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Abstract: In this paper we investigate the problem of identifying the source term f in the elliptic system
-V (QV®) = fin QC R d€{2,3}, QV® -7 =j on dQ and & = g on IQ

from a single noisy measurement couple (js, gs) of the Neumann and Dirichlet data (j, g) with noise level § > 0. In this
context, the diffusion matrix @ is given. A variational method of Tikhonov-type regularization with specific misfit
term of Kohn-Vogelius-type and quadratic stabilizing penalty term is suggested to tackle this linear inverse problem.
The method also appears as a variant of the Lavrentiev regularization. For the occurring linear inverse problem in
infinite dimensional Hilbert spaces, convergence and rate results can be found from the general theory of classical
Tikhonov and Lavrentiev regularization. Using the variational discretization concept, where the PDE is discretized
with piecewise linear and continuous finite elements, we show the convergence of finite element approximations to
solutions of the regularized problem. Moreover, we derive an error bound and corresponding convergence rates
provided a suitable range-type source condition is satisfied. For the numerical solution we propose a conjugate
gradient method. To illustrate the theoretical results, a numerical case study is presented which supports our
analytical findings.
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1 Introduction

Let Q be an open, bounded and connected domain of R?, d € {2,3}, with Lipschitz boundary 9Q. We
consider the elliptic system

—V - (QV®) = f in Q, (1.1)
QV® -7 = j on 9Q and (1.2)
® = g' on 99, (1.3)

where 77 is the unit outward normal on 0N and the diffusion matrix @ is given. Furthermore, we assume
that Q = (¢rs)1 <y ecq € LOO(Q)dXd is symmetric and satisfies the uniformly ellipticity condition

Q)&= Z rs(2)&-Es > glé]* ae. in Q (1.4)

1<r,s<d
for all £ = (5r)1§r§d € RY with some constant q>0.

The system f is overdetermined, i.e. if the Neumann and Dirichlet boundary conditions jt €
H-Y2(0Q) = HY2(0Q)", gt € HY2(09), and the source term f € L2(Q) are given, then there may
be no ® satisfying this system. In this paper we assume that the system is consistent and our aim is to
reconstruct a function f € L?(Q) in the system f from a noisy measurement couple (js,gs) €
H=Y2(9Q) x HY2(0Q) of the exact Neumann and Dirichlet data (jf,g"), where § > 0 stands for the
measurement error, i.e. we assume the noise model

175 — jTHHfl/z(asz) +||gs - gTHHl/Z(BQ) <0 (1.5)
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The source identification problem in PDEs arises in many branches of applied science such as electroen-
cephalography, geophysical prospecting and pollutant detection, and attracted great attention from many
scientists in the last 30 years or so. For surveys on this subject we may consult in [7, 15, 18] 22, 25, [42] and
the references therein. Up to now, only a limited number of works was investigated the general source iden-
tification problem and obtained results concentrated on numerical analysis for the identification problem. In
[19, BT, [32] authors have used the dual reciprocity boundary element methods to simulate numerically for the
above mentioned identification problem. In case some priori knowledge of the identified source is available,
such as a point source, a characteristic function or a harmonic function, numerical methods treating the
problem have been obtained in [5, [6, 30, 39]. A survey of the problem of simultaneously identifying the
source term and coefficients in elliptic systems from distributed observations can be found in [38], where
further references can be found.

In the present paper, the general source identification problem in elliptic partial differential equations from
a single noisy measurement couple of Neumann and Dirichlet data is studied. So far, we have not yet found
investigations on the discretization analysis for this source recovery problem, a fact which also motivated
the research presented in the paper. By using a suitable version of the Tikhonov-type regularization with
some non-standard misfit term we could outline that the source distribution inside the physical domain
Q can be reconstructed from a finite number of observations on the boundary 92, at least by numerical
approximations. The specific regularization approach proves to be a version of Lavrentiev regularization
with implicit forward operator. One of the main results of the paper is to show convergence of the finite
element discretized Tikhonov-regularized solutions to a sought source function. Another main result is
the interpretation of an occurring condition of solution smoothness as a range-type source condition of
Lavrentiev’s regularization method. This allows us to establish error bounds and corresponding convergence
rates for the regularized solutions.

To formulate precisely the problem, we first give some notations. Let us denote by v : H'(Q) — HY?(99Q)
the continuous Dirichlet trace operator with v~ : H'/2(9Q) — H'(Q) its continuous right inverse operator,
e. (Yoy Ng =g forall g € HY/?(99Q). We set

HY(Q) = {u e HY(Q) ‘ / yudz = o} and HY/?(0Q) = {g e HY2(9Q) ’ / z)de = o}
o0
and denote by Cq the positive constant appearing in the Poincaré-Friedrichs inequality (cf. [35])
CQ/ @? < / |Vep|? for all p € HX(Q). (1.6)
Q Q

Since H}(Q) := {u € H'(Q) | yu = 0} C H}(1), the inequality (L.6) is in particular valid for all ¢ € H} ().
Furthermore, by ((1.4), the coercivity condition

1+CQ 1+C’Q
ll2n e < / Ve / OV Vo (L.7)

holds for all p € HL(Q).

Now, for any fixed (j,g) € H~1/2(9%2) x H§/2(69) we can simultaneously consider the Neumann problem
-V (QVu)=fin Q and QVu -7 = j on 0N (1.8)
as well as the Dirichlet problem
-V - (QVv) = fin Q and v = g on 0. (1.9)
By the aid of and the Riesz representation theorem, we conclude that for each f € L?(f2) there exists
a unique weak solution u of the problem in the sense that u € H!(2) and satisfies the identity

/QQVU Vo = (j,70) + (f,») (1.10)

for all p € H}(Q), where notation (j, g) stands for the value of the function j € H='/2(0Q) at g € H'/?(99)
and the notation (f, o) is the inner product of f and ¢ in the space L?(Q2). Then we can define the Neumann
operator

N L2(Q) — HL(Q) with f— Npj,



which maps each f € L%(Q) to the unique weak solution N ¢j = u of the problem (1.8)). Similarly, the
problem (|1.9) also attains a unique weak solution v in the sense that v € H(Q), yv = g and the identity

| @ve-vu= (1.0 (1.11)

holds for all ¢» € H}(Q). The Dirichlet operator is defined as
D: L*(Q) — HL(Q) with f +— Dyg,

which maps each f € L*(Q) to the unique weak solution Dfg := v of the problem (1.9). Therefore, for any
fixed f € L?(Q2) we can define the so-called Neumann-to-Dirichlet map

Ag: HV2(00) — HY?(09),  j v Agj = yNGj.

We mention that since Hj () € H(Q), we from (1.10)) have that [, QVN}j- Vi = (f, ) for all ¢ € H ().
In view of we therefore conclude Ayj = ¢ if and only if Nyj = Dyg, where the identities

are satisfied, and the operators f — N30 and f — D0 are linear and bounded from L?(f2) into itself.
Furthermore, Arj = YNyj = YNoj + YN70 = Agj + A0, where Agj is linear, self-adjoint, bounded and
invertible, as the diffusion @ is smooth enough (cf. [33]).

As in electrical impedance tomography (EIT) or for the Calderén’s problem [4 [14, B3] one can pose the
question whether the source distribution f inside a physical domain 2 can be determined from an infinite
number of observations on the boundary 0€, i.e. from the Neumann-to-Dirichlet map Ay:

fi,f2€ L*(Q) with Ap =Ap, = fi=fo?

To the best of our knowledge, the above question is still open so far. In case an observation As of Ay being
available one can use a certain regularization method to approximate the sought source. For example, one
can consider for operator norms || - ||+ a minimizer of the problem

2
feHLl%nQ) Ay = Aslli +pollf = f7 ||L2(Q)

as a reconstruction along the lines of Tikhonov’s regularization method, where p > 0 is the regularization
parameter and f* is an a-priori estimate of the sought source.

