Example: RR Robot

Forward kinematics:

X,=1ly¢; + Iy
Y= 1,5 + I,sq;

Yo
End Effector

09.01.2017

Ji=| 1121+ I iﬂ 7= iﬂ

lllustrate the column vector of the Jacobian in the
space at the end-effector point.

J, points in the direction perpendicular to link 2.

While J, is not perpendicular to link 1 but is
perpendicular to the vector (X,,Y,).

This is because J, represent the endpoint velocity
caused by joint 1 when joint 2 is not rotating.

In other word, link 1 and 2 are rigidly connected,
becoming a single rigid body of length (X,,Y,) and
J is the tip velocity of this body.
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Example: RR Robot

Forward kinematics:

Ji=| 1121+ I iﬂ 7= iﬂ

X,=1ly¢; + Iy

Y, =1 I ..
e 151 T 1251 lllustrate the column vector of the Jacobian in the

space at the end-effector point.
J, points in the direction perpendicular to link 2.

While J, is not perpendicular to link 1 but is
perpendicular to the vector (X,,Y,).

This is because J, represent the endpoint velocity
caused by joint 1 when joint 2 is not rotating. In
other word, link 1 and 2 are rigidly connected,
becoming a single rigid body of length (X,,Y,) and
J is the tip velocity of this body.
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Example: RR Robot

Forward kinematics:

X,=1ly¢; + Iy
Y= 1,5 + I,sq;

09.01.2017

J = —Iy5; — 2512] J, = [ I 2512]

Iic, + I)cq, 2€12

If the two Jacobian column vectors are aligned, the end-
effector can not be moved in an arbitrary direction.

This may happen for particular arm configurations when
the two links are fully contracted or extracted.

These arm configurations are referred to as singular
configurations.

ACCORDINGLY, the Jacobian matrix become singular at
these positions.

Find out the singular configurations...
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Example: RR Robot

J = —115; — 2512] J, = [ I 2312]

Iic, + I)cq, 2C12

Forward kinematics:

X,=1ly¢; + Iy
Y= 1,5 + I,sq;

Non-singular

Singular

. Singular
Configuration B N

Configuration A

> X

09.01.2017
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Example: RR Robot

Forward kinematics:

X,=1ly¢; + Iy
Y= 1,5 + I,sq;

09.01.2017

J,= [ I;s; — 1,84, _12512]
Iicy + I)cq, I,cq,

The Jacobian reflects the singular configurations.
When joint 2 is 0 or 180 degrees:

det(J,) = det ( - ‘» L D=
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Forward kinematics:

09.01.2017

Example: RR Robot

J,= [ I;s; — 1,84, _12512]
Iicy + I)cq, I,cq,

I 54, The Jacobian reflects the singular configurations.

When joint 2 is 0 or 180 degrees:

_ —(I, £ 1,)s, $1251]) _
det(d,) = det( (I, +1)c, *lcd) 0

J.Nassour
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Example: RR Robot

Work out the joint velocities q (44, g,) in terms of the end effector velocity V.(V,, V).

If the arm configuration is not singular, this can be obtained by taking the inverse of the
Jacobian matrix:

g= J LVe

Note that the differential kinematics problem has a unique solution as long as the Jacobian
is non-singular.

Since the elements of the Jacobian matrix are function of
joint displacements, the inverse Jacobian varies depending
on the arm configuration.

This means that although the desired end-effector velocity is
constant, the joint velocities are not.
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Example: RR Robot

We want to move the endpoint of the robot at a constant speed along a path starting at
point “A” on the x-axis, (+2.0, 0), go around the origin through point “B” (+¢, 0) and “C” (O,
+€), and reach the final point “D” (0, +2.0) on the y-axis. Consider I, = 1,.

Work out joints velocities along this path.

/

Singular
Configuration

Singular
Configuration

09.01.2017
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Example: RR Robot

We want to move the endpoint of the robot at a constant speed along a path starting at
point “A” on the x-axis, (+2.0, 0), go around the origin through point “B” (+¢, 0) and “C” (O,
+€), and reach the final point “D” (0, +2.0) on the y-axis. Consider I, = 1,.

Work out joints velocities along this path.

The Jacobian is:

J. = [_1151 — 1,84, _12512]
"o Llep + 1y, Iycq,

09.01.2017
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Example: RR Robot

We want to move the endpoint of the robot at a constant speed along a path starting at
point “A” on the x-axis, (+2.0, 0), go around the origin through point “B” (+¢, 0) and “C” (O,
+€), and reach the final point “D” (0, +2.0) on the y-axis. Consider I, = 1,.

