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CHAPTER 1

Abstract

In this series of lectures we give an introduction on how metric ge-
ometry influences the spectral theory of the Laplace-Beltrami operator
on a Riemannian manifold. We discuss self-adjoint realizations, bounds
for the bottom of the spectrum and some spectral theory on L, with
the latter being related to global properties of Brownian motion. The
involved methods are so robust, that they generalize to large classes of
less smooth spaces (e.g. metric measure spaces and discrete graphs).

The spectral theory of the Laplace-Beltrami-Operator (or rather a
specific self-adjoint realization) on a Riemannian manifold is in close
relation with the geometry of the manifold. In this course we discuss
which features of the manifold viewed as a metric measure space influ-
ence spectral geometry.

It is impossible to cover such a vast subject in three lectures, in
particular when it comes to technical details. We aim to explain proof
techniques but keep technical details at a minimum. We refer to the
excellent book [4] and to the survey [3] for more details.



CHAPTER 2

Setup and preliminaries

In this chapter we briefly introduce the setup used throughout this
mini course. We mostly follow [4] in our presentation. The first two
sections are mostly contained in [4, Chapter 4].

1. Weighted Riemannian manifolds

Let (M, g) be a smooth Riemannian manifold which is connected
and without boundary. Charts are denoted by (U, ). Here, U C M
and ¢¥(U) C R? are open and ¢: U — (U) is a homeomorphism
belonging to the chosen smooth structure. For f: M — A, where A is
any set, we use the notation f = f oy ~': ¢ (U) — A. In this sense, f
is a local representation of f in the coordinates of (U, ).

Remark 2.1. For all results discussed in this text less smoothness is
sufficient but we will not discuss this in detail.

The volume measure on the Borel-g-algebra of M is denoted by vol
and dz denotes the Lebesgue measure on (subsets of) R% In a chart

(U, 1) we have
vol(A) = \/det(g;.)d
O( ) //;( ) € (gzj) L

for all Borel sets A C U. Instead of the volume measure itself, we we
consider the weighted measure p = e ®vol with ® € C*(M). The
triplet (M, g, 1) is called weighted Riemannian manifold.

For a piecewise smooth curve v: I — M we define its length by

L) = [ Bl
I
The geodesic distance between x,y € M is defined by
ola.y) = inf L()

where the infimum is taken over all piecewise smooth curves containing
x and y. The function p is a metric on M that induces the topology of
M. The manifold M is called complete if (M, o) is complete.

We write C°°(M) for the smooth function M — R and C*(M) =
D(M) for the smooth functions with compact support. Elements of
D(M) are called test functions. We say that a sequence (p,,) in D(M)

converges to ¢ € D(M) and write ¢, K o if the following holds:
5



6 2. SETUP AND PRELIMINARIES

(a) There exists K C M such that supp ¢, C K for all n € N.
(b) 0%p, — 0% uniformly in each chart (0“ is defined with respect to
the chart).

We write X(M) for the smooth vector fields and denote by D(M)
the smooth vector fields of compact support. We equip the latter space
with a similar notion of convergence as in D(M) by requiring the con-
vergence in (b) for each component of the vector fields in local coordi-
nates.

A sequentially continuous linear functional 7': D(M) — R is called

distribution and a sequentially continuous linear functional U : D(M) —
R is called distributional vector field. We identify any f € Li (M) with
the distribution

T D) <R Ty(e) = [ fed

Similarly, we identify X € LL (M) with the distributional vector field

—

Ux: D(M) — R, Ux(w):/M<X,w)gd,u.

The space of all distributions is denoted by D’(M) and the space of all

distributional vector fields is denoted by D'(M).
For f € C*°(M) we denote by Vf € X(M) its gradient. It is the
unique vector field such that

df(X) = X(f) = (Vf, X), for all X € X(M).
In local coordinates it is given by

Vf= gija—f 0 -,
OxJ Oz'
Here, we use two conventions: The Einstein notation and that (¢*) is
the inverse of the matrix (g,;).
For each X € X(M) there exists a unique function div, X € C*(M)
such that Green’s formula

/(V@,X}Qdu:—/ ediv, Xdu
M M

holds for all p € C°(M).
In local coordinates with X = X*

o)
ozt

( det gink>

we have

divx = L9
\/detgij Ox*
= iXk+inlog\/detg-<

Ok Ok Y
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It is readily verified that div, X = e%@div (e_q’X ) Using the product
rule, we infer
1
div, X = —=div (¢ *X) = divX — (V®, X),.
e
The weighted Laplace-Beltrami operator A, is defined by A, =

div, o V. For f € C>°(M) it is given by

Auf =Avof —(VO,V )y =Avaf — VO(f).

In local coordinates it takes the form

Auf = \/ﬁ% < det gi;g"
For T' € D'(M) we let
VT: D(M) - R, VT(w)=—T(div,w)
and for U € D(M)' we let
div,U: D(M) = R, div,U(p) =—-U(Vy).

By Green’s formula these extensions to distributions are consistent
with the definition on smooth functions. Moreover, as on functions
we let A, = div, o V. Hence, we obtain the Laplacian as an operator
D'(M)— D'(M).

Below we ALWAY'S work with the weighted Laplacian A, but for
convenience we drop the subscript p.

9 a0vor
ox! oxd Oxt

Example 2.2 (Standard example). Let M = Q C R?openand A: Q —
R4 with the following properties:

(a) For all z € Q2 the matrix A(x) is symmetric.

(b) A;jj € C®(Q),4,7=1,...,d.

(c) (A(x)€,€) >0 for all z € Q and € € R™

Using the canonical chart (£2,id) we identify 7,2 = R%. Then

92(&m) = (A@)&,n), z€Q,&EneR?

defines a smooth Riemannian metric on 2. In this case, the volume is
given by

Vol(B):/BvdetAdx

for all Borel B C ().
The weighted Laplacian takes the form

1
&l = Jaea
= div. (A7'V.f) — (X, V. f).

Here, div, and V. denote the standard divergence and gradient on
Euclidean space and X € C*°(Q,R") is a suitable vector space. This

div, (\/mfrlve f) — (AT, D, V. f)
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shows that A, is an ’elliptic operator in divergence form with drift
term’.
If we choose ® = log+v/det A, then dvol = dx and
A f =dive (AT'V.f) .