However, in practice we have only a finite number of observations and the task is to reconstruct the identified
source, at least by numerical approximations. Furthermore, for simplicity of exposition we below restrict
ourselves to the case of just one observation pair (js,gs) being available, while the approach described here
can be easily extended to multiple measurements (j $ gé) _1 g See Sectlon@ Ex. The inverse problem
is thus stated as follows. )

Given (j1,9") € H-V/2(09) x Hy*(99Q) with AsjT = ¢', find f € L*(Q). (ZP)

In other words, the interested problem is, for given (jf, g") € H=1/2(0Q) x HY'?(09), to find some f € L2(Q)
and consequently ® € H!(Q) such that the system (1.1)—(1.3) is satisfied in the weak sense. Precisely, we
define the general solution set

Z(Tg") ={fel?Q) | Al =g"} ={feL?(Q) | NsjT =Dsg'} (1.13)

of the inverse problem (ZP). The source identification problem as described here is well known to be not
uniquely determined from boundary observations (see a counterexample in [3]), i.e. the set Z ( g1, gT) fails to
be a singleton. Since not the Neumann-to-Dirichlet map is given, but only one pair (jT, gT), the problem is
even highly underdetermined. Thus instead we will search for the uniquely determined f*-minimum-norm
solution ff, which is the minimizer of the problem

min — 2 . IP — MN
min f = Py ( )



As a consequence of item (iii) of Lemma below, the set 7 (j t gT) is non-empty, closed and convex, hence
f1 is uniquely determined. On the other hand, for all f € T (jT, gT) the equation ijT = ngJr is fulfilled.

However, we have to solve this equation with noise data (js, gs) € H~/2(9%) x Hi/Q (09) of (jT, gT) satisfying
(1.5). The simplest variety of regularization may be to consider a minimizer of the Tikhonov functional

INts = Drgsllizay + ol = Fll72 (1.14)
over f € L*(Q) as an approximation solution to fT.

In present work we adopt the variational approach of Kohn and Vogelius [27, 28, 29] in using cost functional
containing the gradient of forward operators to the above mentioned inverse source problem. More precisely,
we use the convex functional

To(f) = /Q QV (N}js — Dygs) -V (Nyds — Dygs) da, (1.15)

instead of the mapping f +— [[Nyjs — ngg||2L2(Q), together with Tikhonov regularization and consider the
unique solution f, s of the strictly convex minimization problem

Jmin Vos(f) with Xp5(0) = T5() + oIS = ey, (Pp.s)

where the gradient of the functional YT, 5 can be explicitly written as

1 . *

5V Y0s(f) = Nyjs = Dygs + p(f = ) forall feL*(Q). (1.16)
The motivation in using this cost functional J5 as misfit functional is that for all £ € L?(2) the inequality

CQQ
+Cq

, . ) 2
Jo(€) = /QQV (Ne" = Deg') - V (Nej — Deg) da > 1 [Ves® = Deg 1) 2 0
holds true and Jp(f) =0at any f € T (jT, gT). The advantage is evident, because the minimizer f, 5 € L?(€)
satisfies the equation VY, 5(f,s) = 0 such that, for j := j;, g := gs and f := f, 5, we have

Ljo(f) :=Nyj—Dyg+p(f - ) =0, (1.17)

and hence, for f := f, 5, we have

f—=f"=—=(Nyjs — Dygs) - (1.18)

1
p
Due to formula , the Tikhonov regularization approach under consideration with specific misfit term
also appears as a variant of the Lavrentiev regularization (see, e.g., [2 [12], 24] 43]). After some operator-
theoretic settings and preliminary results in Section 2, concerning also the ill-posedness of the linear inverse
problem under consideration, we apply in Section 3 the general theory of classical Tikhonov and Lavrentiev
regularization for such problems yielding propositions on convergence and convergence rates for the regular-
ized solutions in the infinite dimensional Hilbert spaces. However, for convenience in numerical analysis with
the finite element methods introduced in Section 4 our focus is here on the extremal problem for minimizing
the Tikhonov functional with Kohn-Vogelius misfit term and quadratic penalty. The use of different convex
penalty terms, e.g. total variation, may be a work for us in future.

Let ;‘ Js and ’D?g(; be corresponding approximations of the solution maps Nyjs and Dygs in the finite

dimensional space V! of piecewise linear, continuous finite elements. We then consider the discrete regularized
problem corresponding to (P, s), i.e., the following strictly convex minimization problem

fEHLliQJElQ) /Q QV (N}js —Dlgs) -V (N} s — Dhgs) da + pll f — 720 (P,'f,(s)

Using the variational discretization concept introduced in [23], we show in Section [4] that the unique solution
] 5 of the problem (732’ 5) automatically belongs to the finite dimensional space VI'. Thus, a discretization
of the admissible set L?(Q) can be avoided.



As h,d — 0 and with an appropriate a-priori regularization parameter choice p = p(h,d), also in Section
we prove that the sequence ( f g 5) converges to fT in the L?(Q)-norm. Furthermore, the corresponding state

sequences (N;‘h j5) and (D;}h gg) converge in the H'(Q)-norm to & = &T(f1 5t ¢") solving (T.1)(1.3).
.6 2

Section [p| is devoted to convergence rates for the discretized problem. In this section we also show that if
f€Z(j' g") and there is a function w € L?(2) such that f — f* = L;i 4+ (w), or in other notation

fff* :ijTfpnga (119)

then f = f', ie. f is the unique f*-minimum-norm solution of the identification problem. Condition
appears to be a source condition for both, Tikhonov and Lavrentiev regularization, and allows for
corresponding convergence rates of the continuous setting in infinite dimensional spaces as well as after
incorporating the discretization. In the latter case, precisely for the known matrix @ € Co’l(Q)dXd and the
exact data (jT,g") € H/2(0Q) x H*/2(92), we derive the convergence rates

2

HN}%% - D?gég(sH ol - 30y = O (6% + %+ hp + Sp+ p*)

HY(Q

and
2

2
(Wi s =t Dk g =@ k2 b4 ).
Jp,

H(Q) 0,0 HY(Q)

Finally, for the numerical solution of the discrete regularized problem (’Pg(;) we employ in Section 6 a

conjugate gradient algorithm. Numerical case studies illustrate the analytical results and show the efficiency
of our theoretical findings.

We conclude this introduction with a remark that since the main interest is to clearly state our ideas, we
only treat the model elliptic problem (|1.1)) while the approach described here can be easily extended to more
general models, e.g., for the source identification problem in diffusion-reaction equations

V- (QV®) +,*d=finQ, QV®-ii+0® = ;' on 9Q and ® = g’ on 90 (1.20)

from a measurement (js, gs) of (j',g"), where @ satisfying the condition (L.4)), 0 # k = k(z) € L>(1), i.e
the set {z € Q|x(x) # 0} has positive Lebesgue measure, and o = o(z) € L (99Q) with o > 0 are given.
The variational approach is now formulated as the minimizing problem with the misfit

/ QV (Rysjs — Dysgs) -V (Ryjs — Dygs) dx +/ 2 (Ryjs — Dygs)” da + / o (Ryjs — Dygs)° d
Q Q o0

over f € L?(f2), where R and D are the Robin operator and the Dirichlet operator relating with the equation

(1.20), respectively.

We here would like to mention an inverse problem related closely to the identification in this paper, the
problem of identifying the source term f in the Helmholtz-type equation

V- (QV®) +K*® = fin Q

from measured Cauchy data (js(k), gs(x)) which is available for all frequency x > 0. The uniqueness results
for this identification problem can be found in [3] 8], while several effective recovered algorithms have been
presented in [II, 9].

Throughout the paper we use the standard notion of Sobolev spaces H'(€2), H(2), W*?(Q), etc from, for
example, [44]. If not stated otherwise we write [, --- instead of [, ---dx.

