Anderson Localization for Random Schrödinger Operators with Long Range Interactions

Werner Kirsch Ruhr-Universität Bochum

Peter Stollmann Johann Wolfgang Goethe–Universität Frankfurt

Günter Stolz^∗ University of Alabama at Birmingham

Abstract We prove pure point spectrum at all band edges for Schrödinger Operators with a periodic potential plus a random potential of the form V_ω(x) = ∑ q_i(ω)f(x � i) where f decays at infinity like jxj�^m for m > 3d resp. m > 2d depending on the regularity of f. Eigenfunctions are shown to decay more rapidly than every inverse polynomial. The random variables q_i are supposed to be independent and identically distributed. We suppose that their distribution has a bounded density of compact support.

AMS Classification: 81Q10 (35J10,47A10) Keywords: Random Operators, Localization, Long Range Potentials, Schrödinger Operators

1 Introduction

At least since the groundbreaking work of Lifshitz in the early 60s it is widely accepted among physicists that random models of solid state physics should exhibit pure point spectrum near fluctuation boundaries. The latter are those parts of the spectrum which are determined by rather rare events. To present a more concrete picture consider a Schrödinger operator of the form −Δ + V_{per} + V_ω describing a periodic solid with additional impurities given by the random perturbation. The spectrum will typically consist of a union of closed intervals, bands, whose edges correspond to the unlikely events that the random perturbation takes on its maximal respectively minimal value. Thus these band edges form the fluctuation boundaries.

Mathematical rigorous proofs of localization in multidimensional models have so far been restricted to Anderson type models with additional technical restrictions. They go back to the pioneering works for the discrete case ([11, 10, 4, 18]) with V_{per} = 0 which found considerable simplification in [5]. The first paper which treated the continuum case was [12] which was extended and simplified substantially in [2, 13, 16]. In the latter paper the case of a non-trivial periodic background potential was considered for the first time; however, as in the other articles mentioned so far, the results showed localization near the bottom of the spectrum, only.

Localization near arbitrary band edges was investigated in a series of papers [7, 8, 1, 15, 19]: In [8] a discrete Schrödinger operator was considered, while [7] treats a divergence form model for acoustic waves and contains most of the technique necessary for the Schrödinger case (in [19] an extension of the results for anisotropic models is given). In [1] a fairly general situation is considered, including Schrödinger operators of the above type under some mild assumptions on

∗Research supported by NSF-Grant DMS-9401417

the coefficients. In our recent paper [15] we also studied the latter case (allowing more general V_{per} and f) using among other ingredients a multi-scale analysis which is based on a variation of ideas from [2, 7].

To point out the progress achieved in the present note we recall that alloy type models have the form V_ω(x) = ∑ q_i(ω)f(x − i) (1.1)

where we will assume that the q_i are independent identically distributed random variables which have a bounded density g. We suppose that supp(g) is an interval and denote by q_− and q_+ its infimum and supremum respectively. The function f ≥ 0,( f ≥ c > 0 on an open set,) is assumed to belong to l^1(L^p) with p = 2 for d ≥ 3, p >^d_2 for d ≥ 4.

Also let H_0 = −Δ + V_0, where V_0 ∈ L^p_{loc} is a periodic potential with p as above. We will study the random Schrödinger operator H_ω = H_0 + V_ω.

Despite some discussion in [2, 13], localization had so far been settled for compactly supported f only, even in the case V_{per} = 0. Here we show how the technique introduced in [15] can be used to obtain localization for long range interaction f with |f(x)| ≤ C⟨x⟩^{−m} for |x| large, where ⟨x⟩ := (1 + |x|^2)^{1/2}. Peter Hislop recently announced results (joined work with Combes and Mourre in preparation) on the problem of localization for long range f as well.

The difficulties one has to overcome are caused by the fact that V_ω(x) and V_ω(y) are statistically correlated even if the distance between x and y is large. For other results on localization for correlated potentials, see e.g. [6], [9].

