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Abstract

Existing convergence rate results for sparsity promoting regular-
ization of Tikhonov-type rely on injectivity of the considered operator
or at least on slightly weakened injectivity assumptions (finite basis
injectivity or restricted isometry property). We extend such results
to non-injective operators by formulating a suitable variational source
condition, which then is characterized in the language of range condi-
tions with respect to the range of the adjoint operator.

As a special case we consider operator equations with uniquely de-
termined 1-norm minimizing solutions. Based on the developed charac-
terization of a variational source condition we also provide convergence
rates for the case that solutions are not sparse.

1 Setting and notation

1.1 Setting

Let Y be some Banach space over the real numbers and denote by ¢! the
set of all real-valued absolutely summable sequences z = (xj)ren equipped
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with the norm

lzll = lawl-

keN

This is a Banach space, too.
We investigate linear operator equations

Az =yl (1.1)

with a bounded linear operator A : ¢! — Y, where y belongs to the range
of A and z is the element to be determine or to be approximated.

Instead of y! there might be only a noisy version y° be accessible, which
not necessarily belongs to the range R(A) of A, and we assume that both
elements are connected by

ly° -yl <.

The non-negative number ¢ can be regarded as the noise level.

As will be made precise in Section 2, equations (1.1) with an operator
working on the space ¢! are typically ill-posed and, thus, require regulariza-
tion. To find stable approximate solutions we search for minimizers of the
Tikhonov-type functional

8

7/ (@) = 5 |4z =4I +alle] (12)
over all x in ¢'. Here, the exponent satisfies p > 1 and « is a positive
regularization parameter controlling the trade-off between data-fitting and
stability. Typically, the minimizers are sparse (cf. Proposition 2.2). That
is, only finitely many components are not zero. Such sparsity promoting
regularization methods are widely used in practice.

Our aim is to establish a variational source condition

BE(w,at) < |zl - '] + (| Az — Aal|) for all = € £, (1.3)

where 8 is a non-negative constant, z' is a solution to (1.1), E is some
functional expressing the deviation of z from z! (details will be provided
in Section 4), and ¢ is a concave index function. Here, a non-negative
function ¢ : [0,00) — [0,00) is called index function if it is continuous and
strictly increasing and satisfies ¢(0) = 0. Variational source conditions were
introduced in [15] and further developed during the past years in [18, 14, 4,
12, 8.



§
Denoting by 2 some minimizer of T , such a variational source condi-
tion yields estimates

E(2%,2%) < cp(8) forall § >0 (1.4)

with some positive constant ¢, if « is chosen appropriately in dependence of
0.

Such estimates (1.4) already have been obtained with general concave ¢
for injective A in [6] and with linear ¢ for almost injective A in [13] (see also
references therein). Here, almost injective means, roughly speaking, that
injectivity is required on finite-dimensional subspaces (finite basis injectivity,
restricted isometry property). For a detailed discussion of such conditions
we refer to [13]. In finite-dimensional settings estimates (1.4) were first
obtained in [7]. In the present paper we do not require any injectivity-type
assumptions for proving convergence rates in an infinite-dimensional setting.
Thus, we overcome the limitations of the convergence rates results in [13] and
[6]. Even if applied to finite-dimensional spaces our results extend existing
ones. Further discussion of sufficient conditions for convergence rates for
¢'-regularization can be found in [17, 19, 3, 2, 9, 10]

1.2 ¢! and related spaces

In the sequel we need several facts about the space ¢! and related notation,
which we now recall. By ¢y we denote the Banach space of all real-valued
sequences converging to zero equipped with the norm

[[ul| = sup [uy|.
keN
Its topological dual is ¢!, allowing us to introduce the notion of weak* con-
vergence in ¢!. We say that a sequence (z(™),cy in /' converges weakly* to
x if

n)

lim (2™, u) = (z,u) for all u € c.

n—oo
Here, (-,-) denotes the duality pairing between a space and its dual. The
first argument is always the element from the dual of the space from which
the second argument comes.

With respect to the weak™ topology bounded sets in ¢! are sequentially
relatively compact. That is, each sequence in a bounded set contains a
subsequence which converges weakly* to an element in ¢'. In addition the
norm of ¢! is weak® sequentially lower semi-continuous, meaning that for



each sequence (z(™),cy in £' converging weakly* to some z in £' we have

]| < liminf [|z™].
n—oo

The topological dual of ¢! is the space £>° of all real-valued bounded
sequences with the norm

1€]] = sup [&x].
keN

But the dual of £*° is not ¢*.