If one wants to avoid inverting A, one can modify the examples and
start with A~! instead of A.

Example 2.3 (Model manifolds). We call a d-dimensional Riemannian
manifold (M, g) (with d > 2) a model manifold if the following holds:

(a) For some R € (0,00] we have M = {x € R? | |z| < R}.
(b) There exists ¢: (0, R) — (0,00) such that the map
M\ {0} = (0,R) x ™', = (|z|, || z)
is a Riemannian isometry, where on (0, R) x S*~! the tangent space
T,0((0,R) x S = R T,S**
is equipped with the metric gr @ 9(r)?gsi-1 6.

The function 1 is called scaling function of the model.
In this case, we have

vol(B,(0)) = wai /0 ",

where wy_; is the (d — 1)-dimensional volume of S~
If f € C®°WM) with f(x) = h(|z|) for z # 0 and some h €
C>((0,00)), then
V()
Avorf(z) = h"(r) + (d — 1) ==K (r),

where r = |z| and x # 0.

Example 2.4. (a) R? is a model manifold with R = co and scaling
function ¥(r) =r.

(b) The sphere without one point S¢\ {p} is isometric to a model
manifold with R = 7 and scaling function ¥ (r) = sinr.

(¢) Hyperbolic space H? is isometric to a model manifold with R = oo
and scaling function ¢ (r) = sinhr.

2. Sobolev spaces and a self-adjoint Laplacian

In this section we introduce several function spaces on the weighted
manifold. Some depend on the choice of the density function ® in the
measure i and some do not. This is reflected in our notation.

The first order Sobolev space on (M, g, i) is defined by

WM, p) = {f € L*(M,p) | Vf € L*(M, )}
Equipped with the norm

llws: WM, ) = [0,00), || fllws = (IFIE + IV £13) ",
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which is clearly induced by an inner product (-, )y, it is a Hilbert
space. By a celebrated result of Meyers and Serrin [6] C*°(M) N
WY (M, u) is dense in WM, u). By W (M, u) we denote the clo-
sure of C°(M) in WY(M, u). We write W} (M) for the functions in
W1 (M, ) with compact support. It can be inferred as a consequence
to the Meyers Serrin theorem that W}!(M) C W} (M, p).

We let

Wi (M) = {f € L2 (M) | Vf € L2 (M)}.

loc
Then f € W}l (M) if and only if for all relatively compact open @ C M
there exists ¢ € WH(M,p) with f = g a.s. on Q. It follows from
the discussed properties that W} (M) and WL (M) are independent of
the choice of p and every function in W}l (M) with compact support
belongs to W} (M).
The following result is the key tool in our analysis.

Theorem 2.5 (Rademacher). A function f: M — R is Lipschitz (with

respect to o) if and only if f € LL (M) and Vf € L>®(M). In this

case, f € Wit.(M) and

|f(x) = f(y)]
o, y)

In particular, Lipschitz functions with compact support belong to W (M).
PRrROOF. The if statement and the inequality ||V f|w < Lip(f) is

contained in [4, Theorem 11.3]. For the reverse inequality and the only
if statement see [2, Theorem 4.5] and its proof. g

IV flleo = Sip =: Lip(f).

Corollary 2.6. For all z,y € M we have
o(z,y) = sup{|f(z) = f(W)| | [ € Lioe(M) with |V f|loc < 1}.

Remark 2.7. Rademacher’s theorem and its corollary have two conse-
quences, which make extensions of the presented results to non-smooth
spaces possible.

(a) We define the local Lipschitz constant of f: M — R at x € M by

Lip,(f) :=inf sup M,

U z#y,x,yclU Q(xa y)
where the infimum is taken over all open neighborhoods of x. From
localizing the equality in Rademacher’s theorem, we infer

[Vf](x) = Lip,(f)
for f € C'(M)-functions. Hence, local Lipschitz constants deter-
mine |V f|. Since local Lipschitz constants are available in metric
spaces (without differentiable structure and Riemannian metric),
this paves the way towards an analysis on metric measure spaces
by considering Cheeger energies and the induced Laplacians, see

e.g. [1].
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(b) The previous corollary shows that ¢ can be recovered from the
knowledge of all functions with ||V f|. < 1. Hence, if in some
space one can give a meaning to the inequality |V f|le < 1 (e.g.
this is possible in regular Dirichlet spaces), one can define a metric
d through the formula

d(z,y) = sup{|f(z) = F(W)| | [ € Lipo(M) with |V |l < 1}.
Under relatively mild assumptions this metric satisfies Rademacher’s
theorem (or at least part of it), namely ||V f]|o < Lip(f). We refer

to [8, 9, [7], where this Ansatz is used in the analysis of strongly
local Dirichlet spaces, and to [§], which discusses discrete spaces.

Corollary 2.8 (Existence of cut-off functions). For 0 < r < R and
0o € M consider the function

p=¢rr: M =R, p(z) = (1= oz, B(0))/(R—7))s.
Then ¢ =1 on B,(0), ¢ =0 on M \ Bgr(o) and Lip(¢) < 1/(R —1).
In particular, f € Wit (M) and |V f|w < 1/(R —r). If, moreover,
(M, o) is complete, then o € WL(M).

PRrROOF. All assertions are more or less trivial or consequences of
Rademacher’s theorem except 'moreover’-statement. It follows from
the Hopf-Rinow theorem, which states that (M, p) is complete if and
only if B,(x) is compact for all > 0 and z € M. g

Remark 2.9. Instead of requiring completeness of M, for many ap-
plications the existence of a sequence of cut-off functions (¢,) with
0 <y, <1, p, = 1 pointwise and ||Vg,|l — 0 is sufficient. How-
ever, it turns out that the existence of such a sequence is equivalent to
completeness.

The following proposition summarizes several operations on WL (M)
that will be used below.

Proposition 2.10 (Product- and chain rules on Wl (M)). (a) (Chain
rule) Let (C,) in C*(R) such that sup,||C! ||l < 00 andletC,D: R —
R such that C, — C and C! — D pointwise. Then for any
f € Wi (M) we have C o f € WL (M) and

V(Cof)= (Do f)VF.

(b) (Truncation property) For all f,h € Wi (M) we have f A h €
Wiee(M) and

V(fANh)= Lip<myVf + 1>y Vh.
(¢c) (Product rule) Let f,h € W (M) such that fh € Wl (M). Then
V(fh) = fVh+hVf.