2 Preliminaries and operator-theoretic settings

In order to define appropriate operators, we recall the decompositions (|1.12)) of the corresponding Neumann
and Dirichlet problems, where N0 and Df0 characterize linear mappings of f € L?(Q2). On the other



hand, AVyj and Dgg depend nonlinearly on j and g, respectively, but both are independent of f. Hence, the
difference of Nyj and Dyg characterizes, for fixed elements j and g, the affine mapping L; , of f € L*(2)
defined by formula (1.17). First we introduce the linear operator T : L2(Q) — H}(Q) defined as

T(f) := Ny0—D;0 € HL(Q).

Since the image elements N;0—D;0 € H!(Q) also belong to L?(f2), one can moreover introduce the operator
T : L?(Q) — L%*(Q) defined by

T(f) :== N;0 —D;0 € L*(Q), (2.1)

where T(f) = T(f) for all f € L%(2). On the other hand, we remark that the expression
[u,v] := / QVu- Vo (2.2)
Q

generates an inner product on the space H}(€) which is equivalent to the usual one. Now let
T : H}(Q) — L*(Q)
be the adjoint operator of T : L2(Q) — HX(Q), where H! (1) is equipped with the inner product (2.2)) above.
For all f € L?(Q2) and ¢ € H!(Q2) we thus have
Tr.0] = [ QuAG0-Vo— [ QUD0-Vo=(£.0)- [ QVD0-Vo- (1T, @3)

by (T.10). We now decompose H1(€) into the orthogonal direct sum HL(Q) = H}(Q)& HE (Q)" with respect
to the inner product (2.2]). We note for all g € Hi/z(aﬂ) that Dog € H} (Q)J‘ Furthermore,

Vi, g2 € H/2(OQ), g1 #9g2 = Dogi # Doga
which implies dim HZ(Q)" > dim H2/?(99) = co. For all f € L2(Q) we deduce from (T.11)) and ( (2-3) that

¢eH5(Q)<:>/QQVDf0-v¢= (f,d) & (£, T"¢) =0 T =0 & ¢ € ker T*,

or in other words ker T* = HZ(). Furthermore, for all ¢ € H&(Q)l we get [, QVD;0 - V¢ = 0, since
D0 € H}(£2). Again, the equation (2.3) implies that

(f,6) = (£.T*9) forall [eL(Q). 6 Hy(Q)".
Therefore, T|H1(Q)L is the compact embedding H (Q)J' < L2(Q) and T* is the composition of the projector

from HL(Q) onto HL(Q)" and the embedding operator from H'(Q) to L2(Q2). Furthermore we have, for all
fel(9),

T(f) = T*[T(f)] (2.4)
because range(’i‘) is orthogonal to ker T* and hence T* acts only as embedding operator.

Lemma 2.1. (i) The operator T defined by formula 1s linear, bounded, self-adjoint and non-negative,
i.e. we have

(T(f),w) = (f, T(w)) and (T(f),f) 20 forall fwe L) (2.5)

Moreover, T is compact and has an infinite dimensional range which is non-closed, i.e. we have range(T) #
range('T).

(ii) For any fized (j,9) € H~Y/2(0Q) x HY2(9Q) the map L;,, : L*(Q) — L*(Q) defined by
Ljg(f) :==Nyj—Dyg="T(f)+Noj— Dog
is affine linear, continuous and monotone, i.e. we have

(Ljo(f) —Ljg(w), f—w) >0 forall fwe L*(Q). (2.6)

(iii) The solution set T (cf. ) is a closed affine subspace of the Hilbert space L?(().



Proof. (i) It follows from that
(T(f), w) = / QVN,0- V(N0 —D;0) / QVN,L0- VA0 - / QVN,0-VD,0,  (27)
Q Q Q

and similarly,
(f, T(w)) = / QVN;0- VA0 - / QVA;0- VD,,0. (2.8)
Q Q
Using f again, we get

/ QVNwO . VDfO = (w,DfO) = / QVDwO . VDfO
o @ (2.9)
QV./\/fO -VD,0 = (f,D,0) = / QVD;0-VD,0

and the self-adjoint property of T now follows directly from (2.7)-(2-9). We further have from (1.10)-(L.11)
for all f € L*(Q) that [, QVDs0 - V(N0 — Ds0) = 0. Combmlng this with the identity ( (f),f)
Jo QVN;0 - V(N0 — D0) we arrive at (T(f), f) = [, QV(N30 —D0) - V(N30 — D;0) > 0.

We now show that T is compact and has an infinite dimensional range. The operator T : L?*(Q) — L?(2)
as a composition of a bounded linear operator T and a compact embedding operator is compact. Next, we
show that dim(T) = oc. For deriving a contradiction we assume that dim range(T) < co. Then we can write

H(Q) = range(T) @ ramge('i‘)L with respect to the inner product (2.2)). By (2.3), for all ¢ € range(’i‘)l
we get fQ QVDs0 - Vi = (f,¢) holding for all f € L?(2) which implies that ¢ € H}(£2). Therefore,

I -
Hg(Q)l C (range(T)L) = range(T) = range(T) and this yields the contradiction co = dim Hé(Q)J‘ <
dimrange(T) < oo. Consequently, T : L?(Q) — L?*(Q) is compact operator and possesses an infinite
dimensional range.

(ii) The inequality (2.6]) follows directly from (2.5)).

(iii) Since T is a bounded linear operator, the solution set can be written as
2(%9") ={f = foo fo € L(Q) | fo € kex(T), f5 = T"(Dog" — Noj")}

with the Moore-Penrose pseudoinverse TT of T. Then the nullspace ker(T) is a closed subspace and
TT(Dog" — NojT) a well-defined element in L2(f2). Consequently, Z(j, ") is a non-empty closed affine
subspace and hence also a convex set in the Hilbert space L?(2). O

Due to item (ii) of Lemma we can reformulate the identification problem (ZP) as an operator equation
with linear bounded self-adjoint non-negative operator T mapping in L?(2). Finding an element f €
A (jT, gT) is then equivalent to solving the linear operator equation

T(f) = r(j",g"), where &(j,g) := Dog — Noj. (2.10)

This makes the inverse problem explicit, but we have to take into account that instead of the exact right-
hand side x(j%, g7) only noisy data x(js, gs) satlsfylng ) for js and gs are available. As a consequence of
item (i) of Lemma n we see that the equation ([2.10) formulated in the Hilbert space L?(Q) is ill-posed of
type II in the sense of Nashed (cf. [34]). Stable appr0x1mate (regularized) solutions f, s to equation
satisfy with f = f, s the auxiliary linear operator equation

T(f) +p(f—f") = r(js 95) (2.11)
in L?(Q) with some regularization parameter p > 0.

At this point we should recall and note that we have, for all js, gs under consideration and f € L?(f2), and

due to (LI0) -~ (T.I1)
T(f) € HY Q)" c HY(Q) aswellas  x(js,g5) € HA(Q)",

which means that the elements x(js,gs) and T*[k(js, gs)] in L*(Q) coincide. Nevertheless, we have to
distinguish the two cases £(js, gs) € H:(Q) and £(js, gs) € L*(2) in the following lemma.



Lemma 2.2. Under the noise model there is a constant 0 < K < oo independent of & such that

15(ds, 95) — £(5T, gN) 10y < K 6.

Moreover, there is also a constant 0 < K < oo independent of § such that

l5(js, g5) — (T, gDl p2(0) < K 6.

Proof. By Lemma, below the existence of such constant K in the first estimate of this lemma follows with
the settings h:= 0, f; = fo := 0 and K := max{Cxr,Cp}. Then we have under the noise model {i
16(ds, 95) — £(51, g 1) < Wods — Nodt |y + | Pods — Doj' |l (e
< K (lljs = 3" a-1r2000) + 195 — 9 m1200y) < K6.

