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Abstract

Covering ill-posed problems with compact and non-compact operators regarding the degree
of ill-posedness is a never ending story written by many authors in the inverse problems
literature. This paper tries to add a new narrative and some new facets with respect to
this story under the auspices of the spectral theorem. The latter states that any self-adjoint
and bounded operator is unitarily equivalent to a multiplication operator on some (semi-
finite) measure space. We will exploit this fact and derive a distribution function from the
corresponding multiplier, the growth behavior of which at zero allows us to characterize the
degree of ill-posedness. We prove that this new concept coincides with the well-known one for
compact operators (by means of their singular values), and illustrate the implications along
examples including the Hausdorff moment operator and convolutions.

1 Introduction

Let T : X — Y be a bounded and injective linear operator with range ran(7"), which is mapping
between infinite dimensional separable real Hilbert spaces X and ). In this study, we consider
the operator equation

Tu=g (1)

that is ill-posed in correspondence with the fact that ran(T) is assumed to be a non-closed subset
of Y. In the seminal paper [27], the case of compact operators T' well-studied in the literature was
called ill-posedness of type II, and their strength of ill-posedness is clearly expressed by the decay
rate of the singular values of T'. The majority of occurring linear ill-posed problems (e.g., Fredhom
and Volterra integral equations of first kind over some bounded domain in R¢ as well as history
match problems for the heat equation with homogeneous boundary conditions) belong to that type.
Such problems with compact forward operators are extensively analyzed in the inverse problems
literature, see e.g. [22, 25, 28]. In the Hilbert space setting, the alternative ill-posedness of type I
is characterized by non-compact operators 1" with non-closed range and arises for convolution
operators on unbounded domains (see Subsection 4.2 below) as well as for Cesaro operators (cf.,
e.g., [4, 5, 23]) and in the context of the Hausdorff moment problem (see Subsection 4.1 below).
The absence of singular values makes the things more difficult for non-compact 7. Therefore, it is
our goal to make a suggestion for characterizing the nature of ill-posedness by means of spectral
properties of the operator T for both types of ill-posedness in a unified manner

An illustration of those operators which are in our focus is given in Figure 1 at the end of
this introduction. Let us briefly explain here this illustration of operator situations considered in
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the paper at hand. If T : X — ) is an injective, bounded linear operator, then T%7T : X — X
is positive and self-adjoint and has as a consequence of Halmos’ spectral theorem from [10] a
spectral decomposition with a multiplier function A on some measure space (2, 1) (see Section 3
for details). Under the auspices of the spectral theorem, we will classify the operators T' by means
of properties of the multiplier function A. Our focus is on the classification of ill-posed situations
that are indicated by the occurrence of essential zeros of the function A. Such ill-posed problem are
characterized in Figure 1 by two areas marked hatched in red. The right crescent of this red area
is devoted to the subcase of compact operators (type II ill-posedness), whereas the left part of the
red area is reserved for non-compact operators (type I ill-posedness). However, we have to exclude
the subsituations (A), (B) and (C), marked in black. First the exclave area (A) in black expresses
the case of non-compact operators, where the measure u(f2) is finite (Assumption 1(a) below is
violated). This case is widely discussed in the literature, in particular for multiplication operators
on X = L?(0,1) with Lebesgue measure u = piren, and we give an overview of literature and
specific approaches for that subcase in the appendix. The second black half-circle (B) in Figure 1
collects exceptional situations, where the corresponding distribution function ® (see formula (7))
is not informative and Assumption 1(b) below is violated. Such situation is made explicit in
Example 5 below. It also occurred in [16, Example 1] in form of a diagonal operator in ¢2, where
only a subsequence of the diagonal elements tends to zero. The last small black semi-circle (C)
is reserved for possibly occurring situations, where p cannot chosen to be the Lebesgue measure
ULeb on some subset of I (Assumption 2 is violated). All three cases marked in black are beyond
our focus of this paper.

positive self-adjoint linear operators in X

ill posed-case
essinf,co A(w) =0

well posed-case

essinfeq A(w) >0 compact case

Figure 1: Hlustrative preview of occurring case distinctions

The paper is organized as follows: In the following Section 2 we recall the well-known concept
of the degree of ill-posedness for compact operators and derive equivalent characterizations of the
important interval of ill-posedness. Section 3 is devoted to the non-compact case. We there state
the Halmos version of the spectral theorem to be used in the following, define the corresponding
distribution function, and illustrate along examples how it can be used to define the degree of
ill-posedness. Afterwards, we give our definition and relate it to the compact subcase. Since the
focus of our studies is on multiplication operators on infinite measure spaces, a glimpse of the finite
measure case is given in an appendix. In Section 4 we discuss examples such as the Hausdorff



moment operator and convolutions and derive their degree of ill-posedness. Section 5 is briefly
devoted to the case of unbounded operators, which in principle could be handled similarly. We
end our manuscript by a brief conclusion and outlook in Section 6.

2 The degree of ill-posedness for compact operators

To get a blueprint for an application to non-compact operators, we consider in this section compact
and injective linear operators T : X — ) mapping between infinite dimensional Hilbert spaces X
and Y that lead to ill-posed operator equations (1) of type II in the sense of Nashed. They are
well-studied in the literature. These studies include reasonable definitions for moderately, severely
and mildly ill-posed problems as well as for the degree of ill-posedness, which should be extendable
to ill-posendness of type I.

For injective compact operators T' leading to ill-posedness of type II, the degree of ill-posedness
is typically defined by means of the singular value decomposition. Recall, that there exists a
uniquely determined singular system {(un,Vn,0n)},cy of T such that {un}, .y is a complete
orthonormal system in X, {v,}, cy is a complete orthonormal system on the range ran(7’), and
01> 09 > ... > 0, > ... are the corresponding singular values obeying the conditions

Tu, = 0pUn, T*vy, = Optin (n €N).