(d) (Ideal property) For all ¢ € Lip.(M) and f € Wii.(M) we have
pf € Wo(M, ).
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PROOF. All of the results except (b) are clear for smooth functions,
other functions have to be approximated (e.g. by using the Meyers-
Serrin theorem). To prove (b) one has to use (a) , fAg= (f+g—|f—
gl)/2 and an approximation of | - | by smooth functions. The details
can be found somewhat scattered in [4]. O

We finish this section by constructing a non-negative self-adjoint
Laplacian on L?(M, ).

Theorem 2.11 (The Friedrichs extension). The operator A defined
by

D(Ap) ={f € Wy (M, p) | Auf € L*(M, p)}
and

AF - A;Af

is a non-positive self-adjoint operator on L*(M,p) (i.e. o(Ap) C
(—00,0]). 1t is the Friedrichs extension of the restriction of A, to
C*(M). In particular,

inf(o(=Ar)) = nf{{—Are, @) | ¢ € C(M), plls = 1}
— in{ / IV Pdp | f € WM, ). gll: = 1.
M

For all a > 0 its resolvent (o — Ap)~" is positivity improving (f >
0 implies (« — Ap)~'f > 0 a.s.) and Markovian (f < 1 implies
ala—Ap)7Lf<1).

Proor. It follows from Green’s formula that the restriction of A,
to C'°(M) is non-positive and symmetric. Hence, it has a Friedrichs
extension. The formula for Ag then follows directly from the abstract
construction of the Friedrichs extension and the obsercation that the
adjoint of the restriction of A, to C°(M) is the restriction of A, to
{f € L*(M,p) | Auf € L*(M, ).

For the other properties we refer to [4, Chapter 5]. O

3. Local regularity results and a local Harnack inequality

Theorem 2.12 (Hypoellipticity). (a) Let a« € R and 1 < p < oc.
Everyu € Li (M) with —Au+au € C*°(M) satisfies u € C(M).

(b) If u € D'((0,00) x M) satisfies dyu = Au, then u € C°(M).
PROOF. See [4, Chapter 7]. O

Theorem 2.13 (Local Harnack inequality). Let A € R and let K C M
compact. There exists a constant C = C(K,\) > 0 such that for all
nonnegative u € C°(M) with —Au — Au = 0 the following inequality
holds:

supu < C'infu.
K K

The constants can be chosen such that R — (0,00), A — C(K,\) is
Mnereasing.
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PRrOOF. This is contained in [4, Theorem 13.11] under the assump-
tion that there exists ' > X and h > 0, h € C®(M), such that
—Ah —Xh = 0. However, using the following ingredients this assump-
tion can be completely removed:

(a) The Agmon-Allegretto-Piepenbrink theorem on relatively compact
open subsets of M, which does not rely on Harnack inequalities but
on Sobolev embedding theorems.

(b) A domain monotonicity argument.

(¢) The implication of the Agmon-Allegretto-Piepenbrink theorem, which
does not use Harnack inequalities.

Below in our proof of the Agmon-Allegretto-Piepenbrink theorem

we cheat a bit, because we do not prove (a) and (b) separately, but use
the Harnack inequality directly. O



CHAPTER 3

Liouville theorems and essential self-adjointness

Theorem 3.1 (Karp’s Liouville theorem). Assume that M is complete
and let 1 < p < co. Let f € WiL.(M)N L<.(M) satisfy f > 0 and

Af >0 (in the sense of distributions). If for some (all) o € M and
some (all) ro >0

I T
r = oo,
o I1f1B.(0)llp

then f is constant.

Remark 3.2. Using local regularity theory for subharmonic functions
it can be proven that any f € W\ (M) with f > 0 and Af > 0
automatically belongs to L° (M). Such regularity is complicated and

beyond the scope of this lecture.

Before establishing Karp’s theorem we need one further result, which
is interesting on its own right.

Theorem 3.3 (Caccioppoli inequalities). Let 1 < p < oco. Let f €
WL (M)NLX (M) with f >0 and Af > 0. For any ¢ € Lip.(M) and
n € N we have

2
/Mf”sDQ\Vdeu < —H/Mf’”sdvf, Vp)gdp

and

_ 4
| s < = [ P9k

PROOF. Let n € N. Instead of f we consider f, = fV n~!. Then
fn € WL(M)NLE(M), fo > n !t and C: (0,00) — R, x — zP!
being locally Lipschitz imply f2=!' € WL (M).

For ¢ € Lip,(M) the product rule yields @*fP~! € WX(M) N
L>*(M). The inequality Af > 0 in the sense of distributions yields

02/M<Vf,V(902f£‘1>>gdu,

after we approximate ©?f?~! € W} (M) by nonnegative functions in
C(M)E. The chain rule, the product rule and the truncation property

IThis is not entirely trivial.

13
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yield
/M (V£ V(G ) gd
=(p-— 1)/ O fP(V ], an>gdu+2/ TP oV f, V) gdp
M M

—p-1) [ P2 [ eV V)
{f>1/n} M
Combining both inequalities and letting n — oo yields

2
| @it s~ [ o790
M p—1Jm

For the existence of both of the integrals (which is important for the

convergence as n — o0) we used f € L (M).

Next we use the elementary inequality |ab] < ea® + 1/(4e)b* to
estimate

1
/ PP (T F, V)l < ¢ / N / IV
M M de Jur

Combining the two previous inequalities yields

2e 2 rp—2 9 2 / 9
© f Vilidy < —— P Vgo du.

We obtain the statement by letting ¢ = (p — 1) /4. O

(1-

Remark 3.4. (a) The Caccioppoli inequality does not use the com-
pleteness of the manifold.
(b) Instead of assuming f € L° (M), it would be sufficient to require

loc

/M UV F, Vo), ldp < o,

which is used in one step of our proof. By the inequality 2|ab| <
a? 4+ b?, we have

/ PPV f, Vi) ldu

M

< / S / o[V 2.
M M

Hence, our proof works under the assumption f € Lifcﬁ(]\/[ ). It is

automatically satisfied for f € Wil (M), as long as 1 < p < 2.
To simplify notation we let B, = B,(0) and denote by
Arr=Br\ B, ={r e M|r<o(zx,0) <R}

the annulus with the radii 0 < r < R around o.
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Corollary 3.5 (Key estimate). Assume M is complete, let 1 < p < o0
and 0 < r < R.Then for any f € Wit (M) N LS.(M) with f > 0 and
Af >0 the following inequalities hold:

(/ PR f )2< L VT / AR
w' T S e (e [,

Ty

and

4 1
p—2 2du < 1 P
S S G g el

Here, ¢ = ¢, g is the cut-off function of Corollary .