Work out joints velocities along this path.

The Jacobian is:

J. = [_1151 — 1,84, _12512]
"o Llep + 1y, Iycq,

The inverse of the Jacobian is:
4 1
J,t= —| - _ _ |

09.01.2017

J.Nassour 94



Example: RR Robot

We want to move the endpoint of the robot at a constant speed along a path starting at
point “A” on the x-axis, (+2.0, 0), go around the origin through point “B” (+¢, 0) and “C” (O,
+€), and reach the final point “D” (0, +2.0) on the y-axis. Consider I, = 1,.

Work out joints velocities along this path.

The inverse of the Jacobian is:

g 1= 1 l Icq, P ]
7 II,s,\=1¢c; = I,¢1, —118; — 1,5y,

4, ="

q;

09.01.2017
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| TwolinksManipulator2.m [+ |
1 % two links arm
2 - clec;
2= clear
4 EEETTETEEEEEEES
5 $ L toB /
6 — tl &8 = 0.01 : 0.02 : (({pi/f2.0)-0.01);
= t2 LB = -2*tl BB; Singular
g Configuration
g 9 - Vxz AB = -1.0%ones(=size(tl AB)) ; % [m/=
10 = Vy BB = O0.0%cnes(size(tl _&B)) ; % [m/=]
i 11 EEETTEIEEEERR
{12 — tl = [t1 BB ]; t2 = [t2 BB ];
§ 13 — Vx = [Vx BB ]; Vy = [Vy &B ];
14 .
. . . . . . Singular
B 1o — tlD = (Vx.*cos(tl+t2)+Vy.#*sin(tl+t2)) ./ sin(t2); s
: - . ) Configuration
416 — 2D = - (Vx.%(cos(tl)+co=s (Cl+t2) ) +Vy.* (2in(tl)+=sin(tl+t2))) ./ =2in(t2
B 17
gle - plot (£lD); hold on; plot (t2D):
g 15 EEEREEREEREEE
= s c e . I,c1,.Vx + 1,5,.Vy
B2l — tl C0 = pi-0.01 : -0.02 : ((pif2.0)+40.01); (]1 =
22 - t2 Ch = £l CD - pi/f2.0 ; 111252
23
24 — Vx CD = O.0%ones(size(tl AB)) 5 % [m/=]
25 —  Vy CD = 1.0%ones(size(tl 28)) ; % [m/s) - [—11C1 — 12C12]' Vx + [_1151 . 12512]' Vy
26 $TEEEEEIILLE 42 = I.1.s
27 - tl = [t1 CD ]; t2 = [t£2 CD ]; 17222
28
28 — Vx = [Vx CD ]:; Vy = [Vyv _CD ]
30
31 = tlD = (Vx.*cos (tl+tc2)+Vy.#*sin(tl+t2)) ./ 2in(t2);
32 - 2D = - (VE.®(cos(tl)+cos (tl+4t2) ) +Vy.* (2in(tl)+sin(tl+t2) ) ) ./sin(t2);
33
34 - plot (£lD); hold on; plot (t2D):
35 EETETTEIEERERR

09.01.2017 J.Nassour 96



mmqmm.ﬂ-wmn—-l

[EUT L T L T R L I DL T T T T T % T N U N T e T T e e T e B e e T s e
L B A R L I L T ¥ = I & IS B L T 5 Y CUR L T L T e BN e B N E S O = T 4 I L T o B T i |

TwolinksManipulatord.m

| + |

% two links arm

clec;

clear

EETEEETIEEEEEESE

£ A to B 60

tl B = 0.01 \

t2_AB = —2*t1_4ow
20t |

Vx BB = -1.0% |

Vy _AB = 0.0%

333333333333 0/
tl = [t1 BB 1 !/

Vx = [Vx_ZB ] \

.Go—l
tiD = (VX.*co: -0}
£2D = - (Vx.*(

-100

<t2]]].fsin(t2

plot (£1D) : hoﬂz%
FEEEEELEELELS

40

$CtoD 50
tl CD = pi-0.
t2_CD = tl_CD

Vx CD = 0.0% 4|

Vy CD = 1.0%
333333332833
tl = [tl €D ]

-50 F
Vx = [Vx CD ]

tlDh = (VX.*co

2D = - (Vx.¥(
100

£2)))../=2in(t2);

0

plot (£lD); hold on;

TTTEEETTTLEERER

09.01.2017

10 20 30
plot (L2D) ;

40

60

70

80

J.Nassour
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Singular
Configuration

Singular
Configuration

[,c15. VX + 1,5,,.Vy

q, =

Ii1,s,

[—1ycy — Lrcppl VX + [=1ysy — [551,]. Vy

q, =

I,1;s,
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Example: RR Robot

. L Vx + 1,81, Vy Joint
ql = 11[252 Velocities
6
. [=hey = Leppl Ve + [=1isy — 1,54,]- Vy L
2= Li1;s,
D ¢ A B C D

7 (time)

/

Singular
Configuration

Note that the joint velocities are extremely large near the
initial and the final points, and are unbounded at points A
and D. These are the arm singular configurations g,=0.