The ill-posedness of T is due to the fact that lim, o, 0, = 0, and the decay rate of {0, }nen
indicates the severeness of this ill-posedness. The first case of a polynomial decay of singular values
for compact operators is well-known in the literature as moderate ill-posedness (cf., e.g., [12])),
the second case of an exponential decay as severe ill-posedness (cf., e.g., [6]). The third case of a
logarithmic decay can consequently be characterized as mild ill-posedness (cf., e.g, [1]).

For a refinement of ill-posedness measurements, in [19] (see also [16]) an interval of ill-posedness
was introduced, which turns out to be helpful also when generalizing the degree of ill-posedness
to non-compact operators. All the above nomenclature can be expressed by means of this interval
as collected in the following definition:

Definition 1. Let T : X — Y be an injective and compact linear operator between infinite-
dimensional Hilbert spaces X and ), and let o, be the corresponding singular values. We define
the interval of ill-posedness of T as

- IOg(Un) - log(an)

Ay, By] := |liminf , i 0, 00]. 2
[ ) i log(n) l,rlriso%p log(n) < [0,09] @
Furthermore, we call the ill-posed operator equation (1) mildly ill-posed whenever A, = B, =0,
severely ill-posed whenever A, = B, = 0o, moderately ill-posed whenever 0 < A, < B, < oo,

and ill-posed of degree s >0 if A, = B, = s € (0,00).

Example 1 (Riemann-Liouville fractional integration of order av > 0 (cf. [33])). For the family
of the compact operators T := J* : X = L?(0,1) — Y = L?(0,1) defined as

_ t)afl

[JY2](s) := /OS (SFT:E(t) dt (s €[0,1]),

—log(om) _

we have that o, < n™* as n — oo, and (1) is ill-posed of degree s = «, since lim,,, og() . —

Example 2 (Multivariate integration in the d-dimensional case (cf. [14])). For the compact inte-
gration operator T := J : X = L2((0,1)4) — ¥ = L?((0,1)?) defined as

[Jax](S1, ey Sa) == /051 .../OSd x(tyy .y ta) dtg...dty  ((s1,...,8q4) € (0,1)%),

_ llog(m)*~!

we derive that o, as n — oo, and (1) is ill-posed of degree s = 1 (independent of the

d—1
_log(losmlThy

dimension d € N), because lim,,_, oo

log(n)



The aim of the paper at hand is to extend the above definition to the case of non-compact
operators T' leading to ill-posed operator equations (1) of type I. To do so, several issues have to be
considered. First of all, a non-compact operator does not possess a singular value decomposition.
This can be handled by considering the self-adjoint operator T*T : X — X instead, which possesses
a spectral decomposition to be discussed below. However, the lack of singular values for T' (or of
eigenvalues for T*T) still requires further amendments, since no decay rate can be defined directly.
The idea we will elaborate therefore can be explained in case of compact linear operators as now
described. Following [3], we define the counting function ® : (0,00) — R as

Ple)=#{neN: o2 > ¢} (e>0). (3)

Then the degree of ill-posedness can also be measured by the rate of increase of ® as € \, 0.
Obviously, it holds ®(e) = 0 for € > 0?2 = ||T*T||, 0 < ® (¢) < oo for all 0 < € < 07, and the limit
condition lim,, .+ 0, = 0 indicating ill-posedness transforms into lime\ o D(e) = o0.

Theorem 1. The interval of ill-posedness of T is given by

o log(e . log(e)
Ay, B, = |1 f————1 ECSVNZ Y7ATY
[ J= it ey TP T3 iog (00))

Proof. For brevity, we denote

Lo log(e) . log(€)
Ag = liminf —21__ By =1 ) S
@ = g (@(0)” ©E R “210g (2(e)

With this notation, we have to show that [A,, B,] = [As, Ba|, which corresponds to Ae = A,
and Bq> = BU.

By definition, for every 6 > 0 there exists N3 = N1(d) such that 7115’5((7;7)") > A, — 0 for
all n > Nj. This implies o, < n%=4s for all n > N; and hence

{n€N|n2N1,Ji>e}Q{nENMLZNl,n%_QA“>e}.

This implies
1 Z(Aiffs)
D(e) SH#{NeN|n? 247 5 ) < <—>
€
as € \( 0. Consequently —2log(®(e)) > —2m log (1) = 5= log(e) as € \, 0, and since
log(e) < 0 in this limiting process, we obtain

lim inf ﬁ > A, — 0.
0 —2log (D(e))

Letting 6 — 0 shows Ag = liminf.\ o %&2(5)) > Ag.

By definition, for every § > 0 there exists ¢y > 0 such that %&2(6)) > Ag — 0 for all

1
0 < € < €o. This implies (for § < Ag, which we can assume w.l.o.g.) that ®(e) < (1)2“e=9
for all 0 < € < ¢, and consequently o, < n®~4® as n — oco. This implies A, > Agp — 6,
which by ¢ N\, 0 yields Ag < A,.

The proof of B = B, follows similarly. O

Corollary 1. Let T : X — Y be an injective and compact linear operator between infinite-
dimensional Hilbert spaces X and Y, and let ® its counting function as in (3). Then the interval
of ill-posedness of T is given as

o logle) log(c)
Aas. Basl := |1 f——————1 9100 (B(e))
Ao, Bal := | gl = @) "5 "olog (2(0)) |



and the operator equation (1) is mildly ill-posed whenever Ag = Bg = 0, severely ill-posed when-
ever Ag = Bg = 00, moderately ill-posed whenever 0 < Agp < Bg < oo, and ill-posed of degree
$>0if Ap = By = s.