PROOF. Let ¢ > 0 such that r+¢ < R and set 7 = r+¢. Since M is
complete, the cut-off function ¢, r discussed in Corollary 2.§ belongs to
Lip.(M). It is constant on the open sets Uz and M \ Bg and therefore
satisfies Vs p = 0 on Uz U (M \ Bg). Moreover, by Rademacher’s
theorem |Vprgr| < Lip(¢rr) < 1/(R — 7). Using these estimates,
0 < @rr <1and g7 g =1 on B, the Caccioppoli inequalities imply
the desired result (after another application of Cauchy-Schwarz for the
first inequality) with A, g replaced by Bg \ U;. With this at hand, the
statement follows after letting ¢ ™\, 0. U

KARP’S THEOREM. We choose R > 0 such that flg, # 0 and let
R, = 2"R. We consider the quantities

Qn = Qn(R) = i STV SLZ dp

and

Vn = HflARn,l,Rn HZ
We show @1 = Q1(R) = 0 for all R > 0, which implies

/ VLR dp = 0,
M

that is fP*|Vf|]2 = 0 as. Since f > 0, we have f = f. and the
truncation property yields
Vf=Vfi=10V/

Hence, fp*2|Vf|3 = 0 a.s. implies Vf = 0 a.s. and we infer that f is
constant from Rademacher’s theorem.
The assumption

[ it
r =00
o 1150l

implies
D=
n=1 "
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We let C =4/(p—1)* and ¢, = g, _, r, (the cut-off function from
Corollary R.§). Our key estimate shows

(Qn—l +/ARn_1’Rn

2

= ( / wif”‘QIVflﬁdu>
M

2
i fPRIVf |§du>

cV, _
ey el M e F L
4C'V, ) _
-2 /A PPV 2.

Now assume that ); > 0 and hence @), > 0 for all n € N. If we
write I, = [, ©p fP72|V f|2dp, the previous inequality and K, <
n—1.1tn

Qn — Qn—1 (which follows from 0 < ¢, < 1) yield

40Vn Z (Qn—l + Kn)2 Z anl (Qn—l + Kn)
R? K, K,
Qn—l Qn 1Qn
2 Qn_l (Qn - Qn 1 * 1) Qn Qn—l '

Rearranging this inequality leads to
R? 1 1
-2 <4C < —)
V Qn 1 Qn

and summing it up shows

v

N

‘Q|Q

n=2

a contradiction. O

Corollary 3.6 (Yau’s Liouville theorem). Assume M that is complete
and 1 < p < oo. Any f € LP(M,u) with —Af +af = 0 for some
a > 0 is constant. If a > 0, then f = 0.

PROOF. By local regularity f € C=(M) C WL (M)NLX.(M). We

choose a sequence of increasing convex functions (C,) in C?*(R) with
Crlle <1, Cp, =0 on (—00,0] and C(z) = 210 (x) for all z € R.
For example, the functions C), defined by
0 ifz<0
Co(z) =< x ifx>1/n
23(3n'z? — 8ndx 4+ 6n?) f0<z<1/n
do the job. The Chain rule for the Laplacian implies
AC(f) = CLNIVfI; + CLlHAS = CLNIV fI; + aCr(f)f.
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We infer (AC,(f), ) > 0 for all nonnegative ¢ € D(M) and, taking the
limit n — oo, arrive at (Af;,¢) > 0 for all nonnegative p € D(M).
With this at hand, f, being constant follows from Karp’s theorem.
Applying the result also to — f instead of f gives that f is constant.

Clearly, if a > 0, the only constant function f satisfying Af = af
is f=0. U

Corollary 3.7 (Gaffney’s theorem). Assume that M is complete. Then
the restriction of A to C°(M) is essentially self-adjoint on L*(M, ).
Its unique self-adjoint extension is Ar and

D(Ap) ={f € L*(M,p) | Af € L*(M, p)}
Moreover, Wg(M, ) = WY M, u), i.e. C(M) is dense in H' (M, ).
PROOF. Let A. denote the restriction of A to C°(M). By defini-

tion we have to show that (A.)* is self-adjoint.
It follows directly from the distributional definition of A that

D((A)) ={f € L*(M,p) | Af € L*(M, )}

and that (A.)*f = Af. o
Clearly, A. € Ap, and by closedness of Ap, also A, C Ap. We
show (A.)* C Ap, which then implies

Ap = (Ap)* C (A)™ =A. C Ap.
Let f € D((A.)*) and for @ > 0 let g = (o« — Ap)~*(a — A)f. Then
g € D(Ar) C W (M, p) and
(0= A)g=(a—A)a—Ar) Ha—-A)f =(a—A)f.
Hence, (o« — A)(g — f) = 0 and Yau’s Liouville theorem implies f =

g € D(AF)
Recall that we equipped W*(M, u) with the complete inner product

ot = [ (V5. md+ [ o
M M
It suffices to show C°(M)+ = {0}. Assume that (h,p)y1 = 0 for all
p € CX(M). Then
(=Ah+h, ) = (h, p)w1 =0

for all ¢ € C(M), i.e., —Ah+h = 0 in the sense of distributions. We
infer A = 0 from Yau’s Liouville theorem. i



CHAPTER 4

The bottom of the spectrum

We study the bottom of the spectrum of the self-adjoint operator
—Ap on L*(M, p). We let \g(M) = info(—Ap).

1. Hardy inequalities and the
Agmon-Allegretto-Piepenbrink theorem

We start with a description in terms of positive solutions and ground
states.

Theorem 4.1 (Agmon-Allegretto-Piepenbrink). Let M be complete.
For A € R the following assertions are equivalent.
(1) A < Ao(M).
(ii) There exists f € C*°(M) such that f >0 on M and —Af > \f.
(iii) There exists a nonnegative f € Wik (M) with 1/f € LX.(M) and
—Af>\f.
If M is not compact, the function in (ii) can be chosen to satisfy
—Af=Af
The proof will require a weighted Hardy inequality, which is inter-
esting on its own right.