By setting K := K ||’i‘|| the second estimate of the lemma gets established. This completes the proof. O

We conclude this section by mentioning that the functional J; defined by (1.15) is convex and weakly
sequentially lower semi-continuous. In fact, the above defined operator T : L?(Q) — H1() is compact (see
the proof of Lemma [2.1]). Using the equivalent inner product (2.2), we therefore conclude that

Js(f) = Nijs — Dygs, Nyjs — Dygs) = {T(f) — k(js, 95), T(f) — H(ja,ga)] ; (2.12)

which shows the convexity and weak sequential lower semi-continuity of the functional [J5 and is the basis
for a classical Tikhonov regularization approach in the subsequent section. Moreover, we have as a basis for
Lavrentiev regularization in the subsequent section

T5(f) +ollf = F T2 = (T, ) + ol fll2) — 2(f. 5(js. g6) + p f*) + const., (2.13)

where the constant is independent of f, and it is well-known that, due to the properties of T from Lemma
the unique minimizer f, 5 of this functional coincides with the unique solution of the operator equation (2.11)).

We close this section by the following note. As discussed in the Introduction section, instead of using
Kohn and Vogelius’ function ([1.15) we can use the least squares function (cf. (1.14)), and then the jointed
minimization problem reads as

fGHngI(lQ)@(f) with  O(f) == [|T(f) — (s, 91720y + PIIf = F*NI72(0) (2.14)

where T(f) and (35, g5) were defined by (2.1]) and (2.10}), respectively. One can show easily that the problem
attains a unique solution f. Furthermore, for computation this minimizer f in practice one must derive the

L?-gradient VO(f). Let & € L?(2) be arbitrary. We will compute briefly the differential ©’(f)¢ as follows.

We have that 30'(f)¢ = (T(f) — £(js, 95), T(€)) + p(f — f*,€). Consider the adjoint problem
~V - (QV®) = T(f) — k(js, 95) in Q, (2.15)
QV® -7 =0 on 9. (2.16)
(We here do not use the homogeneous Dirichlet boundary condition ® = 0 on 9 instead of (2.16)), because
in general T(&) ¢ H}(2).) Next, we decompose
b=0'ad2c HAQ) ® HH Q)" (2.17)
with respect to the inner product (2.2). Then we obtain that

(T(f) — £(js. 95), T(£)) = / QVe-VT(¢) = / QVN0 -V —/ QVD0- V! —/ QVD0 - VP?
Q Q Q Q
—_————
=0
=(£9) - (&) = (9%,¢).
As a result, we arrive at $VO(f) = &2 + p(f — f*). Compared with (L.16), by utilizing Kohn and Vogelius’
function (|1.15)), we here avoid any computations for the adjoint problem (2.15)—(2.16). Furthermore, we

avoid computing numerically for the terms ®! and ®? in the decomposition (2.17) which seems to be still
very difficult for us.




3 Lavrentiev regularization versus Tikhonov regularization for the
continuous problem in infinite dimensional Hilbert spaces

In this section, we consider the error analysis of stable approximate solutions to the continuous problem
(2.10) in infinite dimensional Hilbert spaces by distinguishing the situations that the right-hand side & is
considered as an element in L?(§2) and alternatively as an element in H*().

First our focus is on the Lavrentiev regularization approach based on formula 7 in which «(js,gs5) €
L?(Q2). The general theory of linear Lavrentiev regularization (see, e.g., [43] and also [2, 12, 24} [36] [37])
yields convergence and convergence rates results for the error of regularized solutions f, s with respect to the
uniquely determined f*-minimizing solution f to problem (ZP—M N). Taking into account that Lemma
holds, we immediately derive (see, e.g., [I2, Rem. 3.3]) the error estimate

) . Ks . K§
o = FTllz2) < pI(T + pD) 7 (fF = f) 2o + " <Y = Fllrz@) + e (3.1)

This immediately yields (see [24] section 2]) the following convergence assertion.

Proposition 3.1. For any a priori parameter choice p(0) of the regularization parameter satisfying the
conditions

p(0) =0 and — —0 as 0—0 (3.2)

we have for a sequence 0, — 0, associated data js,,gs,, and associated Lavrentiev-regularized solutions
fon).5, that

1. - T =

Jim [ foes,).6, = fllz2@) =0,

i.e. the regularized solutions are strongly convergent in L*(Q) to the f*-minimum norm solution fT.

We can also apply the following well-known result on convergence rates from [43] Theorem 2.2]:
Proposition 3.2. If there is a source element v € L*(Q) such that the range-type source condition
fl= =T (33)
is satisfied, we have for an a priori choice p(J) ~ V3 of the regularization parameter p the convergence rate
1fp)6 = fTll2@) = OWVS)  as 60 (3.4)
of Lavrentiev-reqularized solutions.
Corollary 3.3. The rate result remains true if we have some element w € LZ(Q) such that

fT_f*:ijT_’Dng' (35)

Proof. Evidently we have N, j' — D,g" = T(w) — k(j7,g") and fT is a solution to the operator equation
[2.10) with exact right-hand side x(j, g7). Hence (3.5)) can be rewritten as fT— f* = T(w — fT). This yields
3.3) with the new source element v := w — fT. O

Remark 3.4. It was shown by a saturation theorem in [36] that (3.4) is the best possible rate for linear
Lavrentiev regularization, with the exception of singular situations with respect to the forward operator,
here T, and with respect to the solution ft.

Revisiting the source condition (3.5)), we add the following remarkable result.

Proposition 3.5. Assume that f € I(jT,gT) and that there is a function w € L%*(Q) such that
f—f"=Nyit=Dug’. Then f is the uniquely determined f*-minimum-norm solution of problem (ZP — M N),
i.e. we have f = f1.



Proof. We have with & € {¢ € L*(Q) | NgjT = Deg'} that

1 1

5”5 — 132 — §Hf — iz

= 26~ ey + (= 6= D 2 ( — .6~ ) = (Nag' ~ Dug' €~ 1)
/Q QNG ¥ (Nawj' = Dug') — (51,7 (Mg — Dung?))

_ / QUN1T -V (Najt = Dug?) + (5,7 (Wi = Dung?))
Q
= /QQV (Nejt = Npjt) -V (NowjT = Dugh)
Since YNgjT = yNpjt = g7, it follows that NejT — Npjt € HE(Q). We thus obtain from the last inequality

1 " 1 N . . . . )
5”5 — 720 — §||f — 2 > /Q QVNwit -V (Nej' = NyiT) — /Q QVDug" -V (Nejt — Nyjt)
= (w, Nejt = Npjt) + (51, v (Nedt = Npit)) = (w, Negt = NysT) =0,
which finishes the proof. O

Remark 3.6. Indeed, the statement of Proposition [3.5|is a special case of the general assertion that source
conditions f — f* = T(v), v € X, for self-adjoint non-negative bounded linear operators T in the Hilbert
space X can only hold if f is a f*-minimum-norm solution (see [37, Remark 6]). However, as shown above
we have here N, jt — Dyg' = T(v) with v =w — fT € L?(Q).

Our second alternative focus is on the classical Tikhonov regularization approach based on formula (2.12)),
in which k(js,g5) € H'(Q). Then the regularized solution can be established as

Fos = (BT + o)~ [T (k(g5.5s) + pf° (3.6)

(cf., e.g., [I8], Sec. 5.1]). From (3.6) and Lemma [2.2| we easily derive the error estimate

- _ . K¢ . Ko
| fo,5 — fT||L2(Q) <p(T*T+p) ' (fT = f Mz + ﬁ <|ff-r o) + ﬁ’ (3.7)
on which the following proposition is based.

Proposition 3.7. For any a priori parameter choice p(0) of the regularization parameter satisfying the
conditions

p(0) =0 and —— =0 as 0—0 (3.8)

we have for a sequence 6, — 0, associated data js,, gs,, , and associated Tikhonv-regularized solutions f,s.).s,
that

. gt _
A o0 = ey =0

i.e. the reqularized solutions are strongly convergent in L*(Q) to the f*-minimum norm solution fT.

Furthermore, under the source condition (3.3|), which is equivalent to
fl= e =[T"T)(v), (3.9)

we find even the bounds

(3.10)

which as a consequence of T(v) = [T*T](v) for all v € L*(Q) immediately yields the rate assertion of the
following proposition.
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Proposition 3.8. If there is a source element v € L?() such that the range-type source condition
(equivalent to due to Comllary is satisfied, then we have for an a priori choice p(§) ~ §%/% of the
regularization parameter p the convergence rate

I fo8),6 — fTHL?(Q) = 0(5%?) as 0—0 (3.11)

of Tikhonov-reqularized solutions. If the reqularization parameter is chosen as p(d) ~ &, then we obtain also
here the convergence rate as in Proposition .

