transform

S(j)f(ξ) =
∫
Sd−1

δ(j)(ξ>η) f(η) dη

= (−1)j
∫
ξ>η=0

(
∂

∂ξ

)j

f(η) dλ(η)

I ∂
∂ξ ... directional derivative
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The cone-beam transform and spherical convolutions
The generalized Funk–Radon transform

Spherical convolution

Funk–Hecke formula [Funk, 1915] [Hecke, 1917]

Let
I Y k

n spherical harmonic of degree n
I Pn,d Legendre (ultraspherical) polynomial of degree n in dimension d,

orthogonal polynomial on [−1, 1] w.r.t. the weight (1− t2) d−3
2

I g : [−1, 1]→ C
Then∫

Sd−1

g(ξ>η)Y k
n (η) dη = Y k

n (ξ)

∫ 1

−1
g(t)Pn,d(t) (1− t2)

d−3
2 dt

η 7→ g(ξ>η)

For the generalized Funk–Radon transform S(j): Insert g(t) = δ(j)(t)
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The cone-beam transform and spherical convolutions
The generalized Funk–Radon transform

Eigenvalue decomposition of S(j)

Theorem [Q., Hielscher, Louis, 2018]

Let j ∈ N0. The generalized Funk–Radon transform S(j) : C(Sd−1)→ C(Sd−1) has the
eigenvalue decomposition

S(j)Y k
n = P

(j)
n,d(0)Y

k
n , n ∈ N0, k = −n, . . . , n

with eigenvalues

P
(j)
n,d(0) =


∣∣Sd−2∣∣ (−1)n+j

2
(n+ j − 1)!! (d− 3)!!

(n− j + d− 3)!!
, n+ j even and (n ≥ j)

0, otherwise
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The cone-beam transform and spherical convolutions
The generalized Funk–Radon transform

Sobolev estimates of S(j)
I Sobolev space Hs(Sd−1) of order s ≥ 0

Hs(Sd−1) =
{
f ∈ L2(Sd−1)

∣∣∣∣ ∞∑
n=0

Nn,d∑
k=1

∣∣∣f̂(n, k)∣∣∣2 (n+ d−2
2

)2s
<∞

}

Theorem [Q., Hielscher, Louis, 2018]

Let s ∈ R and j ∈ N0. The generalized Funk–Radon transform S(j) is a continuous operator

S(j) : Hs(Sd−1)→ Hs−j+ d−2
2 (Sd−1).

The kernel of S(j) is

span
{
Y k
n : n+ j odd or (n ≤ j − d+ 1 and d odd), k = 1, . . . , Nn,d

}
.
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The cone-beam transform and spherical convolutions
The generalized Funk–Radon transform

Special cases of j
j = −1: modified hemispherical transform [Ungar 1954] [Rubin, 1999]

S(−1)f(ξ) = 1

2

∫
Sd−1

sgn(ξ>η) f(η) dη.

j = −2: spherical cosine transform [Petty, 1961] [Schneider, 1967] [Groemer, 1996]

S(−2)f(ξ) = 1

2

∫
Sd−1

∣∣∣ξ>η∣∣∣ f(η) dη.
j = d−2

2 : the absolute value of the eigenvalues

Ŝ(j)(n) = 2(2π)
d−2
2 (−1)

2n+d−2
4 , n+ j even

is constant. Hence S(j) : L2(S2j+1)→ L2(Sd−1) is a partial isometry.
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The cone-beam transform and spherical convolutions
Cone-beam transform

Cone-beam transform

I f : Rd → R
I a ∈ Rd ... source of the ray
I ω ∈ Sd−1 ... direction of the ray

I Cone-beam transform
(or divergent beam X-ray transform)

Df(a,ω) =
∫ ∞
0

f(a+ tω) dt

[Hamaker et al. 1980] [Tuy, 1983] [Finch, 1985] [Feldkamp, Davis, Kress, 1984]
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The cone-beam transform and spherical convolutions
Cone-beam transform

Radon transform
I f : Rd → R
I Radon transform

Rf(ω, s) =
∫
x>ω=s

f(x) dx

I Integral along (hyper-)plane with normal ω ∈ Sd−1 and s ∈ R

I In 2D: Line integrals
(both Radon transform on R2 and the cone-beam
transformD)

I In 3D: Plane integrals
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The cone-beam transform and spherical convolutions
Cone-beam transform

Cone-beam and Radon transform (in 3D) [Grangeat, 1991]
Consider a “fan” of ray integrals orthogonal to ω∫

ξ∈S2, ξ>ω=0

Df(a, ξ) dξ

Want the plane integral

Rf(ω,a>ω) =
∫
x>ω=a>ω

f(x) dx

Grangeat’s formula

∂

∂s
Rf(ω,a>ω) =

∫
ξ∈S2,ξ>ω=0

∂

∂ω
Df(a, ξ) dξ

∂
∂ω ... directional derivative w.r.t. ξ ω = (0, 0, 1)>
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The cone-beam transform and spherical convolutions
Cone-beam transform

Grangeat’s formula [Grangeat, 1991]

∂

∂s
Rf(ω, s)

∣∣∣∣
s=a>ω

=

∫
ξ∈S2,ξ>ω=0

∂

∂ω
Df(a, ξ) dξ

Recall the generalized Funk–Radon transform

S(j)f(ω) =
∫
S2
δ(j)(ξ>ω) f(ξ) dξ, ω ∈ S2.