Theorem 4.2 (A weighted Hardy inequality). Let h € Wil (M) non-
negative with 1/h € L2 (M) such that —Ah > w for somew € L, (M).

loc

loc

Then

/ Vel du>/ |l? —du
for all ¢ € C°(M). If M is complete, this inequality extends to all
p € H'(M).

PROOF. Let ¢ € Wl (M) such that ¥? ki), hip* € WI(M). The
product rule yields

(V (), V(b)) — (V(hi?), Vh)g = h*| VY[,
Clearly, this implies

[ > [ (0. 9k,

Approximating hi? by nonnegative test functions and using —Ah > w
leads to

[ (900, = [ iy
M M

18
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To finish the proof it suffices to show that for ¢ € C2°(M) the function
1 = @/h satisfies the assumptions leading to the previous inequality.
Since 1/h € L2 (M), the local Lipschitz continuity of (0,00) —
(0,00), z — 1/z and (0,00) — (0,00), x + 1/2? yields 1/h,1/h* €
WL .(M). For p € C°(M) we infer ¢/h, ¢*/h* p/h* € WH(M). O

Remark 4.3. (a) The proof yields the more precise estimate

/ Vol2du > / oYy + / RIVE Ry, e CE(M),
M g M h M h g

If —Ah = w, it is an equality.
(b) Using fine properties of functions 0 # h € WL (M) with & > 0 and
—Ah > 0, the assumption 1/h € L2 (M) can be dropped if w > 0.

PROOF. (i) = (ii): If A < A\o(M), we can choose f = (—Ar—X\)"1p
with o € C®°(M)NL*(M) and ¢ > 0. Then (—A—=\)f = p € C°(M)
implies f € C°°(M). Since the resolvent is positivity improving, we
obtain f > 0.

Case 1: M is compact. In this case, 1 € L*(M) and —Al =
0 € L*(M). Since compact manifolds are complete, this implies 1 €
D(—Ap) and hence 0 € o(—Ap), showing A\g(M) = 0.

Case 2: M is not compact. We choose an increasing sequence
0 # Q, € M of relatively compact open connected sets such that
Q, C Q,.+1 and an increasing sequence A, < A with A, / A. We
further choose nonnegative ¢, € C°(M) with supp ¢, C M \ ©,, and
let g, = (=Ar — \,) tp,. As a consequence to the hypoellipticity we
have g, € C*(M).

The condition on the support of ¢,, implies (—Ar — A,,)g, = 0 on
), and since the resolvent is positivity improving and g, is smooth, we
have g,(x) >0 all x € M.

By the local Harnack inequality applied to the compact set €2, in
the manifold €2,,,1, there exist constants C,, > 0 such that

supgr < Cpinfgy, k>n+1.
(oM 2

We let K,, = infg g, and f, = (1/K,)g,. From the local Harnack
inequality we infer 0 < f;, < C, on Q, for all k& > n + 1. Hence, (f)
is bounded in L?(£2,, u). Using weak compactness of balls in L?-spaces

and an exhaustion argument we infer that there exists a subsequence
(fn,) and f € L% (M) such that f, — f weakly in L2 _(M). For
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@ € C°(M) this implies
(A =N f0) =}, (A = AN)p)
= lim (fo,, (=4 = An)9)
= lim (= = M) 9)

= lim
k—o0 Knk

=0,

(Pne> ©)

where for the last equality we use supp ¢ C €2, for some large n and
supp ¢, € M\ Q, for all k£ > n. Since infq, f, = 1, we also infer f # 0.
The strict positivity of f follows from the local Harnack inequality.
(ii) = (iii): This is obvious.
(iii) = (i): Using —Af > \f, the weighted Hardy inequality yields

[ Vet = / o lPdy

for all ¢ € C°(M). This implies A\g(M) > O

2. The theorem of Brooks

In this section we seek for upper and lower bounds of the spectrum
that involve Lipschitz functions.

Theorem 4.4. Let f be 1-Lipschitz with Af > «. Then \o(M) > 0‘72.

PRrOOF. For ¢ € C*(M) we obtain

(Af, %) > 04/Ms02du-

Using ||V flleo < Lip(f) <1, we infer f € Wil (M) and

(Af.g?) = — / (VF, V)t = —2 / (V1.V) s
M M

1/2 1/2
<2 (/ IVsDIf,du) (/ SOQdM) :
M M

This implies the claim. U

Theorem 4.5. Assume that M is complete. If there exists a 1-Lipschitz
function f: M — R and B > 0 such that e=P/ € LY(M,u), then
Ao(M) < 2.

PROOF. We consider the function h = e~25f. It belongs to L2(M, 1)
and satisfies

1
h= BV .
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Using ||V f|leo < 1, we infer

2 ﬁ2 2 2 ﬂ2 2
| ovnrau=" [ v <% [ ean

This shows h € W'(M,u). Using the completeness of M, we infer
h € Wi (M, u) and arrive at \o(M) < 3%/4. O

Remark 4.6. Instead of using completeness to deduce h € W (M, 1),
one can also require lim,_,, f(x) = co.

Corollary 4.7 (Brooks). Assume that M is complete and let

5 = lim sup &M Br(0)

r—$00 r

Then \g(M) < 'i—Z. In particular, if M has polynomial volume growth,
then \o(M) = 0.

PROOF. The condition implies that for given ¢ > 0 and R = R(e) >
0 large enough we have

i(By(0)) < et >R

For a > 3 + ¢ consider the function f = e~®¢(). By completeness of
M balls are relatively compact and we obtain that f is integrable over
any ball. For N > R we infer

[ cmone =
M\Bn (o)

(e 9]

/ efag(o,a:)d'u(x)
By41(0)\Bk(0)

e Bk+1 ))

IN

—ak o (k+1)(B+e)

IN

1

e

I
z

00
— eﬁJrs Z e(ﬁ“rf—:*a)k < 00,
k=N

With this at hand the statement follows from the previous theorem. [J
Remark 4.8. If ;(M) = oo, the stronger inequality
2
Inf oess(—Ap) < %
holds.