A simple extension of the argument given in [15] shows that σ(H_ω) = Σ for almost every ω, where Σ = ⋃ q∈[q−,q+] σ(H_0 + q · ∑ k f(· − k)). If m > 3d we will prove pure point spectrum with power decaying eigenfunctions near the bottom inf Σ of the spectrum. If we impose the conditions of [1] or [2] we may even have m > 2d since their Wegner estimate is stronger. Note that [1] [2] in particular assume boundedness of f. Under slightly stronger assumptions on the density g we can prove localization near all band edges of the spectrum.

Let us formulate the main results of this paper.

Theorem 1.1 If m > 3d then for almost every ω the spectrum of H_ω is pure point in a neighborhood of inf Σ with eigenfunctions decaying more rapidly than every inverse polynomial.

Theorem 1.2 Assume that m > 3d and that there exists τ > d/2 such that g satisfies ∫ q_{−+}h q− g(s) ds + ∫ q_+ q+−h g(s) ds ≤ h^τ for small h. (1.2)

Then for almost every ω the spectrum of H_ω is pure point in a neighborhood of ∂Σ with eigenfunctions decaying more rapidly than every inverse polynomial.

In our proof the particular form of the Wegner bound turns out to be crucial. In the Wegner estimate we take from [13] and [15] the Wegner bound behaves quadratic in the volume term. The above results rely on this type of Wegner estimate. Barbaroux, Combes, Hislop and Mourre

([1], [2] and [3]) prove a Wegner estimate that is linear in the volume. In their case our proof below requires only m > 2d instead of m > 3d.

The additional assumption (1.2) in Theorem 1.2 could be dropped if Lifshitz tail behavior of the integrated density of states would be known at internal band edges of H_ω (a property known at inf Σ and used in the proof of Theorem 1.1, compare in particular the proof of Proposition 4.2 in [15]). Klopp has recently shown in [17] that internal Lifshitz tails appear if and only if the integrated density of states at the corresponding band edge of the periodic operator H_0 is “nondegenerate” (see [17]).

2 Probabilistic Preliminaries and Strategy of the Proof

In this paper we use the structure of the probability space Ω of the random variables which still has product structure although the random potential itself might be (and typically will be) deterministic in the sense of the technical definition of this term (see [14]). The strategy of our proof is to make probabilistic estimates for the box-hamiltonians H_{Λl(x)} (see below) which are valid uniformly in q_i for those i with dist(i, Λ_l(x)) ≥ r_l for some ”security distance” r_l.

To define this procedure more precisely note that our probability space (Ω, F , P) has a product structure, i.e. Ω = ⊗_{i∈Z}d S, S ⊂ R, F = ⊗_{⟩∈Z}⌈ B(S), P= ⊗_{⟩∈Z}⌈ P_′ where P_0 is the distribution of q_0 and S its (compact) support for any subset Λ of the lattice Z^d. We define the projection Π_Λ : Ω −→ ⊗_{i∈Λ}S in the obvious way (Π_Λω)_i = ω_i for i ∈ Λ.

Definition 2.1 If A ∈ F is an event and Λ ⊂ Z^d we define

A^∗_Λ = { ω | |∃ω^′ ∈ A Π_Λω^′ = Π_Λω } = Π^{−1}_Λ (Π_ΛA). (2.1)

Proposition 2.2 If Λ_1 ∩ Λ_2 = ∅, A, B ∈ F then A^∗_{Λ1} and B^∗_{Λ2} are independent events.

Proof. The characteristic function of the event A^∗_{Λ1} (resp. B^∗_{Λ2} ) is a function of the ω_i for i ∈ Λ_1 (resp. Λ_2) only. Hence these random variables are independent if Λ_1 ∩ Λ_2 = ∅. 2 We denote by H_Λ the operator H_ω = H_0+V_ω restricted to the cube Λ with periodic boundary conditions and by R_Λ(z) its resolvent. By Λ_l(x) we denote the cube of side length l around the point x ∈ R. We will drop the letter ”x” whenever it is understood which center is meant or if x is the origin. For shortness of notation we write R_{l,x} for R_{Λl (x)}, χ_{l,x} for χ_{Λl (x)} and so on. φ_{l,x} is a C^∞_0 −function which vanishes near the boundary of Λ_l(x) and is one on that cube away from the boundary. By W (φ) we denote the commutator [−Δ, φ].