1.3 Convex analysis

For a proper convex function f : X — (—o00, 00| on some Banach space X
we denote by

Of(x) :={§ e X*: f(Z) > f(z)+ (&, —x) for all T € X}

the subdifferential of f at x. The elements of 0f(z) are called subgradients.
Given a convex subset A of some Banach space X and an element = of
A the set

Na(z) ={{e X*: ({,z —x) <Oforall z € A} (1.5)

is called normal cone of A at .

2 Existence, stability, convergence

We start with an extension of results obtained in [6, Prop. 2.4, Lemma 2.7].

Lemma 2.1. Denoting by e\ the standard unit sequences in ¢* with a one
at position n and zeros else, the following assertions are equivalent.

(i) (Ae™),en converges weakly to zero.
(ii) R(A*) C cp.
(11i) A is sequentially weak*-to-weak continuous.
Proof. Let (i) be satisfied. Then for each A* 7 from R(A*) we have
[A* i = (A", e®) = (n, Ael™)) - 0 if k — o0,

that is, A*n € ¢o.



Now let (i) be true. If we take a weakly* convergent sequence (z(™),en
with limit «, then (n, Az(™) = (A*n, (™) and since A*n belongs to ¢y and
(' is the dual of ¢y we may write (A*n, z() = ("), A* ). Thus,

(i, Az™y = (2™ A*n) = (z,A*n) if n — oo,

showing
lim (n, Az™) = (n, Az) forallpeY*
n—oo

Finally, from (iii) and from the obvious fact that (e(™), ey converges weakly*
to zero we immediately obtain (i). O

Note that the conditions in the lemma are satisfied if A can be extended
to a bounded linear operator on 2, the space of square-summable sequences.
In [10] it was shown that equations (1.1) for which R(A*) C ¢y holds always
are ill-posed of Nashed’s ill-posedness type II (i.e., R(A) contains no closed
infinite dimensional subspace).

Proposition 2.2. Let R(A*) C ¢y. Then the following assertions are true.

(i) Existence: There exist solutions to (1.1) with minimal norm (referred
to as norm minimizing solutions) and there exist minimizers of the

&
Tikhonov-type functional (1.2). Further, all minimizer of T4 have
only finitely many non-zero components.

(ii) Stability: If (yn)nen converges toy’ and if (™) ,en is a corresponding
sequence of minimizers of Ta", then this second sequence has a weakly*
convergent subsequence and each weak* convergent subsequence con-

&
verges weakly* to a minimizer of Ty .

(iii) Convergence: If (0n)nen converges to zero and if (Yn)nen Satisfies
lyn — yT|| < 6n, then there is a sequence (cu,)nen Such that each corre-
sponding sequence of minimizers of Ta" contains a weakly* convergent
subsequence. Fach such subsequence converges in morm to some norm
minimizing solution of (1.1).

Proof. By the weak™ sequential lower semi-continuity of the ¢!-norm and
by the weak* sequential relative compactness of bounded sets in ¢! we
have weak® sequential compactness of closed balls in ¢! centered at zero.
Taking also the sequential weak*-to-weak continuity of A into account (see
Lemma 2.1) we may apply standard results on Tikhonov-type regularization
methods in Banach spaces [15, 8, 20]. Note that the ¢!-norm satisfies the



so called weak™ Kadec-Klee property, which yields convergence in norm in
item (iii) of the proposition.

It only remains to show that each minimizer of (1.2) has only finitely
many non-zero components. This is a consequence of R(A*) C ¢p. By
standard arguments from convex analysis we see that some x is a minimizer

of Tayé if and only if there is some & in £°° such that
~tead|-l(z) and £eA*O(|A - —y’|P)(x).

Thus, |{x| = a whenever x; # 0 and £ belongs to ¢y. This is only possible if
x has at most finitely many non-zero components. U

3 Distance to norm minimizing solutions

We do not assume injectivity of A. Thus, there might by many solutions to
(1.1). We denote the set of all solutions by

Li={zecl':Az=y}.

Even restricting our attention to norm minimizing solutions does not guar-
antee uniqueness, because the norm of ¢! is not strictly convex. The set of
all norm minimizing solutions will be denoted by

S:={zxelL:|z| <|z] forall z € L}.

Obviously, all elements in S have the same norm and we denote this value
by ||S||. In addition we immediately see that S is closed and convex.
For z in ' we denote by

dist(z, S) := inf ||z — 2|
ztes

the distance of = to the set S of norm minimizing solutions.