Example 4.9 (Hyperbolic space). We consider the hyperbolic space
H?, d > 2, and p = vol. We claim A\(H?) = (d — 1)%/4.
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As discussed above, H is isometrically isomorphic to a d-dimensional
model manifold with scaling ¢ (r) = sinhr. The formula for the volume
of balls around 0 in model manifolds implies

vd(BAoD:ZUAT¢d4(ﬂdt§§Cew_”ﬁ

for some constant C' > 0 and all r large enough. This shows

Jim sup log vol(B,(0))
r—00 r

and we infer \g(H?) < (d — 1)?/4 from Brook’s theorem.

We now identify H¢ with the model manifold (R?, g,) with scaling
1 = sinh and the appropriate metric g,.

We consider the function f: R? — R, f(z) = |z|, ie., f(z) =
h(|z|) with h(r) = r, r > 0. Our formula for A on radially symmetric
functions implies

<d-1

Af(z)=h"(r)+ (d — 1)12,((:; R'(r) = (d — 1) coth(r) > (d — 1)
for all # # 0 and r = |z|. Since in a model manifold |z| = p(z,0),

the function f is also 1-Lipschitz. Our lower estimate on Aq yields
Ao(HEN {0}) = A((RY\ {0}, 94)) > (d — 1)?/4, where o is the point
that gets mapped to 0 under the isometry between H? and (R?, gy).
Now there are two possibilities to show that the same estimate also
holds for Ao(H?).

1. In a Riemannian manifold (M, ¢) of dimension at least 2 we have
Mo(M) = Xo(M \ {o}) for any o € M. This follows from the fact that
{p € C*(M) | suppp C M \ {o}} is dense in W3 (M) in dimension
d > 2, which can relatively easily be verified using local charts.

2. For any o € H? one can use polar coordinates starting in o to
obtain an isometry ®,: HY — (R? g,) with ®,(0) = 0. Hence, our
discussion shows \o(H¢ \ {0}) > (d — 1)?/4 for all 0 € H.

Let ¢ € C>°(M) and choose o € H? \ supp . Then its restriction
satisfies

¢lia (o) € C(H?\ {0})
and we obtain
2 2 d oo (=12
[ elzavol= [ [Delzvol = dEN\ (oDl = ol
He H\ {0}

This shows \o(H?) > (d — 1)?/4.




CHAPTER 5

Probabilistic properties

The Laplace operator —Ap generates an operator semigroup (FP;)
through the formula

t —n

P, = e!®F = lim (1 + —AF) )
n—00 n

The semigroup and the resolvent are Markovian (i.e. 0 < f < 1 implies

0< Pf<land0 < (1+aAp)~tf <1). For measurable f > 0 we

choose f, > 0in L?(M,u) with f,, / f a.s. Then

Pf = lim P.f,
n—oo

and
(1+aAp) ™ f = lim (1 4+ aAp) "' £,
n—o0

exist (as an a.e. defined [0, co]-valued function) and are independent
of the chosen sequence (f,).

If feL>*(M)y, then P,f € L*(M), by the Markov property. We
extend P, to a linear operator on L>*(M) by letting P.f = P,fy —
P,f_. Tt can be proven that for f € L*(M, u) + L>(M, u) the function
u: (0,00) x M — R, u(t,-) = P.f satisfies the heat equation

ou = Au

in the sense of distributions. By the hypoellipticity of the heat operator,
this implies u € C*((0,00) x M) and u solves the heat equation in the
classical sense. Moreover, it satisfies the initial condition u(0,-) = f in
the sense of L2 (M), i.e.,

loc

in L2 (M).
There is a deep connection between (minimal) Brownian motion
and the operator —Ap. More precisely, they are related through the

Feynman-Kac formula

Ptf(x) - Eaﬁ[l{t<‘r}f(Bt)L

which holds for all f € L>*(M,u) and x € M. Here, E, denotes the
expectation with respect to P(- | By = z) and 7 denotes the lifetime of
(By).

There are two interesting fundamental properties of Brownian mo-
tion that depend on the global geometry of M:

23
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(1) How much time does (B;) spend in bounded regions of M
(more precisely open relatively compact subsets). We call the
weighted manifold recurrent if the expectation of this time is
infinite for all relatively compact open sets and transient if it
is finite for all relatively compact open sets.

(2) Does 1 = P1 =P(B, € M | By = -) hold for all t > 07 If
this is the case, Brownian motion does not leave M in finite
time and we call the weighted manifold stochastically complete.
Otherwise, it is called stochastically incomplete.

1. Recurrence

We start by investigating the average time spent by Brownian mo-
tion in a relatively compact open set {2 C M. To this end, we compute

]Ea;/ 1{86R|BSEQ}(t)dt :/ E:vlﬁ(Bt)dt
0 0

_ / Plo(x)dt
0
The map G: L*(M, p); — L+ (M, 1) defined by

Gf:/OOOPtfdt

is called Green operator. With the help of the spectral theorem, it can
be proven that
Gf = lim (o — Ap)~'f,

a—0+4
and this limit is monotone.

The weighted manifold is called recurrent if u({0 < Gf < oc0}) =0
for all f € L'(M,u),. In contrast, it is called transient if for all
f e LYM,pu), we have Gf < oo a.s. (note that f > 0 a.s. implies
Gf > 0a.s.). First we give an analytic criterion for recurrence in terms
of a Liouville type result.

Theorem 5.1 (A characterization of recurrence). The weighted man-
ifold (M, g, 11) is recurrent if and only if every f € WL (M) N L>(M)
with Af <0 is constant.

PROOF. Here we only show the if part.
Idea: If Gf < oo a.s., we have AGf = —f < 0. Hence, if Gf €
L*>(M), our assumption implies that G f is constant and we arrive at

0=AGf=—f<0,

showing f = 0. Since in general G'f will not be essentially bounded
and G f # oo is weaker than Gf < 0o a.s., several approximations are
needed to make this argument rigorous.

We use the notation G, = (o — Ap)~h

Let f € LY(X, )y with Gf # oo. We show f = 0.
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We first prove Gf < oo a.s. The resolvent identity implies that for
a, > 0 we have

Gof =Gaf + (B — a)GsGof.
Letting o — 0+, we infer (using monotonicity in «)
Gf =Gsf+ BGaGf.