Remark 3.9. It was shown by a saturation theorem of Groetsch 1984 (see, e.g, [I8, Proposition 4.20]) that
is the best possible rate for classical linear Tikhonov regularization, with the exception of singular
cases. At first glance, it is amazing that the best possible rate in Proposition is higher than the
best possible rate in Proposition However, here the classical Tikhonov regularization makes use
of the higher smoothness assumption «(js,gs) € H'(Q), whereas the version of Lavrentiev regularization
employed here ignores this higher smoothness of the right-hand side of equation (2.10]) and considers x(js, gs)
only as an element in L?(2), see the two different noise inequalities in Lemma

4 Finite element approximation and convergence for the discretized
problem

We in Section [3| applied the Lavrentiev regularization and the Tikhonov regularization for the continuous
identification problem. In the remain Sections [4]-[6] we will analyze the problem in finite dimensional spaces.
So far we have not yet found investigations on the discretization error in a combination of both functionals
for the fully setting, a fact which motivated the research presented in this paper.

Let (Th)o <hel be a family of regular and quasi-uniform triangulations of the domain € with the mesh size
h. For the definition of the discretization space of the state functions let us denote

Vi={"eC@) | vr e PU(T), VT € T"} and Vi, =V NH(Q)and V{'( =V N Hj(Q) C V],
where P, consists all polynomial functions of degree less than or equal to 1.

Proposition 4.1. (i) Let f be in L*(Q) and j be in H=/2(0R). Then the variational equation
| QU = (1) + (Goreh) for all € VL, (41)
Q
admits a unique solution u € Vfo. Furthermore, the estimate

w11y < N (112 + 13117300y ) (4.2)

is satisfied. The map N™ : L*(Q) — Vi, from each f € L*() to the unique solution u" =: /\/’}’j of (4.1) is
then called the discrete Neumann operator.

(ii) Let f be in L*(Q) and g be in Hi/Q(ﬁﬂ). The equation
/ QVv" - VYl = (f,4") for all " € V] (4.3)
Q
has a unique solution v € Vfo with v = g. Furthermore, the inequality

"1y < € (I llz2(0) + Iz o) (4.4)

is satisfied. The map D" : L*(Q) — VI, from each f € L*(Q) to the unique solution v =: D;ﬁg of (4.3)) is
called the discrete Dirichlet operator.

We now can introduce the strictly convex, discrete cost function

ThS(F) = THE) + o1 = £ 2y with TL () = / QV (N2js — Dligs) - V (Njs — Dlgs).

11



Theorem 4.2. The problem
min  Y? (Ph )
ferL2(Q) p,J(f) ps0
attains a unique minimizer f which satisfies the equation

f*f*:*%(/\f}bjafp}bgé). (4.5)

Remark 4.3. Since N;Lj(; and D?g(; are both in V}, so is f, provided that f* € V}. Thus, taking this into
account, a discretization of the set L%(£2) can be avoided.

Proof of Theorem[].4 One can see easily that the problem (P;ﬁ 5) has a unique solution. It remains to show
[@.5). Let f € L?(2) be the minimizer to (Ph’ 5). The first-order optimality condition yields that T% s (H)E=

P
T (F)E+2p(&, f — f*) = 0 for all € € L2(2). A short computation shows ' (f)(€) = 2 (g,N;Ljé - D;%g(g)
and so obtain (f, % (N;ljg — D}Lgtg) +f- f*) =0 for all £ € L?(Q2), which finishes the proof. O

From now on C' is a generic positive constant which is independent of the mesh size h of 7", the noise level
0 and the regularization parameter p. Before presenting the convergence of finite element approximations
we here state some auxiliary results.

Lemma 4.4. A projection operator TI" : L' () — Vﬁo exists such that
" = " for all o € Vﬁo and HZ(H&(Q)) C Vfo C Vfo.

Furthermore, it satisfies the properties

: h
Jim |9 — HQﬁHHl(Q) =0 foralvec HXQ) (4.6)

and
|9 — HfjﬁHHl(Q) < Ch||d|| g2 for all¥ € H(Q) N H*(Q). (4.7)

Proof. Let TI" : L'(Q) — V} be the Clement’s mollification interpolation operator, see [I7] and some
generalizations [10} [IT), [4T]. We then define the operator

1

My =1 — — [ I e Vi, Ve L'(Q)
109 Jaq '
which has the properties (4.6 and (4.7). The proof is completed. O

On the basis of and we introduce for each ® € H! ()
06 =@ - HZ(I)HHI(Q)' (4.8)
We note that limy,_,q Q% =0 and
0<oh <Ch (4.9)
in case ® € H?(). Furthermore, let (f,j,g) € L*(Q) x H~/2(99) x Hi/Q((‘?Q) be fixed, we denote by
ol = IN2T ~ il 20 By = 1Dl Dyl o (4.10)
Then limy,_,q a?’j = limy,_o 5}1,9 = 0. In particular, if Nyj € H?(2) and Dsg € H?(2), the error estimates
o} ; < Chand B}, < Ch (4.11)

are satisfied (cf. [13] [16]).
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Lemma 4.5. Let (f1,71,91) and (f2,72,92) be arbitrary in L?() x H~Y/2(dQ) x Hi/Q((‘?Q). Then the
estimates

[NF G *N;;J'QHHI(Q) <Cnx (||f1 — follpz(o) + Il *jQHHﬂ/g(GQ)) (4.12)
and

||D}L191 - D?292HH1(Q) <Cp (”fl - f2||L2(Q) + |lg1 — 92HH1/2(3Q)) (4.13)
hold for all h > 0.
Proof. According to the definition of the discrete Neumann operator, we have for all " € V{L’O that

Jo QVNTGi - Vo = (Give") + (fi, ") with @ = 1,2, Thus, &k := N} j1 — N}, j2 is the unique solu-

tion to the variational problem fQ QVOL - Vo' = (ji ,j2,7¢h> + (f1 — fg,goh) for all o € Vﬁo and so
that (4.12) is satisfied. Likewise, we also obtain (4.13]). The proof is completed. O

Lemma 4.6. Let (’Th") be a sequence of triangulations with lim, . h, = 0. Assume that (js,,9s,) is a

sequence in H~/2(9Q) x Hi/Q(GQ) convergent to (js, gs) in the H=/2(0Q) x H'/2(99Q)-norm and (f,) is
a sequence in L*(Q) weakly convergent in L?(Q) to f, then there holds the inequality

liminf 73 (f,) 2 J5(f). (4.14)

Proof. The proof is based upon the mollification operator introduced in Lemma together with standard
arguments, therefore omitted here. O

We now show the convergence of finite element approximations to the identification problem.
Theorem 4.7. Assume that lim, . h, =0 and (6,,) and (p,) any positive sequences such that
h h
O «@ f? it B f? t
—0, =L -0 and 12L&
vV Pn \VPn VvV Pn

where a??ﬁ and ,B??gf are defined by ([E10). Furthermore, assume that (js, , gs, ) is a sequence in H~/2(9Q) x
<1/2(39) satisfying

pn — 0, — 0 as n — oo, (4.15)

szs” - jTHH*”%@Q) + H95n - gTHH1/2(8Q) < dn
and fp, = f;’ 5, s the unique minimizer of (’Pg 5n) for each n € N. Then:
(i) The sequence (f,) converges in the L*(Q)-norm to fT.
(i) The corresponding state sequences (N;L:jan) and (Dgﬁ:g(sn) converge in the H'(Q2)-norm to the unique

weak solution ®F = &T (fT,jT, gT) of the boundary value problem (1.1)—(1.3).

Before going to prove the theorem, we make the following short remark.