Given an energy E and a configuration ω we call Λ_l(x) γ-good if ‖ ‖ ‖W (φl,x)Rl,x(E + iε)χl/_3,x ‖ ‖ ‖ ≤ e^−γl (2.2) independent of ε ≠ 0.

The goal of multiscale analysis is to prove that

P({ω |Λl is not γ-good}) < l^{−ξ} (2.3)

for some ξ and all l from a scale l_n with l_{n+1} = l^α_n for some α ∈ (1, 2) . This is done by an induction procedure, i.e. the estimate (2.3) is first proven for an initial length scale l_0 and one deduces (2.3) for scale l_{n+1} = l^α_n from the corresponding estimate for l_n. In our case we have to replace the estimate (2.3) by a ”uniform” version of it. This means that we prove the stronger estimate:

P({ω |Λl is not γ-good}^∗_{4l}) < l^{−ξ} (2.4)

This estimate allows us to use the independence stated in Proposition 2.2 during the induction step.

Once (2.4) is done for the scale l_n the localization proof can be completed by a standard method, e.g. as in [15]. This will be done in Section 6 with many references to [15].

We note that we can do the initial scale estimate precisely as in [15]. Before we do the induction step in section 4 and 5 we will need a ”uniform” version of the Wegner estimate. This is the content of the following section.

3 The Wegner estimates

Let us set A = A(l, ε) = {ω |dist(E, σ(H_{Λl})) < ε } . The Wegner Lemma tells us that this event has small probability, more precisely

Proposition 3.1 ([13],[15]) Under the assumptions of Theorem 1.1 there exists a neighborhood U of ∂Σ such that for E ∈ U

P(A(l, ε)) ≤ Cε |Λl|^2 (3.1)

As usual |M | denotes the Lebesgue-measure of the set M.

Combes-Hislop [2] and Barbaraux-Combes-Hislop [1] have a better Wegner estimate which gives |Λ_l| instead of |Λ_l|^2 on the right hand side of 3.1:

Proposition 3.2 ([2],[1]) Under the assumptions in [2] resp. [1] we have for E in a neighborhood of ∂Σ P(A(l, ε)) ≤ Cε |Λl| (3.2) We will need a ”uniform” Wegner-Lemma, i.e. an estimate of A^∗_{l+r} (where A = A(l, ε))

Proposition 3.3 (uniform Wegner-estimate):

P(A^∗_{l+r}) ≤ C(ε + r^{−(m−d)}) |Λl|^2 (3.3)

Moreover in the case of Proposition 3.2 we have

P(A^∗_{l+r}) ≤ C(ε + r^{−(m−d)}) |Λl| (3.4)

Proof. Suppose ω ∈ A^∗_{l+r} then there exists an ω^′ ∈ A such that

Π_{Λl+r} ω^′ = Π_{Λl+r} ω.

Consequently, for any x ∈ Λ_l we have |V_ω(x) − V_ω′ (x)| ≤ ∑ i∉Λ_{l+r} ( |q_i(ω)| + |q_i(ω^′)| ) f(x − i) ≤ C ∑ i∉Λ_{l+r} |x − i|^{−m} ≤ C^′r^{−(m−d)}. Thus dist(E, σ(H_{Λl}(ω^′))) < ε implies dist(E, σ(H_{Λl}(ω))) < ε + c^′r^{−(m−d)} and hence P(A^∗_{l+r}) ≤ P(A(l, ε + c^′r^{−(m−d)})). The latter probability can be estimated by (3.1) und (3.2) respectively. 2

4 Multiscale Analysis (Deterministic Part)

Here we collect some notations and results from [15] and add a few new ones.

Fix two scales l and l^′ with l^′ ≫ l and both l and l^′ multiples of 3. By Γ_b = Γ^{l,l′}_b (ω) we denote the union of all γ-bad cubes in Λ_{3l}′, more precisely

Γ_b := ∪ { Λ_l(x) | | | |Λl(x) is not γ-good and x ∈ l 3Z^d ∩ Λ3l′^} (4.1)

By κ = κ_l we denote the diameter of Γ_b. The following result is contained in [15].