Singular
Configuration




Example: RR Robot

. L Vx + 1,81, Vy Joint
ql = 11[252 Velocities
6
. |—1,c; — I,c5]. Vx + [—1;s; — [,5(,]. Vy L
2= I11;s,
D ¢ A B C D

7 (time)

As the end-effector gets close to the origin, the velocity of
the first joint becomes very large in order to quickly turn the
arm around from point B to C. At these configurations, the

second joint is almost -180 degrees, meaning that the arm is
—~ near singularity.

/

Singular
Configuration

Singular
Configuration




Example: RR Robot

. L.V + 154, Vy Joint
ql = 111252 Velocities
6
. [=hey = Leppl Ve + [=1isy — 1,54,]- Vy L
2= I11,s,
D 9 A B C D

7 (time)

/

Singular
Configuration

This result agrees with the singularity condition using the
determinant of the Jacobian:

det(J,) = sin(q,) =0 forq,=kn, k=0,+1,+2,..

Singular
Configuration




Using the Jacobian, analyse the arm behaviour at the singular points. Consider (l,=I,=

=1).

The ]acobian is:

Iisy — I,sq,
J.=| I

161+ 1¢q,

09.01.2017

Example: RR Robot

—I,s4,
I)cq,

| 915

—Iys; — 12512] J,= _12512]
Iicy + Iy I)cqp

For q,=0:
0= [0 [5]

2¢,

The Jacobian column vectors reduce to the ones in

the same direction.

Note that no endpoint velocity can be generated in
the direction perpendicular to the aligned arm links
(singular configuration A and D).
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Example: RR Robot

Using the Jacobian, analyse the arm behaviour at the singular points. Consider (l,=I,=1).

The ]acobian is:

Iis; — 1581, —138y, _ [T1his1— 13812 _[12512
Jv= l Licy +1cp,  Iyeq, ] 1 iy + 15¢4, ]’JZ [,c1, ]

For q,=m
9= [gl 2= 2]

The first joint cannot generate any endpoint

velocity, since the arm is fully contracted (singular
configuration B).

09.01.2017
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Example: RR Robot

Using the Jacobian, analyse the arm behaviour at the singular points. Consider (l,=I,=1).

At the singular configuration, there is at least one direction is which the robot cannot
generate a non-zero velocity at the end effector.

09.01.2017
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Example: RRR Robot

Joint variable 0, rv/ Joint varlaple & The robot has three revolute joints

A y2 7 that allow the endpoint to move in
V1 \ the three dimensional space.
However, this robot mechanism has
singular points inside the workspace.
Analyze the singularity, following the
procedure below.

V?A\

SN

Lnk1 ik 1= 2 m

Z Jointl .01 9- 9 Step1Obtain each column vector of the Jacobian
link 3=2 m Matrix by considering the endpoint velocity created
Yo by each of the joints while immobilizing the other
Ak 0 (fixed) joints.
X0

Step 2 Construct the Jacobian by concatenating the column vectors, and
set the determinant of the Jacobian to zero for singularity: det J =0.

Step 3 Find the joint angles that make det J =0.

Step 4 Show the arm posture that is singular. Show where in the workspace it becomes
singular. For each singular configuration, also show in which direction the endpoint cannot
have a non-zero velocity.
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Stanford Arm

Give one example of singularity that can occur.

Whenever Oc = 0, the manipulator is in a singular

configuration because joint 4 and 6 line up. Both joints actions
would results the same end-effector motion (one DOF will be

lost).

09.01.2017 J.Nassour
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Give two examples of singularities that can occur.
Whenever Oz = 0, the manipulatorisin a

PUMA 260
“1 singular configuration because joint 4 and 6 line

up. Both joints actions would results the same
end-effector motion (one DOF will be lost).

Whenever 03 = —90, the manipulatorisina
singular configuration. In this situation, the arm is
fully extracted. This is classed as a workspace
boundary singularity.

Yo

X6
09.01.2017 J.Nassour 106
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NAO Left Arm

\\- // LShoulderRoll

i

yr

119,50° _)
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NAO Right Arm
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