Remark 4.8. In case the weak solution ®f = & (f‘L,ij, gT) of (1.1)—(1.3) belonging to H?(12), the estimate
(4.11) shows that 0 < o/;;‘,ﬁ, ,BljfgigT < Chy,. Therefore, in view of (4.15)), the above convergences (i) and (ii)
are obtained if the sequence (p,) is chosen such that

n n

— 0 and — 0 asn — oo.

n Pn

pn — 0,

By regularity theory for elliptic boundary value problems, the regularity assumption ®f € H?(Q) is satisfied

if the diffusion matrix Q) € Co’l(Q)dXd, gt e H/2(090), gt € H?/2(09) and either 052 is smooth of the class
C%! or the domain 2 is convex (see, for example, [20, 44]).
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Proof of Theorem[4.7 We have from the optimality of f,, that
Tot (fn) + pullfn = £ I72(0) < T3 (F1) + pall 11 = £ 11220 (4.16)
Since at fT there holds the equation /\ffij = fogT, we infer from Lemma that

g (84 (i) + (5n,) ) (4.17)
which implies from (4.16)) that lim, . J. ;:L" (fn) = 0 and, by the assumption (4.15)),
s o = £y < 15— £l (418)

So that the sequence (f,) is bounded in the L?(2)-norm. A subsequence not relabelled and an element
f € L?(Q) exist such that (f,) converges weakly in L?(Q2) to f and

= 2 . X
[ HL2(Q) < hnnfigf [ fn—f ”%2(52)' (4.19)
For any f € L2( ) we denote by Jo(f) = [, QV (NpjT —Dyg') - V (Nyjt — Dsg') . By (L7), we have
H/\/'A gTHHl(Q) < 1&5’;@\7 ﬂ 1&5’? liminf,,_, o ‘75};" (fn) = 0, here we used Lemma Thus,
./\f fg‘L which infers f € I( ) . Now we show f: fT and the sequence (f,,) converges to fin the

L2 (Q) -norm. By the definition of the f*-minimum-norm solution and (| m*m» we get that

1= £y < I1F = 12y < lminf £ — Pz < limsup |l fu = /1720 < 1 =

and so that || fT — f*HL2(Q) = Hf —f* ||L2(Q) =limy o0 || frn — f* H%Z(Q). By the uniqueness of the minimum-
norm solution and the sequence (f,) weakly converging in L?(Q) to j?, we conclude that f = f1 and the
sequence (f,) in fact converges in the L2(Q)-norm to f. Finally, we show the sequences (N ;ln" Js,) and
(D’;:g[;n) converge to ®' = Ny jT = Dyig' in the H'(Q)-norm. Indeed, by Lemma H, we obtain that

s~ < s -]

HY(Q) —

|t = At

H(Q) H(Q)

<C (||j5n _jTHH—l/?(é)Q) + |0 - fTHL"‘(Q) + O‘??,ﬁ) — 0 as n — oo.

Similarly, we also get HDf g5, — DngTHHl <€ (Hg(; L[ A . +5?;ygT> 0 as

n tends to co, which finishes the proof. O

5 Convergence rates for the discretized problem

We are now in a position to state the main theorem on convergence rates for the general case of finite element
discretized regularized solutions with noise level (§ > 0 and h > 0). The source condition (3.5) will play a
prominent role in this context.

Theorem 5.1. Assume that the condition is fulfilled. Then, we have the error estimate and convergence
rate

HN;thé fhgtsH +0Hfh—fTHi2(Q)

HL(9)
2 2
:O<‘52 (i) + (Fhnar) +p@ﬁ/wjf+p@7vfw+ﬂ@%owwjf-gf+5p+02>a (5.1)

where fh = f/% is the unique minimizer of (P;Lﬁ) and DoyNyjt — gt is the unique weak solution to the
Dirichlet problem

-V (QVU) =0 Q andv = vajT —g" on 09

ond 1 84 o 050 a0 0y come from (T) and (ETO).
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Remark 5.2. In case (cf. Remark N1, NowiT, Doy Nwit — gt € H(), by and ([£.11)), we have
0 <o i1, B gts it levffﬁ, 0o jt—gt < Ch
and so that the following convergence rate is obtained
s - D,@hgsu;(m ol £ = [}y = O (5% + b+ hp+ b+ p?)
Remark 5.3. Let & = &f (fT,jT,gT) be the weak solution of 7. Then the convergence rate

IR e ol

HHl(Q) HY(Q)

2
=0 (52 T (O‘?tﬂ) o (ﬁ]ftg?) P+t Qkffm + 0Nt —gt O+ PH A+ ﬁ?tg*)
is also established. Indeed, the desired equation directly follows from (5.1)) and the following inequalities
ho. -+ L h ot h
[Wikis =513ty <€ (5 = 3" ls-sr5c0 + 18" = £ oy + 1)
h T h
<O (847" = 7 ey + o)

and Hthg(; — fogTH (5 + ||fh fTHLQ(Q) + ﬂ}ﬂygf) , here we used Lemma

2 2
Proof of Theorem [5.1] In view of ({.17)) we first have that Jj*(fT) < C (52 ( ol ) + (,B?tgf) ) . The

optimality of f" yields jéh(fh) + prh - f* LZ(Q) < j(;h(fT) + prT — This gives

L2(Q)
T + ol = ey < T +0 (||fT = gy = 17" = £ oy + 1" - f*||iz(m)
<C (52 + (a?w)z + (5?T,gf>2> +20 (f1 = f fT = ). (5.2)
Since Ny1j = Dyigl, it follows that
(FT=r T =) = (1 = 2 Nwit = Nyt + (FF = . Dyrg" — Dug') . (5.3)
From (L.10), we infer
(f1, Nuwjt = NpijT) = /Q QVNy1jt -V (Noit = Npiit) = (o Wit = Np5T))
and
(" Nad! = Npd") = [ QUNpuit - (Wit = Npes') = (0117 (s = M)
This in turn implies
(ST = 1" Nuwgt = Ny jT) = /QQV (Mgt = Npngt) -V (Nog" = Ny i)
= /Q QV (Nyi5" = Dprg') - V (Nuj' = Nyig") + /Q QV (Dyng" = Nypnj) -V (Mg = NpijT) . (5.4)
Since v (Dy1g" — Dug') = 0, it follows from that

(ff = f",Ds1g" — Dugh) :/Qv (Dsigt —Dprg") -V (Dsig' — Dug’) (5.5)
Q

15



holds. We thus infer from 7 the identity
(ff=fff=f"= /QQV (Dprg" — Npnjt) -V (N — Ni57)
+/ QV (Ny1jt = Dyng) - V (Nujt = Ny 1) +/ QV (Dsig" —Dyng') -V (Dyig" — Dug') . (5.6)
Q Q

We note again that NijT = DngT and ~ ’DngT — thgT) = 0. Then, together with (1.10) and (1.11]), the
last two terms on the right hand side of (5.6]) satisfy

/QQV Nyt = Dpng) -V (Nost — NpijT) + /Q QV (Dsigt —Dyng') -V (Djig' — Dyugt) = 0.
Thus, we obtain from
(1 =18 = 1) = [ @ (Dpg! = Npus) - Wai' = Npis').
Next, we abbreviate W = N, jT — Ay jT and note

YW = yNyjt — gt (5.7)

Then we get
(ff = fT = 1) = /QQV (Dyng" ~ Dhugt) - W = /Q QV (Njujt = M) - v
+ [ QV (D’ = Dhugs) - W = [ @V (Afui! = Afss) - vW
+/§;Qv (D?hgé_./\/?h]é) VW =11 + I + I5. (58)
To prepare the estimation of those three addends we start with writing
/Qv (th,gT —D’;hgT) VW
o ‘
- /QQV (thgT — Dj&h,gf) VDA W + /Q ov ('thgT _ D;thf) VI (W — Doy W)
+ / QV (th,gT — D?hgT> V(W = DoyW — T (W — DoyW)) .
Q
Since Dyng' — Dl g" € Hg (), we then get
/Q OV (thgT - D?hgf) VDW= /Q QVDAW -V (th,gT _ D?hgT) —0.