Assume that there exists A C M with pu(A) > 0 and Gf = oo a.s. on
A. Then f # 0. Since Gj is positivity improving, we have Ggf > 0
a.s. and GgGf > nGgly for all n > 1 with Ggls > 0 a.s. Together
with the previous identity, this implies

Gf >nGgly — 00 a.s., as n — 00.

Hence, Gf = oo a.s., which contradicts our assumption.

Without loss of generality we can assume f € L'(M, p) N L*(M, )
(else consider f A1l and use {f =0} = {fA1l=0}). Moreover, we can
assume fGf € L'Y(M,p)y N L*(M,pu) (else consider g = f/(Gf V 1)
and use

9Gyg < Gf < f €L (M, pu)NL*(M, p)

Gfv1
and {f =0} = {g = 0}).

The L*-lower semicontinuity of the energy (which follows from Hj (M, 1)
being a Hilbert space) yields

[ G < tmint [ 19(Gor)Edn
= lhg(l)g_lf(—AGafa Gaf>
= liminf ((f, Gof) — (Gaf,Guof))

a—0+

< /Mfodu < .

For the second equality we used G,f € W (M, p), which allows the
application of Green’s formula. This implies Gf € W (M) (actually
one also has to prove Gf € L2 (M), but this is a consequence of local
Poincaré inequalities - we refrain from giving details).

From Gf € L} (M), we infer G,f — Gf in L} _(M). Using the
continuity of A with respect to the weak-x-topology on distributions,

we infer
AGf - ali>r(r)l+ AGaf - ali)I(I)l_}_(—f + OéGaf) - _f’

where we used G f < 0o a.s. for the last identity.
Let o > 0. We choose a C%function C': R — R with the following
properties:
(1) Cp(t) =tfort <a—2/nand Cp(t) =a—1/nfort > a—1/n.
(2) C,, is 1-Lipschitz.
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(3) C, is increasing and concave.
Then C,(t) — t A a, as n — oo, and C/ (t) — D(t), as n — oo, with
D(t) =1ift < aand D(t) = 0 if t > «. Using our chain rules, we
obtain C,(Gf) € W.(M) and
ACL(Gf) = CLGNIVIF + CL(GHAGS
— CUGHIVIE - CUGHY.
Letting n — oo and using C7 < 0, we infer
A(Gf Aa) < —D(Gf)f <.

Hence, Gf Aa € Wil (M)NL>®(M) with A(Gf Aa) < 0. Our assump-
tion implies that G f A « is constant, leading to

0= AGf ha) < —D(CF)f <0.
Since D(Gf) =1on {Gf < a}, Gf < 0o a.s. and @ > 0 was arbitrary,

we infer f =0 a.s. U

Theorem 5.2 (Karp’s volume growth test for recurrence). Assume
that M is complete and that for some o € M and ry > 0 we have

Then (M, g, ) is recurrent.

PROOF. Let f € WL (M) N L>*(M) with Af < 0. Without loss of
generality we assume || f]loc < 1. Then h=1—f € Wl (M)NL2.(M),
h >0 and Ah > 0. Moreover,

118,0) fll3 < [ fllZn(Br(0)).
Hence, our volume growth assumption yields

[
r = oo.
o B0 fII3

We obtain that f is constant from Karp’s Liouville theorem. O

Remark 5.3. The volume growth test is satisfied if there are R,C' > 0
such that (B, (0)) < Cr?logr for all r > R.

2. Stochastic completeness

In this section we study stochastic completeness of (M, g, u). Here,
(M, g, ) is called stochastically complete if P,1 =1 for all t > 0.

Remark 5.4. It is quite remarkable that there are complete but stochas-
tically incomplete manifolds (e.g. model manifolds of a certain volume
growth, see [3]). In contrast, in the incomplete case it is clear that sto-
chastic incompleteness can occur. On open relatively compact domains
Q C R? the minimal Brownian motion that we consider is Brownian
motion that is killed upon hitting the boundary 0€2. Since Brownian
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motion will will hit 92 with probability one, the probability that it
stays in €2 for all times is strictly less than one.

In order to obtain criteria for stochastic completeness we consider
w: (0,00) x M — R, w(t,:) = 1 — P1. By our earlier discussion
w € C*°((0,00) x M) and

ow = Aw
w(0,-) =0 in the sense of L?

loc

(M)

In order to show w = 0, it suffices to prove that the previous equation
has unique bounded solutions.

Theorem 5.5 (Grigor’yan’s uniqueness class). Let M be complete and
let T'> 0. Assume that u € C*((0,T) x M) solves

Ou = Au
lim u(t,") =0 in L (M)"

t—0+ loc

Further assume that there is a monotone increasing f: (0,00) —

(0, 00) with
<o
| ==

such that for some o € M and all R > 0 we have

/0 /B » |U(t,9€)\2d,udt < exp(f(R)).
(0, T) x M

Then uw =0 on

Corollary 5.6 (Grigor’yan’s volume growth test). Assume that M is
complete and that for some o € M and ro > 0 we have

o r
/ oo dr = 00
ro log’ pu(By(0))
Then (M, g, j1) is stochastically complete. Here, log® = max{log, 1}.

Remark 5.7. Stochastic completeness holds if ju(B,(0)) < CePr*loer
for some C, D > 0 and all r large enough. If the Ricci tensor of (M, g)
is bounded from below, then by standard volume comparison results
vol(B,(0)) < eP" for some D > 0 and all » > 0. Hence, in this case
(M, g,vol) is stochastically complete. This observation is due to Yau.

PROOF. According to our previous discussion, it suffices to show
that any u € Cp°((0,00) x M) with

ou = Au
lim w(t,-) =0 in L2 (M)

t—0+ loc

satisfies u = 0. Let
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S:= sup |u(t,z)]
t>0,xeM

and
f(r) = 1og*(S*Tu(B,(0)))-
Our assumption yields
/ —dr =

and the choice of S and f unphes

/0/B()|U(t,a:)|2dudt§S2TM(BT(0))Sexp(ﬂR))‘

With this at hand, v = 0 follows directly from Grigor’yan’s uniqueness
class. 0

Next we establish Grigor’yan’s uniqueness class. The proof is taken
from ...