Proposition 3.1. Let R(A*) C co. Then for each x in €' there is some '
in S such that dist(x, S) = ||z — 27||.

Proof. This can be shown by standard arguments. O

The next proposition states that all norm minimizing solutions lie in the
same orthant.

Proposition 3.2. For each k in N we have either x;; >0 for all ' in S or
xL <0 for all ' in S.



Proof. Assume that there are z' and ' in S with x,t < 0 and i,t > 0 for
some k. Set
t .

= jL—xT'

Then ¢ € (0,1) and the convex combination ¢zt + (1 — ¢) #T belongs to S.
We now have

ltat + =)zt =" fta] + Q=0 a] <t D Jaf|+ (1 -1) > ||
I#k Ik I#k

= |1l = (¢lefl + (1 = 0)1&}]) < IS,
which is not possible for an element in S. O
Justified by the proposition we define a sequence ¢° = (Jlf Jken by
1

oy =< —1, if there are 2! in S with CCL <0,
0, if xz =0 for all zf in S.

if there are z in S with x;rg > 0,

)

Further we introduce the set
1° = {(O'k)keN cor € {—1,0,1} for all k£ and o}, =0 if 07:" = 0}
and for each o € 19 subsets S(o) of S by
S(0) :={z' € S : there is some ¢ € Ng(z') with
Ep=opifop #0, & e (=1,1)ifop =0, of #0}.

Here, N,+(S) denotes the normal cone of S at zf, see (1.5). We can regard
S(o) as the face of S visible from direction o.

Lemma 3.3. Let R(A*) C ¢g. If o € 1° has only finitely many non-zero
components, we have S(o) # (.

Proof. Setting ¢ := ¢ we show that there is some z! in S with ¢ € Ng(z1),
that is, 27 maximizes (€, z) over all z in S. Let (2(™),ey be a sequence in
S with

(&, 2™y = c:=sup (€, 2).
xeS

This sequence is bounded and thus contains a subsequence converging weakly*
to some ' in ¢1. The sequential weak*-to-weak continuity of A (see Propo-
sition 2.1) guarantees x' € L and the sequential weak* lower semi-continuity



of the ¢'-norm yields ' € S. Denoting the subsequence again by (z(™),cn
and noting that & € ¢y we further obtain

= I )y — | () ¢\ — (7 ¢y = t
¢= Tim (§2") = lim (21", €) = (27,€) = (£, 27). (3.1)
Thus, 2! indeed maximizes (¢,-) over S. O

Now we restrict our attention to subsets of ¢! on which dist(x,S) is
almost affine. For o € 1° and x € S we define

M

o) ={z et x> xL if o, =1,
< xL if o, = —1,
ap = al if o, = 0, of # 0}.
The sets M, (o) are obviously closed and convex and we always have zf €

M. (o).

T

Proposition 3.4. Let o € 1° and let 7 € S(0). Then

dist(z, S) = (0,2 — z') + Z |z for all x € M (o).
k:afzo
Proof. As a standard result of convex analysis we have dist(x, S) = ||z — 27|

if and only if there is some ¢ in the normal cone Ng(z') such that ¢ €
—9||z — - ||(z"). On the one hand we have
~Olle — - [|(aT) = 3l - | (z — &) = {€ € £ : & = Vif @y > a,
Eo=—1ifzy < al,
& € [—-1,1] if zp = xz}
On the other hand, z' € S(¢) and x € M_+(o) imply that there is some &
in Ng(z") such that
=1, if xp > x;i,
& d=—1, if 2, < al, forall k with o} # 0.
€[-1,1], ifzy =z

If we now define £ by

&, ifo} #0,
§i=11, ifoy =0, x>0,
—1, ifoy =0, 2, <0,

8



we immediately see, that & € =8|z — - ||(z') (remember CCJ]L =0 if of = 0).
From & € Ng(x') we have

(€,it =2 <0 forallif €S,

which together with

(€& —a Z & (z} — ) Z & (% = (&7 —af)
k: ok k: ok

yields that € is in Ng(zT), too. This proves dist(z, S) = ||z — zT|.
As the second step we observe that x € M+ (o) yields

|z — xz\ = oy (zx — xZ) if of #0.

Thus,

=2t = > Jon—afl+ D Jal=(ox—al)+ D |aul.

k:af;ﬁO k:afzo k:afzo

Corollary 3.5. For each o € 1° and each z' € S(o) we have
SN M(o) = {z'}.

Proof. Assume that there is a second solution ' in S N M+ (o). Then from
Proposition 3.4 (and even more easily from its proof) we obtain

0 = dist(z", 5) = |27 — 2T
Thus, 7 = 2. U
We close this section with the following important observation.