Proposition 4.1 ‖ ‖ ‖W (φl′ )Rl′ (E + iε)χl/_3 ‖ ‖ ‖ ≤ C ( l^′ l )_2d ‖R_{3l}′‖ (1 + ‖R_l′ ‖) ( 3^de^{−γl} ) (_{l′} l − 3κl l ) (4.2)

Proof. Proposition 4.1 is essentially proved during the proof of Lemma 5.3 in [15], see in particular equation (5.7) there. We also observe that Lemma 5.2 (ii) in [15] extends to the case considered here with (5.1) of [15] replaced with ‖ ‖ ‖χl/_3,xR_3l′χl/_3,y ‖ ‖ ‖ ≤ ( 3^de^{−γl} )^{3|x−y|}_{l −}^{3κ}l_l ‖R_{3l}′ ‖ . (4.3)

2_{As a Corollary we note:}

Corollary 4.2 If dist(E, σ(H_{Λl′} )) ≥ c(l^′)^{−β} and dist(E, σ(H_{Λ3l′} )) ≥ c(l^′)^{−β} for a β ≥ 0 then ‖ ‖ ‖W (φl′)Rl′ (E + iε)χl/_3 ‖ ‖ ‖ ≤ c (l^′)^{2d+2β} l^{2d} (3^de^{−γl})^{l′l − 3κll} . (4.4) 5 Multiscale Analysis (Probabilistic Part)

In this section we do the induction step crucial to multiscale analysis, i.e. we show: The probability, that Λ_l′ is not γ-super-good, is very small provided we know the same for the length scale l. For our purpose it will not be enough to require that Λ_l is γ-good. Because of the long range tails of f we have to require this property ”uniformly” in the sense explained in Section 2. Definition 5.1 G_l(γ) := {ω |Λ_l is γ-good}

We call Λ_l ”γ-super-good” for a certain ω, if ω^′ ∈ G_l(γ) for all ω^′ with Π_M ω^′ = Π_M ω with M = Λ_{4l}.

In essence, Λ_l is γ-super-good if Λ_l is γ-good independently of the values of the q_i with dist(i, Λ_l) > 3l.

We start with:

Proposition 5.2 Suppose that P(Λ_l is not γ-super-good) ≤ η, then P^{({}ω^|diam Γ^{l,l′}_b ≥ 8l^{}∗}_{4l′}^) ≤ C^{( l′}_l^{)2d} η^2.

Proof. Take x, y ∈^l_3 Z^d∩Λ_l′ with |x − y| > 4l, i.e. such that Λ_{4l}(x)∩Λ_{4l}(y) = ∅. Then the events {Λ_l(x) is not super-good} and {Λ_l(y) is not super-good} are independent due to Proposition 2.2.

Hence

P(∃ Λl(x) and Λl(y), |x − y| > 4l which both are not γ-super-good) ≤ C ( l^′ l )_2d

η^2.

Consequently P^{({}ω^|diam Γ^{l,l′}_b ≥ 8l^{}∗}_{4l′}^) ≤ C^{( l′}_l^{)2d} η^2 2 Proposition 5.3 Let E ∈ U as in Proposition 3.1 and β > 0. Then there exist constants c_1, c_2 and c such that if

P(Λl(x) is not γ-super-good) ≤ η

for some γ > 0, η > 0 and a multiple l of 3, then

P^(Λl′ (x) is not γ^′-super-good^) ≤ η^′

for every multiple l^′ of 3 with l^′ > 24l and

γ^′ = γ(1 − 24l l^′ ) − c_1 l − c_2 log l^′ l^′ , (5.1)

η^′ = c ( ( l^′ l )^{2d}η^2 + (l^′)^{2d−β} + (l^′)^{3d−m} ) . (5.2)

Proof. Suppose that diam Γ^{l,l′}_b < 8l (5.3) and dist(E, σ(H_{Λl′} )) ≥ C(l^′)^{−β}, dist(E, σ(H_{Λ3l′} ) ≥ c(l^′)^{−β} (5.4) then by Corollary 4.2 ‖ ‖ ‖W (φl′ )Rl′χl/_3 ‖ ‖ ‖ ≤ C ( l^′ l )_2d

(3^de^{−γl})^{l′}l^{−24}(l^′)^{2β} = C(l^′)^{2d(1−1/α)+2β}(3^d)^{l′/l−24}e^{24γl}e^{−γl′} ≤ exp ( −l^′ [ γ(1 − 24l l^′ ) − d log 3 l − (2d(1 − 1/α) + 2β) log l^′ l^′ − log C l^′ ]) . We have