As mentioned before, the counting function ® as introduced by formula (3) received some
attention when studying statistical inverse problems before, see [3]. The above corollary is advan-
tageous whenever ® can be computed directly without knowing the singular values o,, explicitly.
An example for this is the following situation. Consider the negative Laplace operator —A on some
compact, smooth Riemannian manifold S of dimension d. Then it follows from Weyl’s asymptotic
law (see [32], Chap. 8, Thm. 3.1 and Cor. 3.5) that the counting function

NQA) =#{ieN|\ <A}

of its eigenvalues \; satisfies
vol(S) P
ﬁ)\ 2,

see also Sect. 5 in [3]. Consequently, if 7*T can be written as T*T = © (—A) with a monotonically
decreasing function O satisfying lim;_, ., ©(t) = 0, we obtain

N(A

B (c) ~cs (071 ()% . (4)

Example 3 (Inverse of negative Laplace operator in the d-dimensional case). For the special case
O(t) = t72 (t > 0) of formula (4), we find for all d € N that the self-adjoint compact operator
T*T = (—A)_2 on the manifold S corresponds to the counting function ®(e) ~ cg ¢~ 4. This
log(e)
—21og(®(e))
degree s = 2/d, which (in contrast to the multidimensonal Example 2) strongly depends on the

space dimension d of the manifold S under consideration.

yields the limit condition lime o = % and indicates that the problem is ill-posed of

The above theorem and the derived corollary show that we can express the degree of ill-
posedness in the compact case equivalently by means of the counting function ® from (3). In the
following, we will use this as a blue-print to consistently extend the corresponding definition to
the non-compact case under certain restrictions.

Remark 1. For Example 3, solving the operator equation (1) requires to find u = (—A)g, which
means that second partial derivatives of g have to be calculated. The factor 2 in the degree
of ill-posedness s = 2/d seems to express this. Namely, for the compact embedding operator
T : H?((0,1)%) — L?((0,1)%) from the Sobolev space of degree p > 0 to L? in d dimensions we
have singular values as 0, < n~4 (cf.,e.g.,[24, §3c]) implying a degree of ill-posedness as s = p/d,
and just for p = 2 calculations up to second partial derivatives occur.

3 The spectral theorem as a tool for defining the degree of
ill-posedness also in the non-compact case

At this point applying the adjoint operator T* : Y — X for T to the operator equation (1), we
restrict our considerations to the occurring normal equation T*Tu = h for h = T*g to (1) with
the bounded, self-adjoint and positive semi-definite operator T*7T : X — X. Let us mention that
the ill-posedness and the type of ill-posedness of equation (1) carry over to the normal equation.

3.1 The spectral theorem according to Halmos

Moreover, we recall the spectral theorem in multiplication operator form by Halmos [10] and take
into account the additional notes in [9, p. 47] and [35, Chap. VIL.1]. Then the following holds
true for the normal operator T*T : X — X’: There exists a locally compact topological space (2,



a semi-finite (Radon) measure p on Q with finite or infinite measure value u(Q2), a real-valued
function A € L* (Q, u1), and a unitary mapping W : L? (Q, u) — X such that

W*T*TW = My, (5)
with the multiplication operator My : L? (9, u) — L? (Q, 1) defined for all £ € L2(2, i) as

MAE(w) = Aw) - €@) (- ae. on 9). (6)

We note that this existence assertion applies to compact and non-compact operators T : X — ) in
the same way. Due to the positive semi-definiteness of the operator T*7T : X — X, the multiplier
function A is non-negative almost everywhere. Furthermore, its essential range

essran(A\) = {z € [0,00) : p({w € Q: |z — Aw)| < n}) > 0 for all n > 0}

coincides with the spectrum spec(T*T') of the operator T*T (cf., e.g., [9, Theorem 2.1(g)]) and is
hence a subset of [0, [|T*T||] = [0, ||T||*]. Let us mention that the injectivity requirement for T
made throughout this paper implies that p({w € @ : AMw) =0}) =0.

As a consequence of the above mentioned coincidence between spectrum of T*T and the es-
sential range of A, the operator equation (1) is ill-posed if and only if zero belongs to the essential
range of the multiplier function A\. Our goal is to characterize the ill-posedness of the original
operator equation (1) and its associated normal equation by properties of this multiplier function
A in (6) and their implications. However, this is not immediately possible without further restric-
tions, since the spectral decomposition (5) is not uniquely determined for the operator T' as the
following lemma indicates. Note that this observation was already employed in [3]:

Lemma 1. If k: Q — (0,00) is a u-measurable function, then also
W*T*TW = My,
with
fi= K, W:L*(Qp) —&X W=WoM
is a spectral decomposition of T*T.
Proof. First we show that W is unitary. For f € L? (Q, i) we have
(WrWg) = (W) Wiklg)) = (xfrtg)

L2(Q.p)
N /sz“fﬁdﬂ = /Qfgdﬁ =92

since k is real-valued and W unitary. Furthermore, the computation

<Wf’x>x - <W (H%f) ’z>x - <K%f’ W*z>L2(sz,u>
= / ﬁ%f(W*x)du = / ﬁ_%f(W*ac)dﬂ = <f, H_%W*.T>
Q Q

L2(9,70)

shows that the adjoint of W is given by W* = M

K

o W*. This yields finally

1
2

WT*TW =M _,W*T*TWM , =M _y MxM

1 1
K2 K2

— M.
O

Remark 2. The above non-uniqueness will lead to severe problems when defining the degree
of ill-posedness for non-compact T'. To illustrate this, recall that our definition of the degree of
ill-posedness for compact operators via the counting function ® from (3) explicitly relies on the
counting measure pgsc = # in (3). If we allow for other measures, we will obtain completely
different asymptotical behaviors of ®. As an example we next consider a history match problem.



Example 4 (Periodic backwards heat equation).

ou 0? .
au(x,t) = w (ZL',t) m (77T,7T] X (Ovi)a
u(z,0) = f(x) on [—m, |,
u(—m,t) = u(m,t) on (0,7],

with a given terminal time ¢ > 0, and denote by Tgug : L? (7, 7) — L? (==, 7). The corresponding
operator equation (1) is widely understood to be exponentially ill-posed, and this is reflected by
the series representation

(Touef)(@) = Y exp (—k*F) exp (ikz) f(k) (v € [-m, 7)),

kEZ

with the Fourier coefficients f (k) of f. Note, that this representation corresponds to the spectral
decomposition
F*TgueF = My

with A € ¢(2(Z) given by A(k) = exp (—k?). The corresponding distribution function @ from (3)
is given by

Ole)=H#{keZ | ANk) >e} <2 %_log (%) as e\ 0.