Proposition 3.6. The sets M, i(c) cover the whole space (', that is,

t=U U Malo) (3.2)

oels zteS(o)

Proof. For fixed x in ¢! let 2T be a minimizer of ||z — - || over S. Then there
is some ¢ in the normal cone Ng(z!) such that &€ € —9||z — - ||(zf). Thus,
we know

Ge=1ifxy >al, &=—1ifx, <al, &el-1,1]if z,=al.



If we now define o by

1, if&g=1,07 #0,
o =1 —1, if & =—1, a,f £ 0,
0, if& e (—1,1)oroy =0,

then o € 19, 2T € S(0) and = € M+ (o). O

4 A variational source condition

Having finished the study of the distance dist(x,S) between an element x
in /' and the set S of norm minimizing solutions we now want to establish
a variational source condition (1.3) with error functional

E(CE,CET) = dist(z, S),

where 21 is some element of S, and with a linear index function ¢(t) = vt,
v > 0. The desired variational source condition reads

Bdist(z,S) < ||lz|| — ||lzt|| + v ||Az — AzT|| for all z € £*

or, taking into account that ||z'|| and Az' do not depend on the concrete
choice of z' from S,

Bdist(z,S) < ||lz|| = ||S|| +v|[Az — AS| forall z € ¢'. (4.1)

It suffices to consider 8 € (0, 1], because a variational source condition with
£ > 1 always implies a variational source condition with § < 1.

At first we split the variational source condition into ‘smaller’ ones. Here
and in the sequel we use the notation introduced in Section 3.

Lemma 4.1. The variational source condition (4.1) on ¢! is satisfied if and
only if for each o € 1° and each zt € S(o) we have

Bloz—al)y+8 Y |opl < all 27| + ] Az — Azf (4.2)

k:o;§=0
for all z € M (o).

Proof. This is a direct consequence of Propositions 3.4 and 3.6. U

10



Lemma 4.2. For o € 19 and 27 € S(0) the variational source condition
(4.2) on M+ (o) is satisfied if and only if there is some n in Y* with ||n| <

ﬁ such that

[A* i € [~p, 1], if o} =0,
or[A*nle <p,  ifog £0, 3L =0, 04 £0,
R A e <p, el #£0,0n=0f,
of (Al =1, ifa) #£0, 04 = —0f
. 1-p
for all k, where ju:= 175 € [0,1).
Proof. We rewrite (4.2) as
letl < —Bloz—ay + (=) 3 Jal+ 3 lanl + Az — Ad|

k:a,‘gzo k:af;ﬁO

and, taking into account that z;, = 0 if 0;3 = 0, see that z' is a minimizer
of the convex functional on the right-hand side with respect to z in M (o).
Thus, there is some £ in the normal cone N, + (o) (z") such that —¢ belongs

to the subdifferential of the functional at zf. This subdifferential is the sum
of the subdifferential for each summand. We have

NMN((,)(:UT) —{€cl®: g =0ifof =0,
§p <0ifop =1,
& > 0if op, = —1},

(=B (o, —2"))(a") = —Bo,

Ole—r(1=8) Y lul| @) ={et:&e-(1-p),1-plifof =0,
ki g =0 & = 01if o} # 0},

Oz D ul | @) ={{er:&=0ifo} =0,
k0P #0 G=1ifz] >0
fp=—lifz] <0

& e[-1,1]if o #0, 2 =0},

11



and

o(]|4 - — Acl|)(ah) = {A"n:n e Y™, |In] <~}

From these equations we see that there is some 7 in Y* with ||n|| < v such
that

—[A*nle € [-(1 = B),1 - 6], if o =0,

—op [A* e <1 B, if o #0, 2} =0, 03, £ 0,
_Uf[A*n]kgl_ﬁ, ifSCL#0,0'k:O']f,
Replacing n by —(1 + 5) n completes the proof. O

Theorem 4.3. The variational source condition (4.1) on (' is satisfied if
and only if for each o € 1° and each xt € S(o) there is some 1 in Y* with
Inll < 15 such that

[A*nlk € [=p, 1], if o} =0,

Uk[A*n]kgﬂa Zfalf#07 x]t;:()a O'k#07

* , (4.3)
Ulf[A Nk < fo;i?éo, Ukzaf,
oS (Al > 1, ifal £0, 05 = —0F
for all k, where u := % €10,1).
Proof. This is a direct consequence of Lemma 4.1 and Lemma 4.2. O

From a variational source condition (4.1) we obtain the error estimate
dist(2%, S) < ¢6

for all sufficiently small § > 0 with some constant ¢ > 0, if the regularization
parameter « is chosen appropriately, for example proportional to ¢ or by
the two-sided discrepancy principle (see [8] for both variants) or by the
sequential discrepancy principle [16, 1]. Here, 2% again denotes a minimizer
of the Tikhonov-type functional (1.2).