P({ω |(5.3) is not satisfied }^∗_{4l}′) ≤ c^{(l′}_l^{)2d} η^2 (5.5)

by Proposition 5.2 and

P({ω |(5.4) is wrong}^∗_{4l}′ ) ≤ P^{({}ω^|dist(E, σ(HΛ_l′ )) < C(l^′)^{β }∗)} + P^{({}ω^|dist(E, σ(HΛ_{3l}′ )) < C(l^′)^{β }∗)} ≤ C ( (l^′)^{−β} + (l^′)^{−(m−d)} ) (l^′)^{2d} (5.6)

by Proposition 3.3. 2

Below [x]_3 denotes the largest multiple of 3 which is smaller or equal to x.

Proposition 5.4 Under the assumptions of Theorem 1.1 respectively Theorem 1.2 the following holds for small ξ > 0, α ∈ ( 1,^{2d+2ξ}_{2d+ξ} ) , and E in a neighborhood U of inf Σ respectively ∂Σ: There exist ℓ^∗ > 0 and γ > 0 such that

P(Λl_n is not γ-super-good) ≤ l^{−ξ}_n for n = 0, 1, 2, . . .,

where l_0 ≥ l^∗ is an arbitrary multiple of 3 and l_n = [ l^{(αn)}_0 ] 3 . Proof. Exactly as in [15] one proves an initial scale estimate and uses a Combes-Thomas argument to get that for every ξ > 0 (respectively every ξ ∈ (0, 2τ − d) in the situation of Theorem 1.2)

P(Λl_0 is not γ0-super-good) ≤ l^{−ξ}_0 (5.7)

for l_0 ≥ l^∗ and some γ_0 > 0. Note that here one directly gets “super-good” instead of merely “good”. Applying Proposition 5.3 to l_n := [ l^{(αn)}_0 ] 3 (with l^∗ sufficiently large) yields

P(Λl_n is not γn-super-good) ≤ ηn

with

γ_{n+1} = γ_n ( 1 − 24l_n l_{n+1} ) − c_1 l_n − c_2 log l_{n+1} l_{n+1} , η_{n+1} = c ( ( l_{n+1} l_n )^{2d}η^2_n + l^{2d−β}_{n+1} + l^{3d−m}_{n+1} ) . The first equation implies that γ_n ≥ γ > 0 for all n, where ∑ l_n/l_{n+1} < ∞ is used. From the second equation it is found inductively that η_n ≤ l^{−ξ}_n for all n for l^∗ sufficiently large:

(i) If ξ > 0 is sufficiently small then cl^{3d−m} n+1 < 1 3 l^{−ξ}_{n+1} since m > 3d,

(ii) c ( l_{n+1} l_n )_2d η^2_n ≤ cl^{2d(1−1/α)−2ξ/α} n+1 < 1 3 l^{−ξ}_{n+1} since α < (2ξ + 2d)/(ξ + 2d),

(iii) cl^{2d−β}_{n+1} ≤ 1 3 l^{−ξ}_{n+1} if the choice β > 2d + ξ is made.

2_{Under the assumptions of [2], [1] we can use the uniform Wegner estimate in the form (3.4)}

in the proofs of Propositions 5.3 and 5.4. The second and third term on the r.h.s. of (5.2) are replaced by (l^′)^{d−β} resp. (l^′)^{2d−m}. From this it follows that Proposition 5.4 does now hold under the weaker assumption m > 2d.

6 Conclusion of the Proofs

By establishing Propositions 5.3 and 5.4 we have overcome the main obstacles in extending the arguments from [15] to the long range case considered here. Theorems 1.1 and 1.2 can now be proven by modifying Sections 6 and 8 of [15]. Thus we only sketch the main steps.

Localization will be a consequence of the following Simon-Wolff-type result:

Theorem 6.1 Let r > 2d. Under the assumptions of Theorem 1.1 there exists a neighborhood U of inf Σ and under the assumptions of Theorem 1.2 there exists a neighborhood U of ∂Σ such that the following holds with probability one:

(a) For almost every E ∈ U sup_{ε≠0} ‖R(E + iε)⟨·⟩^{−r}‖ < ∞. (b) For every D > 2d and almost every E ∈ U there exists C such that sup_{ε≠0} ‖χ_xR(E + iε)⟨·⟩^{−r}‖ ≤ C⟨x⟩^{D−r} for every x ∈ Z^d. Here χ_x := χ_{Λ1(x)}.