However, if we choose k(k) := exp (ka) in Lemma 1, then we obtain a different measure i = ku
(actually a weighted counting measure) such that

dO=a(kezZ AW >h= Y sk~

keZ,k2< 1 log( 1) ¢

This indicates a completely different degree of ill-posedness, and hence the counting measure has
to be fixed to obtain a meaningful concept.

Remark 3. Note, that no further assumptions on the function x in Lemma 1 are required, i.e. for
any measurable x, the corresponding ji = ku is again a measure. Furthermore, even the additional
properties of the measure space (€2, 1) gained from the spectral theorem, i.e. semi-finiteness, can
be transferred to & by requiring that x is continuous. In contrast, by specific choices of k we can
obtain fi(€2) < oo even for () = oo and vice versa. In Figure 1 we have indicated that we will
exclude the case u(£2) < 0o, and hence the above consideration again indicates that we have to fix
the measure u later on in order to derive a meaningful concept of the degree of ill-posedness.

3.2 The distribution function

Inspired by the counting function (3) we will consider, as an analog under the auspices of the
spectral theorem, the non-negative, non-increasing and right-continuous distribution function

Py pule) =p({we: ANw) >¢€}) (e>0). (7)

This function ®, , is not in general informative, since it cannot be excluded that it might attain
the value +o00 on (0, c0):

Example 5 (Non-informative distribution function). Consider Q = [0,00) and the associated
Lebesgue measure 1 = fipep on R with ppen(Q) = oo. Then the function A(w) = sin®(w) (w €
[0,00)) leads to

oo for 0<e<l,
(I))\,Hch (6) = { 0 for e>1

as distribution function. Hence ®, ,, . is not informative at all. This is, however, an interesting
example, because 0 € essran(\) = spec(T*T) indicates ill-posedness.



As a consequence, we have to pose assumptions on the measure space (2, 1) and the multiplier
function A such that the function @, , is finite and hence informative. Furthermore, note that
the function ® , is determined by both A and p, and not solely by the operator 7T'. The induced
spectral decompositions in Lemma 1 might yield different functions ®, , for the same operator 7'.
This corresponds to the problem outlined in Example 4 and indicates that we need to restrict to
a certain benchmark measure space (£, ).

Assumption 1. Let, for the operator T*T, for the measure space (Q, u) and for the multiplier
function X\ in (6) defining the multiplication operator My from (5) obey the following two assump-
tions:

(a) p(82) = oo.
(b) For the distribution function @y, it holds 0 < @y, (€) < oo for all € > 0 with the limit
condition lim @ ,(e) = oc.
eN\0
Proposition 1 (Ill-posedness). If Assumption 1 is satisfied for the operator T and its correspond-
ing measure space (, w) and multiplier function X\, then the operator equation (1) is ill-posed.

Proof. We show that 0 € essran()), which is equivalent to 0 € spec(T*T) and indicates the ill-
posedness of (1). If u({w € Q: Aw) < n}) = 0 were valid for any n > 0 then, in view of p(2) = 0o
and in contradiction to item (b) of Assumption 1, ® (1) = p({w € @ : A(w) > n}) = oo would
hold. Thus we have u({w € Q: Aw) < n}) > 0 for all n > 0, which means that 0 € essran(A). O

Let us briefly discuss sufficient conditions and counterexamples for item (b) in Assumption 1.

Lemma 2. Let u(2) = oo. Then the following condition is sufficient for obtaining the assertion
of item (b) in Assumption 1:

(c) There exists a p-measurable, non-negative and non-decreasing function f(¢) (0 < ¢ < 00)
with f(¢) > 0 for ¢ > 0 such that it holds [ f(A(w))dp < .
Q

Proof. For € > 0 we can estimate due to the monotonicity of f and f(e) > 0 as follows:

1
0<Pxple) = / 1dﬂzm fle)dp
{we:e<A(w)} {we:e<A(w)}
1 1
<75 @A s [ 10w du < .
{we:e<A(w)} Q

Note that the last inequality is a consequence of the nonnegativity of the function A\ and yields
the finiteness of ®y ,(€) for € > 0. The limit condition arises from lime\ o ®x . (€) = p(Q) = oo if
we let € tend to zero in (7). O

An important example for condition (¢) in Lemma 2 is the setting f(¢) := (P for exponents
0 < p < o0, for which Lemma 2 under u(€2) = oo ensures the validity of Assumption 1. In
particular, this is the case for A € LP(Q,u) (1 < p < o0), and as a corollary to Lemma 2 we
immediately find from this lemma:

Corollary 2 (Multiplier functions of LP-type). If we have, under the condition u(Q2) = oo, that
A € LP(Q, ) is true for some 1 < p < oo, then item (b) of Assumption 1 is satisfied.

Note that for general operators T the assumption A € LP (Q, u) for some p € [1,00) seems
reasonable. In Lemma 2 in [3] it is shown that one can choose A € L' (2, ) as soon as T is
injective and 7™ transforms white noise into a Hilbert space valued random variable. Finally,
allowing for p > 1, the assumption A € LP(Q), 1) generalizes this to more regular, colored noise.

Example 5 above and the following additional counterexample show that the assertion of
item (b) in Assumption 1 may be violated for multiplier functions A.



Example 6. Let (2) = oo and A(w) = ¢ > 0 for all w € Q. Then we have for the distribution
function @y ,(e) = CE)O igi 0 :;j ¢ , and hence item (b) in Assumption 1 is violated, but

we have no ill-posedness, because 0 ¢ essran(\).

3.3 Ill-posedness of multiplication operators on the real axis

To enter the world of ill-posed linear operator equations (1) with injective, bounded and non-
compact operators T': X — Y, we first consider pure multiplication operators for X =) = L%(Q)
on the real axis with a measure space (£, tirep), where Q = R = (—o00, +00) is combined with the
Lebesgue measure prep over R.