Write Grangeat’s formula as [Louis, 2016]

∂

∂s
Rf(ω, s)

∣∣∣∣
s=a>ω

= −S(1)ω Df(a,ω)

In general dimension d

(−1)d
(
∂

∂s

)d−2

Rf(ω, s)

∣∣∣∣∣
s=a>ω

= S(d−2)ω Df(a,ω)
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The cone-beam transform and spherical convolutions
Cone-beam transform

Cone-beam transform

I Let f : Bd = {x ∈ Rd : ‖x‖ ≤ 1} → R

I Consider the cone-beam transform with sources a ∈ Sd−1 on
the sphere

D : L2(Bd)→ L2(Sd−1 × Sd−1)

Df(a,ω) =
∫ ∞
0

f(a+ tω) dt, ω ∈ Sd−1
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The cone-beam transform and spherical convolutions
Cone-beam transform

Singular value decomposition [Q., Hielscher, Louis, 2018]

The cone-beam transformD with sources a ∈ Sd−1 and d odd has the SVD

DVm,l,k(a,ω) = µm,d

Nm+1,d∑
j=1

Y j
m+1,d(a)

l+m+1∑
n=m+1−l

n odd

νn,d

Nn,d∑
i=1

Gn,i,d
m+1,j,l,kY

i
n,d(ω)

consisting of:
I Orthogonal polynomials on the unit ball

Vm,l,k(sω) =
√
2m+ d slP

(0,l+ d−2
2 )

m−l
2

(2s2 − 1)Y k
l (ω), s ∈ [0, 1], ω ∈ Sd−1

I µm,d =

√
2d+1 πd−1

2m+ d
, νn,d =

(−1)n+1
2 (n− 1)!!

(n+ d− 3)!!

I Gaunt coefficients Gn,k
n1,k1,n2,k2

=
∫
Sd−1 Y

k1
n1

(ξ)Y k2
n2

(ξ)Y k
n (ξ) dξ

May 22, 2019, Nashville · Michael Quellmalz 16 / 18 tu-chemnitz.de/∼qmi

tu-chemnitz.de/~qmi


The cone-beam transform and spherical convolutions
Cone-beam transform

Singular value decomposition [Q., Hielscher, Louis, 2018]

The cone-beam transformD with sources a ∈ Sd−1 and d odd has the SVD

DVm,l,k(a,ω) = µm,d

Nm+1,d∑
j=1

Y j
m+1,d(a)

l+m+1∑
n=m+1−l

n odd

νn,d

Nn,d∑
i=1

Gn,i,d
m+1,j,l,kY

i
n,d(ω)

consisting of:
I Orthogonal polynomials on the unit ball

Vm,l,k(sω) =
√
2m+ d slP

(0,l+ d−2
2 )

m−l
2

(2s2 − 1)Y k
l (ω), s ∈ [0, 1], ω ∈ Sd−1

I µm,d =

√
2d+1 πd−1

2m+ d
, νn,d =

(−1)n+1
2 (n− 1)!!

(n+ d− 3)!!

I Gaunt coefficients Gn,k
n1,k1,n2,k2

=
∫
Sd−1 Y

k1
n1

(ξ)Y k2
n2

(ξ)Y k
n (ξ) dξ

May 22, 2019, Nashville · Michael Quellmalz 16 / 18 tu-chemnitz.de/∼qmi

tu-chemnitz.de/~qmi


The cone-beam transform and spherical convolutions
Cone-beam transform

Remarks

I dimension d = 3 [Kazantsev, 2015]
I d odd [Q., Hielscher, Louis, 2018]
I Similar result for full lines (X-ray transform) [Maaß, 1987]

Decay of the singular values λm,l,d of the cone-beam transformD

I Lower bound: λm,l,d ≥ cdm−1/2 for m→∞
I Upper bound: λm,l,d ≤ Cd

I for dimension d = 3: λm,l,3 ≤ Cm−1/4 [Kazantsev, 2015]
I Conjecture: λm,l,d ≤ Cdm

−1/2
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Conclusion

I Investigated the generalized Funk–Radon transform
I Characterization of its nullspace and range

I Grangeat’s formula connects the cone-beam transform, Radon transform and generalized
Funk–Radon transform

I SVD of the cone-beam transform for sources on the sphere
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