In Section 6 of [15] a corresponding result is proven for a compactly supported function replacing ⟨·⟩^{−r}. One ingredient to extend the argument in [15] to the above situation is

Proposition 6.2 Let H = −Δ + V where V_− is in the Kato class and V_+ is locally in the Kato class, and let M_g be multiplication by g ∈ L^2(R^d). Then there exists a subset S_0 ⊂ R with

|R \ S0| = 0 such that_{sup} ε≠0 ‖χ_A(H − E − iε)^{−1}M_g‖ < ∞ for every E ∈ S_0 and every compact subset of R^d.

The proof of Proposition 6.2 is a direct extension of the proof of Lemma 3 in [20] where g is assumed to be a characteristic function of a compact set.

We will also use the following estimates on localized resolvents of finite box operators:

Proposition 6.3 Let U be the neighborhood of inf Σ respectively ∂Σ found in Proposition 5.4 and E ∈ U be fixed. With l^∗, l_k, γ > 0 and ξ > 0 as in Proposition 5.4 let Ψ_k := χ_{3lk} − χ_{3lk−1} . Then, if l^∗ is sufficiently large, with probability P≥ 1 − l^{−ξ}_k it holds that

sup_{ε≠0} ‖Ψ_kR_{9lk} (E + iε)W (φ_{9lk} )‖ ≤ e^{− 92 γlk} , (6.1) and sup_{ε≠0} ‖Ψ_kR_{9lk} (E + iε)χ_{Λk−1/3}‖ ≤ Cl^{3d−d/α+ξ}_k e^{−5γlk−1} . (6.2) Proposition 6.3 and its proof are almost identical to Lemma 6.3 of [15]. The proof uses Propositions 5.3 and 5.4 above as well as Lemma 5.2 of [15] (where the latter remains true in the long range case).

We can now prove Theorem 6.1. The estimates (6.1) and (6.2) hold with P ≥ 1 − l^{−ξ}_k . In addition, the Wegner estimate (3.1) implies that ‖R_{9lk}‖ ≤ Cl^{ξ+2d}_k (6.3) with P≥ 1 − cl^{−ξ}_k . Since ∑ k l^{−ξ}_k < ∞ we conclude from the Borel Cantelli Lemma that for every fixed E ∈ U (U as in Proposition 6.3) and almost every ω there exists k_0 = k_0(ω) such that (6.1), (6.2) and (6.3) hold for every k ≥ k_0. We now estimate as in the proof of Theorem 6.1(a) of [15] (with Q(x) := ⟨x⟩^{−r}) ‖(1 − χ_{3lk0} )R(E + iε)Qf ‖^2 ≤ 2 ∑ k≥k_0 ( ‖Ψ_kR_{9lk} φ_{9lk} Q‖^2‖f ‖^2 + ‖Ψ_kR_{9lk} (E + iε)W (φ_{9lk})‖^2 ‖Ψ_{k+1}R(E + iε)Qf ‖^2 ) . (6.4)

With Q_k := Q|_{Λlk−1/3} we estimate ‖Ψ_kR_{9lk} φ_{9lk} Q‖ ≤ ‖Ψ_kR_{9lk} Q_k‖ + ‖R_{9lk} ‖‖Q − Q_k‖ ≤ Cl^{3d−d/α+ξ} k e^{−5γlk−1} + Cl^{α(ξ+2d)−r} k−1 , (6.5)

where (6.2) and (6.3) are used. With ξ > 0 sufficiently close to 0 and α ∈ ( 1,^{2d+2ξ}_{2d+ξ} ) sufficiently close to 1 the r.h.s. of (6.4) is summable in k. Using this observation and (6.4), the proof of Theorem 6.1(a) can now be completed as in [15]. (Note that Proposition 6.2 applies with g = Q.)