In this section, our study restricts to the case of multiplication operators M) = T*1T defined

[My z](w) := Mw) - z(w) (u—a.e. on Q) (8)

with multiplier functions A in (8), which are continuous everywhere on R and obey the limit condi-

tion limy,—, + oo A(w) = 0. Then we always have a non-compact operator T*T with purely continuous

spectrum spec(T*T) = [0, || T*T||] = essran(A) = [0, max Aw)] that implies ill-posedness of type I
we

in the sense of Nashed of the associated operator equation (1). As a first attempt to generalize
the degree of ill-posedness, and inspired by Corollary 1, we will consider the interval

o log(e) . log(€)
A ,B := |liminf ,lim su 9
s Brnn ] = BB 530 ) P 2108 (@ (0) )

derived from the distribution function ® ,, ., in (7). As the variants in Example 7 below will
show, also here moderately, severely and mildly ill-posed problems can be distinguished intuitively.

Example 7.
(a) Moderate ill-posedness:

Y Ep——
hence @y ,(e) =2Ve v —1 = e 2 as € — 0. The corresponding interval (9) hence reduces

to a singleton [Ax ;. Baure,] = {$}, indicating a moderate degree s > 0 of ill-posedness
for the underlying operator equation here.

(weR, s>0) implies @y, () =2u({w>0: 14+w? <V},

(a2) ANw) = 11“_’% (weR, s=1) implies @y, () =2pu({w>0: w+w2<e '},
but for € < 1 we have

D e (€) =2 (e*% - 6%) , where the zero of AM(w) at w = 0 causes the negative term.

The impact of this inner zero on the asymptotics of ®» ., , (€) as € — 0 is negligible (cf. also

[26, Prop. 1]), and due to the zeros of A(w) at infinity w — 00 we have @y, ., () < e 2
as well as [Ax up. s Baure,] = {1}, expressing a degree one of ill-posedness.

(b) Severe ill-posedness:

AMw) =exp(—|wl®) (weR, s>0) implies Py, . () =2u({w >0: w® < —log(e)})
and @y ., () < llog(1/€)] as e — 0 The zeros of A(w) at infinity w — oo imply
[AX prens Ba e ) = {00}, which is in agreement with the intuitive severe ill-posedness of the
underlying operator equation.



(¢) Mild ill-posedness:

—2s >
Mw) = { [10g(|a11|)] igi IZI - Z (s >0) implies for 0 < e < 1

Do (€) = 2u({w > 01 w? < —log(e)}) (e < 1) and hence

D pre (€) < exp [(%)Z] as € — 0, L.e. the interval in (9) is given by [Ax ., Bajue) = {0}
Again the zeros of A(w) at infinity w — Fo0o0, which are of logarithmic type, determine the
intuitive mild degree of ill-posedness.

For all s > 0, the variants (al), (b) and (c) of Example 7 satisfy Assumption 1, and so does variant
(a2). Furthermore, the multiplier function A belongs to LP(2, i) in the sense of Corollary 2, for
the moderately ill-posed case (a) whenever s > %. It belongs for all s > 0 even to L*({, 1) in the

severely ill-posed case (b). For the mildly ill-posed case (c), it makes sense to the recall Lemma 2
and in particular the condition (¢) ibid. Then the increasing function f(¢) = exp (—2/§21_s) is an

appropriate choice for A(w) = [log(w)]~2* (w > e) from (c) such that Lemma 2 applies, because
J f(Mw))dw < oco. In general, such function f can be found if a setting f(¢) := 1/A7*(¢) for
R

sufficiently large ¢ > 0 is useful, which requires a strict decay of A(w) as w tends to infinity.

3.4 Ill-posedness concept covering compact and non-compact operators

Covering ill-posed problems with compact and non-compact operators regarding the nature and
degree of ill-posedness is a never ending story written by many authors in the inverse problems
literature. For example, we refer to the claim of Nashed in [27] that non-degenerating compact
operators mapping between infinite dimensional Hilbert spaces are always more ill-posed than the
non-compact ones. Arguments for that claim come from the comparison of ill-posed situations
with two linear operators by partial orderings and associated range inclusions (see, e.g, [16]). In
this context, the range of non-compact operator can never be a subset of the range of a compact
operator. Also in [16], however, it was shown by observing the modulus of injectivity for various
discretizations that the ill-posedness nature of non-compact operators is completely different from
the nature of compact ones and that hence the simple claim of Nashed is rather problematic,
because sequences of compact operators do never converge in norm to a non-compact operator.
In the present paper, we try to add some new facets to the story of covering compact and non-
compact cases with respect to the degree of ill-posedness under the auspices of the spectral theorem,
where we do not compare two operators, but whole families of operators possessing comparable
properties. Following this approach, the same degree of ill-posedness may occur for classes of
compact operators and classes of non-compact operators.

Indeed, by means of the spectral decomposition (5), all information of the equation T*Tu = h
with self-adjoint operator 7*7T mapping in the Hilbert space X, which appears as normal equation
to (1), is contained in the transformed multiplication operator equation

Aw)-€@) =) (u—ae onQ) (10)

in Q, because the functions &,¢ € L?(Q, ) appear by unitary transformation from u and h.

In order to overcome the difficulties arising from the ambiguity of possible measure spaces
(Q, 1), and inspired by the examples from the previous subsection, we will choose for the case
1() = 0o a benchmark measure space with focus on the Lebesgue measure pi,cb:

Assumption 2. T : X — Y is a bounded linear operator between infinite-dimensional Hilbert
spaces X and Y such that there exists a spectral decomposition (5) with  C R? and = ULeb-

This assumption might be restrictive at the moment, but we will discuss several examples
satisfying this assumption below, e.g. convolution operators and the Hausdorff moment problem.
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We furthermore emphasize that this assumption is natural in the sense that also for the compact
case a benchmark measure space (namely 2 = N and the counting measure fiqisc) has been chosen.
Taking note of the transformations as in Lemma 1, the restriction to a situation with Lebesgue
measure has the rationale background that its translation invariance ensures all frequencies to
have the same influence. In the following we write

Py = P e
under Assumption 2.