Lemma 5.8 (A priori estimate). Assume that M is complete. Let
0<a<banduec C>®(a,b) x M) satisfy Oyu = Au and assume that
the limits

u(a,-) := lim wu(t,-) and u(b,-) := lim u(t,-)

t—a+ t—b—

exist in L2 (). If f: (0,00) — (0,00) is increasing such that

/ / u(t, r)|*dmu(z)dt < exp(f(R)) for all R > 0,
Br(o

then
4

[ e < [ e - g (©)

as long as
RQ
—a < .
~ 8f(4R)
Remark 5.9. This lemma says the following: Up to a small error one
can compare the size of solutions to the heat equation on a ball at a

later time with its size on a larger ball at an earlier time. The allowed
time difference depends on the sizes of the balls and the function f.

(©)

PROOF. In this proof we use p for a 1-Lipschitz function (to be
specified later) and, as above, g for the path metric on M.

Using the continuity of v and compactness of balls, we can assume
that u is smooth on an open neighborhood of [a,b] x M. For a 1-
Lipschitz function p: M — R and s & [a, b] we define £: [a,b] x M — R
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by
£(t,7) = %.

We will choose p and s later. Rademacher’s theorem and the chain rule
yield

V(e <
Moreover,
Q(t,7) = - 4(’;@)2,
which yields
0+ |VE? <.

For given R > 0 we define ¢: M — R by

ole) = (3~ ple,0)/R), A1
It has the following properties:

0<p<1lon M,
@ =1 on Bsg(0),
@ =0on M\ Bsg(0),
¢ is 1/ R-Lipschitz.
Using the completeness of M we obtain ¢ € Lip.(M) C W(M, p).
For fixed ¢ the function u@?e¢ is locally Lipschitz. Since ¢ has compact
support, we obtain up?e® € Lip,(M).
Multiplying the heat equation

oyu = Au

by up?e® and integrating the result over [a, b] x M yields

/ /(@u upetdudt = / / (Au)up?etdpdt.
a M

Since u and £ are smooth in a neighborhood of [a, b], we obtain

b
/(&u up?etdt = / Oy (u pretdt

1 (b
u @265} 2/ (0,6)p*u’esdt.

We evaluate the integral over M with the help of Green’s formula
(use u(t,-) € C=(M) and approximate u(t,-)p?e¢®) € WL(M, i) by
smooth compactly supported functions)

/M(AU)USO etdp = — /M(VU,V(uap26§)>d,u.

T2
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The chain- and product rule yield

—(Vu, V(ug?ef)) = — [Vulge — (Vu, Ve)uget — 2(Vu, Vphupet
< — [VuPeet + |Vul | Ve][ul ot

1
+ (§|Vu|2g02 + 2|Vg0|2u2) et
1
= (—§]Vu]2 + ]Vu]|V§Hu|> ©?es + 2|Vip|*ues.
Combining these inequalities and 9;¢ + |V£|? < 0, we infer
b b b
/ u?p2etdp :/ / (0,8)p*uPeS dudt + 2/ / (Au)up?etdpdt
M a a M a M
b
S/ / (=IVEPPu® — [Vul* + 2| Vu||VE|u]) p*e*dudt
a M
b
+ 4/ / |Vl u?esdudt
a M

b b
- / / (V] — [VEllul)? dudt + 4 / / Vo Pueldudt.
a M a M

Hence,
b

b
/quOQefdu §4/ / \Voo|*u?et dpudt.
M a a M

Rademacher’s theorem yields |Vg|? < 1/R%  Using also the other
properties of ¢, we obtain

/ u(b, 2)*e* N dp(x) < / u(a, z)*ef " dp(x)
Br(o)

Byr(o

)
4 b 2 e
+ —/ / u“esdudt.
R? a J Byr(0)\Uz2r(0)

Now we choose p and s. Let p: M — R, p(z) := (o(z,0) — R); and
s:=2b—a. For all t € [a,b] we obtain

b—a<s—t<2b-—a)

and, hence,

_ )’ p(x)”
E(t,x) = A1) < “Sh-a) <0.

Moreover, £ = 0 on Bg(o) and p > R on Byg(0) \ U2r(0), which implies
2

8(b—a)

£E< — on [a,b] x Bygr(0) \ Usg(0).
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Plugged into the last integral inequality
[ utpino < [ uteapduta)
Br(o) Byr(o)

; [
exp u“dpdt.
R2 ( b - a’ ) B4R(O

According to the assumptions u satisfies the growth bound

b
/ / udpdt < exp(f(4R))
a J Byg(o)

and our inequality further simplifies to

/BR(O) u(b, x)*dp(z) < /Bm(o) u(a, z)%dp(x)
e ( 8(bR—2 ot (4R>) -

If (K1) holds, then
RZ
“8(b—a)
This shows the a priori estimate. Il

+ f(4R) < 0.

PROOF OF GRIGOR'YAN’S UNIQUENESS CLASS. Let u € C*°((0,7")x
M) solve

ou = Au
lim u(t,-)=0 in L (M)"

t—0+ loc

We define u(0,z) := 0 for all z € M.
Let R>0and 0 <t <T. We set R, :=4*R, 7o = 0 and
1 R
=———"— keN.
T 198 F(Ry)
We define the times
t— Zf:OTl if t — Zle > O,
tk =
0 else.
If trh_1 7£ 0, then 0 <tp <tp_q and
1 R? 1 16R:_, RZ |
k1 =t <Th = s> 5~ = Tag = .
128 f(Rk) 128 f(4Ry—1)  8f(4Rk—1)

Hence, the difference satisfies the condition (K) of the previous Lemma.
Inequality (K1) yields

4
/ u(ty_1, x)’du(z) < / u(ty, z)*du(x) + ™
Br,,_,(0) B, (0) k-1
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[terating this inequality yields

Log
w(t, x)*dp(z) < u(ty, x)du(z 5
Lm<t>m>§/ (.2 dp(x) + S

Bg, (0) =1

C
;/ (i, () +
Bg, (o)

Here, C' > 0 is a constant that is independent of k. If we show ¢, =0
for some k£ € N, then the claim follows from this inequality using
u(tg,-) = u(0,-) = 0 and letting R — 0.

Since f is monotone increasing, the assume growth condition yields

. 00 Bpt1 ) © Ri_{_l
_ [Ty g .
<=/ 7 TS;/Rk TS TR

k=0
0o
E T = OQ,
k=0

ie., t— Zg:o Tr < 0 for some N big enough, which leads toty = 0. U

From this we obtain
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