For an E ∈ U sucht (a) holds let x ∈ Z^d and choose k such that x ∈ Λ_{3lk\3lk−1} . Then ‖χ_xRQ‖ ≤ ‖χ_xR_{9lk} φ_{9lk} Q‖ + ‖χ_xR_{9lk} W (φ_{9lk} )RQ‖. (6.6) Using (6.1) and part (a) the second term on the r.h.s. of (6.6) can be estimated by e^{− 3}2^{γ|x|} with

P ≥ 1 − l^{−ξ}_k . For the first term on the r.h.s. of (6.6) one has ‖χ_xR_{9lk} φ_{9lk} Q‖ ≤ ‖χ_xR_{9lk} Q_k‖ + ‖R_{9lk} ‖ ‖Q − Q_k‖ ≤ e^{−γ′|x|} + Cl^{(ξ+2d)−r/α} k for 0 < γ^′ < γ/3 and |x| sufficiently large with P ≥ 1 − cl^{−ξ}_k . In the last step ‖χ_xR_{9lk} Q_k‖ was estimated as in (6.9) of [15] and ‖R_{9lk} ‖ ‖Q − Q_k‖ was estimated as in (6.5) above. Since D > 2d one has ξ + 2d − r/α < D − r if ξ is sufficiently close to 0 and α sufficiently close to 1. It follows that Cl^{(ξ+2d)−r/α} k ≤ C⟨x⟩^{D−r}. Inserting in (6.6) we arrive at ‖χ_xRQ‖ ≤ C⟨x⟩^{D−r} for x sufficiently large with P ≥ 1 − Cl^{−ξ}_k . From here the proof of (b) is completed as the proof of Theorem 6.1(b) in [15]. 2

The above proof of Theorem 6.1 also shows that one may replace ⟨·⟩^{−r} by a compactly supported function Q and then gets for almost every E ∈ U the existence of C, γ > 0 such that sup_{ε≠0} ‖χ_xR(E + iε)Q‖ ≤ Ce^{−γ|x|} (6.7) for all x ∈ Z^d.

The proof of Theorems 1.1 and 1.2 can now be completed by arguments similar to those in Section 8 of [15]. For U as in Theorem 6.1 and ω ∈ Ω let

S̃_ω := {E ∈ U : for all y ∈ Zd there exist C, γ > 0 such that sup_{ε≠0} ‖χ_xR(E + iε, ω)χ_y‖ ≤ Ce^{−γ|x|} for all x ∈ Z^d} and for s > d/2 such that m − s > 2d and n = 0, 1, 2, . . . let

S^n_ω := {E ∈ U : there exists C such that sup_{ε≠0} ‖χ_xR(E + iε, ω)⟨·⟩^{−m+s−n}‖ ≤ C⟨x⟩^{s−n−1} for all x ∈ Z^d}. Finally, let S_ω := (S̃_ω ∩ ⋂_∞ n=0 S^n_ω) \ {eigenvalues of H(ω)}. If follows from Theorem 6.1 (with D = m − 1 and (6.7) (compare [15]) that |U \ S_ω| = 0 with probability one. If E ∈ S_ω and φ ∈ H^1_{−s} is a weak solution of (H(ω)+λf)φ = Eφ, then the arguments in the proof of Lemma 8.1 of [15] can be repeated to yield ‖χ_yφ‖ ≤ |λ| sup_{ε≠0} ‖χ_yR(E + iε)fφ‖. (6.8) If B is a ball such that f(x) ≤ C⟨x⟩^{−m} for x ∉ B, then we can estimate (6.8) further by C sup_{ε≠0} ‖χ_yR(E + iε)⟨·⟩^{−m+s}‖ ‖⟨·⟩^{−s}φ‖ + C sup_{ε≠0} ‖χ_yR(E + iε)χ_B‖ ‖χ_Bfφ‖ ≤ C⟨y⟩^{s−1}, using that E ∈ S̃_ω ∩ S^0_ω and that φ ∈ L^∞_{loc} by a subsolution estimate. The latter now also yields |φ(y)| ≤ C⟨y⟩^{s−1}. Now we can apply a boot strap procedure by inserting this estimate into the r.h.s. of (6.8) and successively winning an additional factor ⟨y⟩^{−1} in the estimate for |φ(y)|. Thus φ decays more rapidly than every inverse polynomial. ¿From here on the proof of Theorems 1.1 and 1.2 is completed as in Section 8 of [15].