Definition 2. Let X and )Y denote infinite-dimensional Hilbert spaces. Moreover, let T : X —
Y be either an injective and compact linear operator, or alternatively an injective and bounded
non-compact linear operator with non-closed range, each mapping between X and Y such that
the Assumptions 1 and 2 are satisfied w.r.t. the distribution function ®x from (7) and for the
benchmark Lebesgue measure puren. Then the interval of ill-posedness of T is defined as

o log(e) .
Ay, By] = |liminf —————~—— limsup —————~——
[Ax. Bi 0 —2log (Py(e)) e\op —2log (Pr(e))

and the operator equation (1) is called mildly ill-posed] whenever Ay = By = 0, severely
ill-posed whenever Ay = By = oo, moderately ill-posed whenever 0 < Ay < B) < oo, and
ill-posed of degree s > 0], if Ax = By =s.

Theorem 2. For compact operators T, the degrees of ill-posedness from Definitions 1 and 2 agree.

Proof. If T is compact, we can rewrite the counting function (3) as distribution function (7) with
Q= [0,00) and Lebesgue measure i = pirehr on R in the form

D) (€) = preb({w € [0,00) : A(w) >€)}) (e >0),
where the piece-wise constant multiplier function A attains the form
Mw)={o2ifn—-1<w<n(n=12.)} (we]0,o0).

This way, we have found a spectral representation of T*T where y = urep is the Lebesgue-

measure, ) = [0,00), and hence Assumptions 1(a) and 2 are satisfied. Furthermore, since the
counting function (3) agrees with the distribution function @, Assumption 1(b) is fulfilled as well
and both definitions of the degree of ill-posedness agree. O

Let us briefly comment on the decreasing rearrangement of the multiplier function:

Remark 4. Under Assumptions 1 and 2 and in particular due to prep(2) = oo, it makes sense
to characterize the degree of ill-posedness by considering the behavior of the multiplier function
A at infinity. As already suggested in [26], the decreasing rearrangement A* of A defined by the
(generalized) inverse function

A(t) :==inf {7 >0: &x(7r) <t} (0<t< 0) (11)

of @, seems to be an appropriate tool for that. Precisely, we have that essran(\) = essran(\*) =
spec(T*T). Furthermore, A\*(0) = || T'||* as a consequence of ®5(e) = 0 for € > ||T||* and A\*(t)
tends monotonically to zero as t — oo. The well-defined decay rate of A* to zero at infinity can be
used for measuring the degree of ill-posedness, because A\ and \* are spectrally equivalent, which
means that @) is distribution function for both A and A\*.

11



4 Examples

4.1 The Hausdorff moment operator

Example 8 (The Hausdorff moment operator). Apart from the simple multiplication operators
on R outlined in Example 7, the operator A : L?(0,1) — ¢? defined as

[Az]; ::/0 ttat)dt  (j=1,2,..) (12)

associated with the Hausdorff moment problem (cf. [11]) is one of the most well-known non-
compact bounded linear operators with non-closed range. We consider as operator 7' : X — )
from (1) with X := ¢? and Y := L?(0,1) the adjoint operator T := A* : £ — L?(0,1) to A from
(12) of the form

[T u](t) := iuj 7t (0<t <), (13)

where the corresponding operator equation T'u = g is also ill-posed of type I. Then we have, for T’
from (13), a coincidence of T*T" with the infinite Hilbert matrix H such that T*T = (H,; ;)55 :
02 — (2 takes place with the entries

1
Hij = (7) (i,7=1,2,...).

i+j—1

It is well-known that T*T is a non-compact linear bounded operator mapping in £2 with | T*T|| =
and pure continuous spectrum spec(T*T) = [0,n]. For further details concerning the Hausdorff
moment problem we also refer, for example, to the studies in [8].

Concerning the spectral theorem applied to that non-negative self-adjoint operator T*T : £2 —
¢? we learn from [30] that the measure space (€, u) with Q = [0,00) and the corresponding
Lebesgue measure ¢ = prep on R is appropriate here and yields as multiplier function A of the
multiplication operator M) from (5) the function

AMw) = (w e [0,00) a.e.). (14)

cosh(mw)

With respect to the function A from (14) we simply derive as distribution function

1 2
Dy (e) =~ = log (?ﬂ-) for sufficiently small € > 0.

This gives as in case (b) of Example 7 that [Ax, Bx] = {00}, which indicates severe ill-posedness
of the Hausdorff moment problem. n

Remark 5. If the measure u were not fixed to be the Lebesque measure, then by choosing
k(w) = %exp (mw) in Lemma 1, we obtain a different spectral decomposition with fi = & tireb,
which yields

Py =

(

—

=

w € (0,00) : Mw) > €})
log(

ZJ)
3

K(w) dw

Al

X

0

( )‘ Flog(22) 1 1 1 0
—exp (Tw =—-——x- as e€—0.
2T P 0 € 2 €

This way, a completely different asymptotic behavior indicating only moderate ill-posedness could
be obtained. However, such measure ;i would in an unnatural way up-weight the high frequencies
exponentially.
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4.2 Convolution operators

In this section, let us consider the injective linear convolution operator T' : L? (R%) — L? (R%),
defined by

[Tu) (t) = /]Rd h(t — 1) u(r)dr (t e Rd) , (15)

with a convolution kernel h € L! (Rd). Injectivity of T requires with the Lebesgue measure piget
in R the condition
preb({T € R%: h(t) =0}) = 0.