Remark 4.4. Let R(A*) C ¢p. Then Theorem 4.3 implies that a variational
source condition (4.1) can only be satisfied if all solutions in S are sparse.
To see this choose o = —¢°. Then |[A* ]| > 1 on the support of zT, which
is only possible if the support is finite.

12



Remark 4.5. Denoting by e*) the standard unit sequence (one at position
k, zero else) the authors of [6] used the assumption

e e R(A*) forall keN (4.4)

to obtain a variational source condition. Such an assumption can also be
found in [11]. Obviously, condition (4.3) is weaker than (4.4) because each
finitely supported element in R(A*) is a linear combination of the ). In
[6] it was shown that (4.4) implies injectivity of A whereas our characteri-
zation (4.3) of a variational source condition does not imply injectivity (cf.
Section 7).

We close this section with three remarks which reduce the set of elements
o and zf for which condition (4.3) has to be verified in order to obtain
convergence rates.

Remark 4.6. For fixed o € 1° condition (4.3) is satisfied for all 2t € S(o)
if and only if it is satisfied for all ' € S(0) having maximal support. Here
we say that some a2 from S(o) has maximal support if there is no Z' in
S(o) with {k e N: Zl #0} D {k e N: =] #0}.

Remark 4.7. Let o € 1°. If o, = alf for all £ with o} # 0 and with x;rg #£0
for at least one zf € S(), then condition (4.3) is satisfied with = 0.

Remark 4.8. Let o € 19 and & € 17 such that & has smaller support than
o, that is, o, # 0 whenever G;, # 0. Further, let zf be in S(o) and also in
S(7). Then condition (4.3) is satisfied for & if it is satisfied for o.

5 Unique norm minimizing solution

We consider the case that the set of norm minimizing solutions contains only
one element, that is,

S = {z1}.

Note that this does not necessarily imply injectivity of A. The variational
source condition (4.1) now reads

Bl —at| < lle| — 2] + v Az — Aaf| foralzed  (5.1)

and Theorem 4.3 can be refined as follows.

13



Theorem 5.1. Let S = {z'}. Then the variational source condition (5.1)
on (' is satisfied if and only if for each o € 1° there is some n in Y* with
Inll < 15 such that

Al € [=popl, if 2 =0,
Pl =p il #£0, 0 =0f,
oS [A k=1,  ifa)£0,0p = —0F

2

for all k, where p := % €1[0,1).

Proof. We apply Theorem 4.3 to the case S = {z}. Note that o € 1° if and
only if its support coincides with the support of z', and that a,f provides
the sign of x;rc for each k. Further, the normal cone in the definition of
S(o) is Ng(x') = 1°°, which allows to choose £ = o in that definition. We
immediately obtain S(c) = {2} for each o € 1° and therefore Theorem 4.3
states the the variational source condition (5.1) holds if and only if for each
o € 1° there is some 1 with ||| < ﬁ such that

A*nlg € [-p,pl, if x]Tg =0,

—

U]f [A* n]k S M, if .%'Z; 7é 07 Ok = 0-]‘57 (52)
ol [A* ) > 1, if x;i £0, 0, = —0
for each k.
Now fix o € 1° and let ki, ko, ... be an enumeration (finite or infinite)

of all indices k satisfying o # 0. Note that an # 0 for all n. We prove the
theorem by induction over n.

Let & € 19 satisfy 54, = Jlfl and let & be the same except for 6y, = —Jlfl.
Then there are 77 and 77 such that (5.2) holds with o replaced by & and &,
respectively. At index k; we have Jlfl [A* 7], < p and Ufl [A* A, > 1.
Thus, there exists a convex combination 7)) (&) of 7 and 7 which satisfies
Ulfl [A* 77(1)(5)]k1 = p (if opy = O-lfl) or Ulfl [A* 77(1)(6)]161 =1 (if oy, = _O-lfl)'
In addition, such an element n(!) () satisfies (5.2) with o replaced by & for
all other indices k # k;.

Now let & € 1° satisfy oy, = oy, forl =1,...,n—1 and 03, = a,fn.