Since v (W — DoyW) = AW — yDyW = W — yW = 0, we infer II? (W — DoyW) € VI, = VI 01 H} ()
and then obtain from and ([4.3) that [, QV (thgT - D}lhgf) - VII" (W — DyyW) = 0 holds. Hence
we have

t_ph ).
‘/QQV (Dyrg" — Dhug') VW‘
= ’/ Qv (thgT - DJ’%hgT) V(W = DoyW — I8 (W — DWW))‘
Q
<C (||thL2(Q) + ||gT||H1/2(6Q)) (Qﬁ[ij + 97\/ij* + Q%o'yijT—gT> ) (5.9)

where we use (5.7). Similarly, since II?W € V? and by (1.10) and (4.1]), we get

[ @7 (Npnit =) | <. (1 iy + 137 o) (s + i) (510
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Now we are in the position to estimate I; — Is. Combining ([5.9) with -, we obtain

2 2
h h h h h
pl| < C ((52 + (Otff’ﬁ) + (Bff’g]‘) +POn, it T PON i jt + pQngijTgT) . (5.11)
Now, using Lemma [£.5 we arrive at

plL| < Cp (||95 = 9 120y + I35 = jT||H_1/2(aQ)) < Cép. (5.12)

Since for a.e. in © the matrix Q(x) is positive definite, the root Q(z)'/?

the Cauchy-Schwarz inequality and Young’s inequality, we estimate I3 as

is then well defined. Thus, using

1 1
plls| < Cp (T (M) < €202 + LT (1) < Cp* 4+ LT (I"). (5.13)
It follows from and - - that
2p (f —f*,fT —fh)
2, h 2 h h h 2 L ohyen
<C (5 ( Qpy ]f) + (5ﬂ,gf) + PO, it +PQNNT + POPgy N jt—gt T PO+ P ) + 5«75 (f )
holds, which together with implies
1 2
§jéh(fh) +ol " - fTHL?(Q)

2
=0 (62 ( rti ) + ('6.?*79*) + pgjl\fwﬁ + PQﬁ/ijf + pQ%OryijT_gt + pd + p2> . (5.14)

Since HD hags — N js H < CJ(f"), (1) now directly follows from (5.14), which finishes the proof. [J

H(Q)

6 Conjugate gradient method and numerical test

In this section we will utilize the conjugate gradient (CG) method (see, for example, [21] 26]) to find the
minimizes of the strictly convex, discrete regularized problem (Pg’(;). Let VY% 5(f) =2 (N 15 — D}Lg(;) +
2p(f — f*) be the L?-gradient of the cost function T’p”(; at f (see Proof of Theorem , where f* € VI
Then the sequence of iterates via this algorithm is generated by f° € L2(Q) N VI and f5*1 := fF +tkd* for
k > 0, where

VYR S(fF) if k=0, IVTh ()17
dv = 0,0 with % .= —— 2%~ and tF .= in TP S (fF + td®).
{—VTZ,a(f’“)Jrﬁ’“d’“—l k>0 T o (e T Yo
A short computation shows that
o QY (VO - DR0) -V (M~ Dhgs) + o (@505 = 1) (45 VT(Y)
Jo @V (N0 = DB0) - V (N0 = DB0) + p ¥ 720, 2 (%, N0 = D.0) + pl|d* ]| 720

Consequently, the CG method then reads as follows: giving an initial approximation f € V} number of
iterations N and a positive constants 71, 72. Computing

0|2
141220

1
VT55(F%) =2 (Njods = Djogs) + 2p(f° = f7), d° = =V 5(f%), 1 = 3
ps ( f f ) Ps 2 (dO,NdhoO _DZOO) +P||d0||2L2(Q)

and setting

fr=f"+td" and k =1, Tolerance := HVThy(;(fk)Hm(Q) -7 — T2’|VTZ75(JCO)HL2(Q)
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while (Tolerance > 0) & (k < N) do

r

_ _ 2 2
r= ||VTZ76(fk I)HLz(Q); r= ||VTZ,5(fk)||L2(Q)7 6k: 7
! (@, v s ()

dk _ *VThé(fk) +ﬂkdk71, tk [
2 2 (d*, N30 — Dh0) + pl|d*|3

)

FRHL gy gk gk
k:=k+1, Tolerance:= |‘VTZ,5(fk)HL2(Q) -7 — TQHVTZ}(;(fO)HLz(Q).

end
Algorithm 1: CG iteration

Below we illustrate the theoretical result with numerical examples. For this purpose we consider the the
boundary value problem
-V (QV®) = flin Q:=(-1,1) x (-1,1), (6.1)
QV® -7 =j' on 9N and ® = g' on 9. (6.2)
We assume that entries of the known symmetric diffusion matrix @ are discontinuous which are defined as
q11 = 3Xay; T Xo\Qu1r 912 = XQi2y 922 = 4X0s T 2X0\ Qa0 where xp is the characteristic function of the
Lebesgue measurable set D and
Oqq = {(1‘1,1‘2) € ‘ |$1| < 1/2 and |.132| < 1/2}, Qo = {(33‘1,.132) cQ | |$1‘ + |J)2| < 1/2} and
Qap = {(1,32) € Q| x} +a3 < 1/4}.

The identified source function ff € L2(Q) in (6.1) is assumed to be discontinuous and defined as

5%

fT =2x0, — X0, + m){ﬂ\(ﬂluﬂg)v

where

O = {(21,22) € Q| 9(x1 +1/2)* +16(x2 — 1/2)* <1} and
Qo == {(z1,22) € Q| (21 — 1/2)* + (22 + 1/2)? < 1/16} .

For the discretization we divide the interval (—1, 1) into £ equal segments and so that the domain Q = (—1,1)?
is divided into 2¢? triangles, where the diameter of each triangle is hy = #. In the minimization problem

(’Pg’é) we take h = hy and p = py = 0.01h,. We use Algorithm |1| which is described above for computing

the numerical solution of the problem (P;L; 50

choose f* :=0 and fo(x) = X(0,1]x[=1,1] — X[-1,0]x[-1,1]-

). As an a-priori estimate and the initial approximation we

Example 6.1. In this first example 5T € H~/2(99) is chosen to be the piecewise constant function defined
by
35 = X01)x{=1} = X[=1,0x {1} F 2X(0,1]x{1} — 2X[~1.0]x{~1}

(6.3)
+ 3X {1} x (1,00 — 3X{1}x(0,1) T 4X{13x(=1,0] — 4X{=1}x(0,1)-

Then ¢ € Hi/2(8Q) is defined as ¢gf = VJ\/ijT. We mention that, to avoid a so-called inverse crime, we
generate the given data on a finer grid than those used in the computations. For this purpose we first
solve the problem supplemented with the Neumann boundary condition in (6.2]) on the very fine grid
with ¢ = 128, and then use this numerical approximation as substitute for (j7,g") in our computational
considerations below.

For observations with noise we assume that

(450> 95,) = (jT +6,- Rﬁ,gJf +0;-R,t) forsome 6, >0 dependingon ¢, (6.4)
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where Rj+ and R+ are OM he x 1-matrices of random numbers on the interval (—1,1) which are generated by
the MATLAB function “rand”, and 9M"* is the number of boundary nodes of the triangulation 7"¢. The
measurement error is then computed as §; = ||j52 - jTHLQ(am + Hgak - gTHLZ(aﬂ)' To satisfy the condition

O¢ - pe_l/2 — 0 as £ — oo in Theorem we below take 0, = hy\/pe.

We start with the coarsest level £ = 4. At each iteration k& we compute
Tolerance := VX0 5, (f£) || 2y = 71 = 72V T50 5, (F) | L2

where 7 = 10_6]1;/2 and 7 = 10_4h;/2. Then the iteration was stopped if Tolerance < 0 or the number
of iterations reached the maximum iteration count of 600. After obtaining the numerical solution of the first
iteration process with respect to the coarsest level £ = 4, we use its interpolation on the next finer mesh £ = 8
as an initial approximation f° for the algorithm on this finer mesh, and proceed similarly on the preceding
refinement levels.