In this case, it follows from the Fourier convolution theorem that
T= .F_lM]:h F,

with the Fourier transform [Fu](§) := [, exp (—iméz) u(x) dz (£ € R?). Hence a spectral decom-
position of T*T is given as
FT*TF " = Mz,

where the associated measure space is formed by = R? with the Lebesgue measure e}, such that
the case fiLen(€2) = oo applies. For h € L' (R?), we have that the complex function [Fh](€) (£ €
R?) is bounded, continuous and tends to zero as ||¢|| tends to infinity. Thus, also the non-negative
multiplier function \(w) = |[Fh](w)|? (w € R?) is bounded, continuous and tends to zero as ||w|| —
0o. This indicates for h ## 0, which is excluded by the injectivity of T', pure continuous spectrum
of T*T', non-compactness of this operator and, as a consequence of 0 € essran(\) = spec(T*T),
ill-posedness of type I in the sense of Nashed of the underlying linear integral equation (1) of the
first kind of convolution type in the Hilbert space L? (]Rd).

Proposition 2. The linear convolution operator (15) mapping in L> (Rd) is well-defined and
bounded as soon as h € L' (Rd). Moreover, the multiplier function A assigned to T*T for a

measure space with Q = R? and the Lebesque measure pren, in R? satisfies Assumption 1 whenever
heLP (Rd) for some 1 <p < 2.

Proof. Let p € (1,00) with 1/p+ 1/q = 1. Then Holder’s inequality implies
(G em @< [ (1F0lIke = I77) I = )7 dy

< [rOm@—=|| i@ == | = || iwi?

almost everywhere. Therewith, it follows from Fubini’s theorem that

q
Il < Wl [ [rome =] =g [ 1w - vl
R4 La Rd JRd

= ||h|\%/1p/ |f(y)|q/ [h(z —y)|dzdy = ||h||qL/1p+1/ [f@)I*dy = 1Rl 7: 1 £1 T -
R R4 R

This shows, that the convolution operator T in (15) is a bounded operator T : L? (Rd) — L9 (Rd)
whenever h € L (R?).

Evidently, we have pipe,(Q2) = oo for = R? yielding item (a) of Assumption 1. The assertion
of item (b) of Assumption 1, however, is for 1 < p < 2 an immediate consequence of the Hausdorfi-
Young inequality

1

||fh||Lq(Rd) <C ||h||Lp(]Rd) for 1< p <2, +—-=1 and 0<(C <

D=
(S}

(see, e.g, [2, Theorem 1]). This implies for h € L? (R?) (1 < p < 2) that we have A = |Fh|? €
L"(R?) with r = 2(});11) € [1,00). Consequently, Corollary 2 is applicable. This completes the
proof. O
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Claim 1. If a convolution operator T is bounded as T : L? (Rd) — H? (Rd) with some s > 0, then
there exists a p € [1,00) such that the multiplier function A = |Fh|? in the spectral decomposition
T*T = F1M\F satisfies A € LP (Q, p).

Proof. Since
90y = [, (LHIEIR)° (FDOF 46 = 1M Fol e
with x(€) = (1 + [|¢]|?)°, € € R?, the composition
M FT = MMz, F = My 71, F

is bounded as an operator L*(R%) — L?(R?). Therefore, M.z : L*(R?) — L?(R%) needs to be
bounded, which is the case if and only if x - Fh € L*° (Rd). This proves the claim. O

Example 9 (Simple Gaussian convolution kernel). Consider the Gaussian convolution kernel
h(t) = exp(—||t||?) (t € RY) with the associated multiplier function

Mw) = [FRw)]* = 7% exp (~[lw]?/2) (v eR?).
Then we have A(w) > € for ||w| < R := \/2log(n?/¢). However, the volume of a d-ball with radius
Ris Vg(R) = % R?. This gives

D1(€) = pren (w eR': [l < \/2log<wd/e>) - % ( 2log<wd/e>)d

and leads to the asymptotics

vl

Dx(e) < [log(1/e)]* as €\0,
which shows Ay = B) = oo indicating severe ill-posedness.

Example 10 (Convolution kernel leading to mild ill-posedness). Consider the convolution kernel
h on R? defined by means of its Fourier transform

N N
(1+00e2)’

for parameters a,b > 0. Such Laplace-type kernels have been used in super-resolution microscopy
to approximate the point spread function of a STED microscope, see [29]. The associated multiplier
function A is given by

Fh(s) =

1

Aw) = [[FR@) = ———
(1+0bl¢l3)

(w e RY),

which implies similarly to Example 7 that
Dyr(e) <e 1@ as € \0,

indicating a degree 2a of ill-posedness.

5 The case of unbounded operators
As in Section 3 we discuss the application of the spectral theorem, but with one substantial

change: the injective linear operator 7' : D(T) C X — Y with domain D(T) dense in X and
hence its self-adjoint non-negative companion 7*T : D(T) C X — X with 0 € spec(T*T) are
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unbounded and consequently not compact. Then the spectral theorem in multiplication operator
version is also available, and we refer for details to [35, Chapt. VII.3]. In particular, now in
the factorization (5) there occurs an unbounded multiplication operator My (cf. (6)) with a p-
measurable multiplier function A : @ — R such that minessran(A) = 0 and sup essran(\) = +oo,
since we have again the coincidence spec(T*T) = essran(A). Let Assumption 1 be valid, which
implies that p(Q) = oo, the distribution function ®y(e) (cf. (7)) is finite for all € > 0 and its
inverse A*, the decreasing rearrangement of A, is well-defined and an index function at the infinity.
It is not difficult to understand that poles of A do not really influence the decay rate of A*(t) as
t — oo. Thus, Definition 2 seems to be applicable also here for verifying the degree of ill-posedness.
Regularization approaches for ill-posed operator equations with unbounded forward operators are,
for example, discussed in [18] and [34] by exploiting the role of corresponding multiplier functions.

Example 11 (Fractional integral operators on R). Following [31] we consider with X = Y = L%(R)
the family of fractional integration operators Ts : L?(R) — L?(R). This family depending on the
parameter s > 0 is defined as

1 ¢ u(T)
T t) := d teR). 16
@) = 1 | ot (te® (16)
All these operators T are densely defined, injective and closed on their domains, which can be
introduced by means of the Fourier transform F as

D(T) = {u € L*(R) : [¢]*[Ful(€) € L*(R)}.
The corresponding operator 1T, T, however, is self-adjoint with domain
D(T;Ty) = {u € L*(R) : [¢]7**[Fu](€) € L*(R)}.