Further, let ¢ be the same except for oy, = —Ulfn. Assume that there

is 7"~1(5) such that (5.2) holds for all k and such that for ki,..., Kk, 1
it holds with equality signs. The existence of such an 77("_1)(5) has been
shown above for n = 2. Again there are 77 and 7 such that (5.2) holds with o
replaced by & and &, respectively. At index k,, we have alfn [A* 7], < pand

14



op [A* 7]k, > 1. Thus, there exists a convex combination 7™ (&) of 7 and 7
which satisfies a,fn [A* ) (3w, = p (if op, = a,fn) or alfn [A* @), =1
(if op, = —Ufn). In addition, such an element 7™ (&) satisfies (5.2) with &
replaced by & for all other indices k # k.

So far we have shown that for each o € 1° and each n we can construct
7™ (o) which satisfies (5.2), where we can replace inequality by equality
signs at indices ki, ..., k,. Consequently we find 1 such that equality holds
at all indices k at which oy # 0. O

Remark 5.2. Analogously to Remark 4.8 we can replace 1° in Theorem 5.1
by the set of all o which satisfy o, = +1 if a,f # 0 and o = 0 else.

Corollary 5.3. Let S = {z'}. Then the variational source condition (5.1)
on (' is satisfied if and only if for each o € 15 with oy, # 0 if Uf %0 there
is some 1 in Y* with ||n|| < L5 such that

143
[A* ], = o7, ifﬂfz#(), o = —op, (5.3)
Al € [l Fal =0 or ol £0, 04 =0
. 1-8
for all k, where ju:= 75 € [0,1).
Proof. This is a direct consequence of Theorem 5.1 (necessity) and Theo-
rem 4.3 (sufficiency). O

Note that the condition [A*n|x € [—u, p] if :UL = 0 in (5.3) and corre-
sponding conditions in Theorems 4.3 and 5.1 are closely related to a property

called strict sparsity pattern in [5, Definition 2] and strong source condition
in [13, Condition 4.3].

6 Non-sparse solutions

We now extend Theorem 4.3 to solution sets S which may contain non-sparse
solutions (cf. Remark 4.4), see [6] for a similar result in case of injective A.
The aim is to obtain a variational source condition

Bdist(z,S) < |lz|| = |S|| + ¢(|Az — AS|) forall z € ¢t (6.1)

with some concave index function ¢, which depends on the decay of the
solutions’ components. Here, again, ||S|| denotes the norm of the norm
minimizing solutions.

A sufficient condition for such a variational source condition can be de-
duced from the characterization (4.3) in Theorem 1.1.

15



Theorem 6.1. Assume that

lim sup Z |x£| =0 (6.2)

n—o0 $T€S on
and let (Yn)nen be a sequence of positive numbers with

lim ~, = oco.
n—oo

Then the variational source condition (6.1) on (' is satisfied with

t) = inf |2 f t
o(t) é%w( supZ\ka%)

ztes k>n

if for each n € N, each o € 1° and each zt € S(o) there are a non-negative
constant v, and some n in Y* with ||n|| < ﬂ—"ﬁ such that

[A* )k € [—p. p, ifof =0 ork>n,
Uk[A*U]kSM, ifalf#o,CUL:O,O'k#O,kgn,
a,f[A*n]kSM, ifw;rﬁéo, Uk:U;fJfSn,
UE[A*n]kZL ifo;éO, O'k:—o'£7k;gn

1—
for all k, where p := % €[0,1).

Proof. Fix z in ¢'. By Proposition 3.6 there are ¢ in 1° and 2 in S(o) such
that z is in M (o). Proposition 3.4 yields

Bdist(z, S) — ||| + [[«'[| = B (o2 —2T) + 8 Y |axl = ||z + [|27].

S
k: Lo =0
This can be written as a sum

Bdist(z,S) — ||lz|| + ||z = Zak‘

keN

with a; depending only on x; and x;i and we have

~(1= B) |, — ], if o} # 0, 2 = 0, 03 #0
ag = orifo#O,ak:U,f,

—Bof ap — |kl + 1+ B) afl, if af, #£0, op = —0f,

0 ifJE#O,Jk:O.
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Now let 1 be as in the theorem. Then
Az = Azl > —(1+B)(n, Az — Aal) = —(1+ B)(A" & — 2T)
and, because = € M_i(0), we see
Wl Az—AzT| > —(148) Y [Anleoplae—afl—(1+8) > [A*nlk s
hof#O haf:O

Using the properties of A*n we obtain

23 Jafl = llAz — At > by

k>n neN
with
(—(1 - 8) |, if o9 — 0,
—(1 = B) |z, — =}, it o8 £0, 20 =0, 0, £0, k<n,
by > orifo#O,akza;j,kgn,
T A+ 8) |k — ], it 2l #£0, 0 = —0F, k<n,
2l = (1= ) oy —al|, ifof #0, 04 #0, k> mn,
2|x;2| if 07 #0, 0, = 0.