Let f; be the function which is obtained at the final iterate of Algorithm [I] corresponding to the refinement
level £. Furthermore, let Nhe £ Joe and Df g5, denote the computed numerical solution to the Neumann and
Dirichlet problem

~V - (QVu)

= frin Q and QVu -7 =js;, on 92 and -V

-(QVv) = fr in Q and v = g; on 99,

respectively. The notations N hf 4t and D?ﬁ g' of the exact numerical solutions are to be understood similarly.
We use the following abbreviations for the errors

L2 = Hff f! HL2(Q)’LN H
D = HD};fgéz

and

S Jor — Nh JrHL‘Z(Q)7 ” ) Joe TjJrHHl(Q)

DjTgTHL?(Q) Hp, = ||Dfeg5/z Dth ||H1(Q

The numerical results are summarized in Table [[]and Table [2] where we present the refinement level ¢, mesh
size hy of the triangulation, regularization parameter p;, measured noise dy, number of iterations, value of
tolerances and errors L%, LY, L3, H), and Hyp. Their experimental order of convergence (EOC) is presented

in Table where EOCg := In 91(}2) }ng(hﬂ
nhny —Imhno

All figures presented correspond to ¢ = 64. Figure[I]from left to right shows the computed numerical solution
feo of the algorithm at the final 579th—iteration, and the differences J\/ it — N ;Lf 760 D?f gt — D?j g5, and

and ©(h) is an error function of the mesh size h.

Dl gs, — N7 js, -
Convergence history
V4 he pe ¢ Iterate | Tolerance
4 10.7071 0.7071e-2 | 0.1916 312 -3.0822e-5
8 | 0.3536 0.3536e-2 | 9.3172e-2 | 387 -1.2739e-6
16 | 0.1766 0.1766e-2 | 4.1174e-2 | 461 -1.4029e-6
32 | 8.8388e-2 | 0.8839e-3 | 2.0932e-2 | 505 -1.8559e-7
64 | 4.4194e-2 | 0.4419e-3 | 7.2765e-3 | 579 -7.3540e-9

Table 1: Refinement level ¢, mesh size hy of the triangulation, regularization parameter p;, measurement
noise &g, number of iterates and value of Tolerance.
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Convergence history
¢ | L2 L3 L% HY, HY
4 | 0.5215 2.0441e-2 | 2.0396e-2 | 6.9952e-2 | 6.9713e-2
8 | 0.3309 6.3175e-3 | 6.3083e-3 | 3.1374e-2 | 3.1311e-2
16 | 0.1915 2.0132e-3 | 2.0122e-3 | 1.7276e-2 | 1.7243e-2
32 | 0.1073 5.5434e-4 | 5.5426e-4 | 8.9136e-3 | 8.9130e-3
64 | 5.2568e-2 | 1.4669e-4 | 1.4666e-4 | 3.9352e-3 | 3.9347e-3

Table 2: Errors Lfc, L3, L%, Hyr and Hy,.

Experimental order of convergence
l EOC,; | EOC,g | EOCyy | EOC,y | EOCyy
8 0.6563 | 1.6940 | 1.6930 | 1.1568 | 1.1548
16 0.7891 | 1.6499 | 1.6485 | 0.8608 | 0.8607
32 0.8357 | 1.8606 | 1.8601 | 0.9547 | 0.9520
64 1.0294 | 1.9180 | 1.9181 | 1.1796 | 1.1797
Mean of EOC | 0.8276 | 1.7806 | 1.7799 | 1.0380 | 1.0368

Table 3: Experimental order of convergence between finest and coarsest level for L2, LJQV, L%, HJ{/ and H3,.

Figure 1: Computed numerical solution f; of the algorithm at the final iteration, and the differences ./\/;Lf gt —

he . oh h h he -
Nl jse, Dyigh — Dyl gs, and Dyl gs, — Ny s,

Example 6.2. In present example we assume that multiple measurements are available, say ( jg, gf;)

i=1,..,I'
Then, problem (77;‘,5) in Sectionis given by

1
_ 1 ) . ) . _
in Th (f):= min [ =Y [ QV (N}j; - Dhg;) -V (N}is — Dligi - I3 "
&t Yoo = Ioin, Ii_l/QQ (N5ds = Dyga) -V W5 = Pigs) +o 1l = I lliee) (PM)’

::jgh(‘I)

which also attains a solution f;‘ s- The Neumann boundary condition in the equation (6.2) is chosen in the

same form as (6.3)), i.e.

ng,B707D) =A-Xo01x{-1} — A X[—1,0x{1} + B X0,1x{1} — B X[=1,0/x{~1} (6.5)

+C X—13x(=1,00 — C - X{13x0,1) T D - Xq13x(=1,00 — D - X{=1}x(0,1)>
and depends on the constants A, B,C and D. Let gELA B.C,D) ‘= ’nyijrA B,C.D) and assume that noisy
observations are given by

.(A,B,C,D) (A,B,C,D)\ _ (.t T
(.]55 7952 ) - (J(A,B,C,D)—’—H'R‘T 7g(A’B’C’D)+9'R T >7 (66)

J(a,B,c,D) 9(A,B,C,D)
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where R and R i denote OM"™ x 1-matrices of random numbers on the interval (—1,1).

J(a,B,c,D 9(a,B,c,D)
Different from , the constant 6 appeared in the equation is now independent of the grid level /.

In the case (A4,B,C,D) = (1,2,3,4) we have a single noisy measurement couple, i.e. I = 1. We now
fix D = 4, and let (A, B,C) take all permutations S3 of the set {1,2,3}. Then, the equations 7
generate I = 6 measurements. Similarly, if (A, B, C, D) takes all permutations Sy of {1,2, 3,4} we get [ = 16
measurements. With 8 = 0.1 and £ = 64 we compute the noise level

}1’3}2272’374) - jgl,2,3,4)HL2(BQ) + ‘{98727374) - 921,2,3,4)||L2(89) if (A,B,C,D)=(1,2,3,4),
5 = 6 Z(A,B,C)ESs szgf’B’CA) - j(TA,B,cA)HLz(aQ) + Hg((Sf’B’C’LL) - 92A,B,C,4)’ L2(09) it D=4,
16 2 (AB,C,D)ES: Hj(ng’B’C’D) - ng,B,C,D)HLQ({)Q) + HgfsfyB’C’D) - Q(TA,B,C,D)HH(aQ)'

The corresponding numerical results for the multiple measurement case are presented in the Table [

Numerical results for ¢ = 64, § = 0.1 with multiple observations
I | Iterate | Tolerance e L3 L3 L2 Hy, Hi,
1 | 531 -3.2313e-8 | 0.3292 | 0.3280 | 5.9096e-3 | 5.9090e-3 | 0.1225 0.1221
6 | 517 -7.1620e-9 | 0.3331 | 0.2583 | 4.3125e-3 | 4.3122e-3 | 7.9322e-2 | 7.9320e-2
16 | 536 -6.4706e-8 | 0.3289 | 0.1747 | 2.8465e-3 | 2.8461e-3 | 5.2318e-2 | 5.2314e-2

Table 4: Numerical results for £ = 64, 8 = 0.1, and with multiple measurements I = 1,6, 16.

Finally, in Figure [2| from left to right we show the interpolation I {” f1 of the exact source and the computed
numerical solution g, of the algorithm at the final iteration for £ = 64, § = 0.1, and I = 16, 6, 1, respectively.

15
2 2,
1 { i % 1
0 0s 0
1 Bt
13
2 2
i ~J, - 1
o 1 05
05
~ 0
05 N s *
1Ta

Figure 2: Interpolation I{Le fT, computed numerical solution f; of the algorithm at the final iteration for
£ =064, 0 =0.1, and with multiple measurements I = 16, 6, 1, respectively.
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