Moreover, we obtain with respect to the Lebesgue measure on R the multiplication operator
FT*TF~1 = My with the multiplier function

Mw) = |w| 72 (weQ=Rae.). (17)

The inspection of formula (17) with some pole at w = 0 shows that, for all s > 0, essran(\) =
[0,00) = spec(T;Ts). Hence the unbounded operator 777, has continuous spectrum. In analogy
to item (al) of Example 7 on can show that the problem is moderately ill-posed with degree s > 0.

O

Example 12 (Source identification in parabolic PDEs). We consider the final value problem for
the non-homogeneous heat equation

v(x,t) — k2Av(x,t) = u(z), z€RL  ¢>0,
v(x,0) =0, xz € R?,
v(x, to) = g(x), r€RY £y >0.

For X =Y = L?(R%), given x > 0 and ¢y > 0 let the equation (1) represent a source identification
problem with the forward operator T : u — g, which is implicitly given by the above final value
problem. Fourier transform F with respect to z yields the associated multiplication operator for
T*T of the form FT*TF~! = M, with the multiplier function

[1— exp (—to r2||w[|2)]?
K4|wl[3

AMw) = (w € RY). (18)

One easily finds that here spec(T*T) = essran(\) = [0,00), which means that T*T is a non-
compact, unbounded linear operator, because A(w) has a pole at w = 0. Moreover, ill-posedness
takes place with lim, |, 00 A(w) = 0. Now we have A(w) < wllz?* as ||w|l2 — oo, which should

imply for the decreasing rearrangement A\* of A that \*(¢) =< t=7 ast — 00, which indicates
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moderate ill-posedness with degree s = %. By applying for sufficiently small € > 0 the distribution
function ®y(€) ~ pren({w € R? : w2 < ﬁm)}); the denominator d in the asymptotics of \*
arises from the fact that the volume of a ball in R? with radius ﬁ is proportional to e~ %/,
We refer to [34] for more details and the discussion of the full parabolic source identification
problem in the multidimensional case. Let us note here that such degree of ill-posedness s = % with
dimension d in the denominator also occurs for various compact multivariate forward operators,
e.g. for the inverse of the negative Laplacian in L?(X) with homogeneous boundary conditions on
a bounded domain ¥ C R? and with such ¥ for the embedding operator from H!(X) into L?(X).

O

6 Conclusion and outlook

In this paper, we have presented a unified framework for measuring the degree of ill-posedness for
linear operators by means of its spectral decomposition. We have shown that the derived concept
coincides with the well-known definition in the compact case and allows us to interpret several
non-compact operators as moderately or severely ill-posed as well.

However, currently our concept is not able to handle all bounded linear operators. The special
situations (A), (B) and (C) in Figure 1 have to be excluded for different reasons. It will be an
interesting topic for future research to investigate whether a situation of finite measure u(2) can
be handled similarly or not. Furthermore it is unclear if other concepts to measure ill-posedness
by means of essential zeros of A in the situation (B) can be related to our concept in some way.
Finally, it would be an interesting question to find real-world examples for the situation (C). This
mostly seems to be a measure-theoretic problem.

Compared to the compact subcase, it is also completely open what can be said about the degree
of ill-posedness of the composition of two operators. The Courant-Fischer theorem yields an upper
bound for the decay rate of the singular values of the composition of two compact operators, and
hence a lower bound for its degree of ill-posedness. However, in the non-compact case no such
result is known yet, and it is not clear if anything can be proven about a composition’s degree
of ill-posedness with our concept. Furthermore, if a compact and a non-compact operator are
composed, strange things can happen as has been recently demonstrated in [5, 17, 21].
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Appendix: A glimpse of the finite measure case

In this appendix, we return to the case of bounded linear operators T : X — ), and we will
briefly summarize references and specific approaches for the alternative case of finite measures
1() < oco. This case has been comprehensively studied in the literature for non-compact mul-
tiplication operators T mapping in L?(2) for some bounded subinterval  of R. The focus of
most papers is on the unit interval Q = [0, 1] and the Lebesgue measure p = pren over R. For
that measure, non-negative multiplier functions A € L>(0,1) are under consideration that pos-
sess essential zeros inside [0,1]. This leads to ill-posed situations of the corresponding operator
equations (1), where the structure of the zeros seem to play a prominent role for the strength of
the ill-posedness. We refer in this context to [7, 13, 15, 20, 21] and recently [26]. In the latter
reference, in particular, the total influence of different essential zeros of the multiplier function A
on the increasing rearrangement of A is discussed. This increasing rearrangement and its growth
rate at a neighbourhood of zero are tools for characterizing the degree of ill-posedness for this
class of problems with finite measure spaces.
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Unfortunately, the cross connections of this increasing rearrangement concept for Q = [0, 1]
and the associated decreasing rearrangement concept for p(2) = co mentioned in Remark 4 above
are not completely clear. It is appropriate for the finite measure case to use instead of (7) the
non-decreasing distribution function

dx(e) == p({w € [0,1]: AMw) <€}) (0 <e<|T]))

of the non-negative multiplier function A(w) (0 < w < 1), and instead of (11) the increasing
rearrangement A* of A defined as

() =supfe € [0,|T]]: da(e) <t} (0<t<1),

which is the (generalized) inverse to the function dy. Both dy and A\* are index function at zero,
which means that they are non-decreasing functions with positive values for positive arguments and
zero limits as the arguments tend to zero. Then the most authors characterize the ill-posedness
by the growth rate of the function A*(¢) in a right neighborhood of ¢ = 0. As shown in [26,
Proposition 2] the strongest essential zero of the multiplier A over the interval [0, 1] is responsible
for the degree of ill-posedness.
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