It is not hard to show that a, < b, for all k. Thus,

Bdist(x, 8) — lzl| + [|[| <2 |af] = |4z — Al
k>n

Taking the supremum over all z! and the infimum over all n the variational
source condition (6.1) is proven and it remains to show that the function ¢
is a concave index function.

Obviously, ¢ is non-negative. As an infimum of affine functions it further
is concave and upper semi-continuous. Thus, ¢ is continuous on the interior
(0,00) of its domain. Together with

_ ) =
©(0) = inf |2 sup |z,.| ] =0
neN x*eSg k

we obtain continuity on [0,00). To prove that ¢ is strictly increasing we
take t1,t9 € [0,00) with ¢; < t3. The infimum in the definition of p(t3) is
attained at some ny. Thus,

o(t1) <2 sup Z ’1‘2’ + Yny t1 < p(t2).
ztes k>no

17



Note that condition (6.2) may be violated in some cases. For example
if S is the convex hull of the standard unit sequences {e(l), e@ . Jin 24

then )
sup Z ]wl] > Z{egw ){ =1 (6.3)

ztes k>n k>n

for all n.
From a variational source condition (6.1) we obtain the error estimate

dist(z2, S) < cp(0)

for all sufficiently small § > 0 with some constant ¢ > 0, if the regularization
parameter « is chosen appropriately, for example proportional to 90’1( B) (if ¢

is differentiable) or by the two-sided discrepancy principle (see [8] for both
variants) or by the sequential discrepancy principle [16, 1]. Here, xg again
denotes a minimizer of the Tikhonov-type functional (1.2).

7 Examples

We provide two very simple examples and a more realistic one to show how
the developed results can be applied to non-injective operators. The first
example considers multiple norm minimizing solutions. The second and the
third one have only one norm minimizing solution and they show, by the
way, that the constant 5 in a variational source condition cannot be chosen
arbitrarily close to one.

Example 7.1. For the first example take Y := R, y' := 1 and
Az =z + 29.

Then the set of solutions is L = {x € ¢* : 73 = 1 — 21} and the set of norm
minimizing solutions is

S={zecl :xy=1—x21, 21 €[0,1], 2 = 0 for k > 2}.

Further,
A*n = (n,n,0,...).

Figure 1 provides a sketch of the geometric situation.

18



Figure 1: Sketch for the first example of the x1-x2-plane with set S of norm
minimizing solutions, set L of all solutions, unit ball B;(0) and ‘subspace’

R(A*).

We now verify condition (4.3) in Theorem 4.3 with § = 1. First note
that 0% = (1,1,0,...) and that by Remark 4.8 we only have to consider

o =(1,1,0,...),
1,-1,0,...),
1,1,0,...),
1,-1,0,...).

)

c@ = (
o® = (
oW — (

The corresponding subsets S(o()) of S are the faces of S looking in direction
o that is,

S(eW) =g,
S(@®) ={(1,0,0....)},
S(@®) ={(0,1,0,..)},
S(e®) = 5.

Taking into account Remark 4.7, only o®) remains to be considered. Here
condition (4.3) is equivalent to n > 1, which is obviously satisfied when

19



B1(Q)«~~" m«_.\\\

/ag(,A*) \

Figure 2: Sketch for the second example of the xi-zo-plane with set S of
norm minimizing solutions, set L of all solutions, unit ball B;(0) and ‘sub-

space’ R(A*).

choosing n = 1 (by Remark 4.6 we only have to check the condition for
zh = (%, %, 0,...) for example). Consequently, Theorem (4.3) applies to our
first example and yields convergence rates although the operator A is not
injective.

Example 7.2. For the second example take Y := R, y' := 1 and

T2
Az = —=.
x 1+ 5

Then the set of solutions is L = {x € ! : 29 = 2 — 221} and there is only
one norm minimizing solution

S ={(1,0,...)}.
Further,

% n

A*n = (n, 5,0,...).
Figure 2 provides a sketch of the geometric situation.
We now verify condition (5.3) in Corollary 5.3. First note that o° =

(1,0,0,...) and so we only have to consider

e =(1,0,...) and % =(=1,0,...).