We finally note that Theorem 6.1 can be shown to hold with r > d and D > d if the improved Wegner estimate from [2, 1] is used in its proof. Only m > 2d has to be assumed in this case since Proposition 5.4 now holds under this assumption. This allows to complete the proof of Theorems 1.1 and 1.2 under the weaker assumption m > 2d.

References

[1] J.M. Barbaroux, J.M. Combes and P.D. Hislop: Localization near band edges for random Schrödinger operators. Helv. Phys. Acta, to appear

[2] J.M. Combes and P.D. Hislop: Localization for some continuous, random Hamiltonians in d-dimensions, J. Funct. Anal., 124, 149 – 180 (1994)

[3] J.M. Combes, P.D. Hislop and E. Mourre: Spectral averaging, perturbation of singular spectrum, and localization. Preprint

[4] F. Delyon, Y. Levy and B. Souillard: Approach à la Borland to multidimensional localisation. Phys. Rev. Lett. 55, 618 – 621 (1985)

[5] H. von Dreifus and A. Klein: A new proof of localization in the Anderson tight binding model. Commun. Math. Phys. 124, 285 – 299 (1989)

[6] H. von Dreifus and H. Klein: Localization for Random Schrödinger Operators with Correlated Potentials. Commun. Math. Phys. 140, 133 – 147 (1991)

[7] A. Figotin and A. Klein: Localization phenomenon in gaps of the spectrum of random lattice operators, J. Stat. Phys. 75, 997 – 1021 (1994)

[8] A. Figotin and A. Klein: Localization of classical waves I: Acoustic waves. Commun. Math.

Phys. 180, 439 – 482 (1996)

[9] W. Fischer: Zur elektronischen Lokalisierung durch gaußsche zufällige Potentiale. PHD- Thesis, Erlangen 1996

[10] J. Fröhlich, F. Martinelli, E. Scoppola and T. Spencer: Constructive Proof of Localization in the Anderson Tight Binding Model. Commun. Math. Phys. 101, 21 – 46 (1985)

[11] J. Fröhlich and T. Spencer: Absence of Diffusion in the Anderson Tight Binding Model for Large Disorder or Low Energy. Commun. Math. Phys. 88, 151 – 184 (1983)

[12] H. Holden and F. Martinelli: On the absence of diffusion for a Schrödinger operator on L^2(R^ν) with a random potential. Commun. Math. Phys. 93, 197 – 217 (1984)

[13] W. Kirsch: Wegner estimates and Anderson localization for alloy–type potentials. Math. Z.

221, 507 – 512 (1996)

[14] W. Kirsch, S. Kotani and B. Simon: Absence of absolutely continuous spectrum for some one-dimensional random but deterministic Schrödinger operators. Ann. Inst. H. Poincare Phys. Theor. 42, 383 – 406 (1985)

[15] W. Kirsch, P. Stollmann and G. Stolz: Localization for random perturbations or periodic Schrödinger operators. Preprint

[16] F. Klopp: Localization for some continuous random Schrödinger operators. Commun. Math.

Phys. 167, 553 – 569 (1995)

[17] F. Klopp: Internal Lifshits tails for random perturbations of periodic Schrödinger operators.

Preprint

[18] B. Simon and T. Wolff: Singular continuous spectrum under rank one perturbations and localization for random Hamiltonians. Comm. Pure Appl. Math. 39, 75 – 90 (1986)

[19] P. Stollmann: Localization for acoustic waves in random perturbations of periodic media, Preprint

[20] G. Stolz: Localization for Schrödinger operators with effective barriers. J. Funct. Anal., to appear

Authors addresses:

Werner Kirsch Institut für Mathematik Ruhr–Universität Bochum D–44780 Bochum, Germany werner@mathphys.ruhr-uni-bochum.de

Peter Stollmann Fachbereich Mathematik Johann Wolfgang Goethe–Universität D–60054 Frankfurt am Main, Germany stollman@math.uni-frankfurt.de

Günter Stolz University of Alabama at Birmingham Department of Mathematics Birmingham, Alabama 35294, USA stolz@math.uab.edu