20



For o) condition (5.3) is satisfied by = 0. For o(® the condition is
equivalent to

n=1 and ———=<

which is only possible if g < % Consequently, Corollary 5.3 yields a varia-
tional source condition with g < % and corresponding convergence rates for
our second non-injective example.

If we had chosen the solution set L to be parallel to the xo-axis, then
£ =1 would be possible. On the other hand, the more slanting the set L in
Figure 2 is, the closer 8 has to be to zero. The limit case where only 5 =0
would be possible then coincides with the situation discussed in Example 7.1.
Generalizing this observation we may say that the constant 3 in a variational
source condition is a ‘measure’ for paraxiality of the nullspace of A or the
range of A*.

Example 7.3. Let YV := (2 and let A := PV AU be the composition of the
Fourier synthesis operator U : £! — L2(0,1) defined by

(Ux)(t) =z, +V2 ngl cos(2mit) + V2 Zx21+1 sin(27 [t)

leN leN

for t € (0,1), the integration operator A : L?(0,1) — L?(0,1) defined by

S

(Az)(s) := /i(t) dt

0

for s € (0,1), the Fourier transform V : L2(0,1) — ¢? defined by

1
Vgl = [ g(s)ds,
/
1
[V gla; = /ﬂ(s) V2 cos(2m 1 s)ds,
01
Vgl = /ﬂ(s) V2 sin(271s)ds
0
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for I € N, and the projection P : ¢? — ¢? defined by

[Pyl =91,
[Pg]Ql — Oa
[P Ylait1 = Y21 + Y2141

for [ € N. In other words, we aim to reconstruct derivatives of functions from
incomplete Fourier data under the a priori information that the derivatives
are sparse or almost sparse with respect to the Fourier basis. Only sums
of the data’s cosine and sine coefficients are available, making the operator
highly non-injective.

The operator A : ' — £2 turns out to map a sequence x to a sequence

A x defined by

1 1
Azxli = =21 + — ,
[Az]i = 5o zeZN‘/iﬂ 2041

[Am‘]gl = 0,
1

[Ax]aip1 = 3] (=V2 21 + 297 — 2141)

for | € N. The adjoint A* = P*V* A* U* : (2 — (> thus is given by
1 1
A* = — _ _— N
[ATnli =5 m > Toal P

leN

1
[A% ]y = 5] R+

* 1
[A* n]2141 = 271 (\/5771 - 7721+1)
for [ € N. The null space of A is
1
N(A) = {(07w17w17w27w27...) S 61 : lEZNT’LUl = O} .

We look at the exact right-hand side y' := (0,0, —ﬁ,O, —ﬁ,0,0, cl).
One easily sees that 2T = (0,1,0,1,0,0,...) is a corresponding solution and it
turns out that this is the only 1-norm minimizing solution, that is, S = {2}
(here some very basic but longish calculations are necessary).

22



To verify the assumptions of Corollary 5.3 we have to show that the

elements

=(0,1,0,1,0,0,...),

=(0,1,0,-1,0,0,...),

=(0,-1,0,1,0,0,...),

=(0,— -1,0,0,...)
satisfy condition (5.3) for some 7. We only mention how to choose 7 in each
case and do not provide all details of the (basic but longish) calculations.

Since ¢ = (0,1,0,1,0,0,...) we may choose 7 = 0 in case of o(}). For o)
one possible choice is

<2\/—+ 0,0,0,47,0,0, . ) it >

f 21 +2

Note that for smaller x there is no n satisfying (5.3) if 0 = ¢(®). For ¢
one possible choice is

<2f+

—4
0,27,0,0,. it op>
+v2' >

Again for smaller p there is no 7 satisfying (5.3) if o = o3, Finally, for o*
we may choose

12 . 2
n= gw,0,37r,0,47r,0,0,... if ,uzg

and for smaller y there is no 7.
Thus, if
o —2
> =12 0.5564

To2n+42

we obtain a variational source condition with

2412
B 2TVZ sk

T AT —2+2
and corresponding convergence rates.
Playing around with this example one also sees that the more non-zero
components = has the smaller is the best possible § in the variational source
condition. Since (§ enters the O-constant ¢ in the convergence rate result
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(1.4) as a factor % (cf. [8, Theorem 4.11]), the O-constant becomes greater

if 2t is ‘less sparse’. If the number of non-zero components in z' goes to
infinity, then g goes to zero and consequently the O-constant blows up to
infinity. Such situations then can be handled by Theorem 6.1, resulting in
slower convergence rates.
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