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Abstract

In the last years convergence rates results for Tikhonov regularization of nonlinear
ill-posed problems in Banach spaces have been published, where the classical concept
of source conditions was replaced with variational inequalities holding on some level
sets. This essentially advanced the analysis of non-smooth situations with respect to
forward operators and solutions. In fact, such variational inequalities combine both
structural conditions on the nonlinearity of the operator and smoothness properties
of the solution. Varying exponents in the variational inequalities correspond to
different levels of convergence rates. In this paper, we discuss the range of occurring
exponents in the Banach space setting. To lighten the cross-connections between
generalized source conditions, degree of nonlinearity of the forward operator and
associated variational inequalities we study the Hilbert space situation and even
prove some converse result for linear operators. Finally, we outline some aspects
for the interplay of variational regularization and conditional stability estimates for
partial differential equations. As an example, we apply the theory to a specific
parameter identification problem for a parabolic equation.
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1 Introduction

After turn of the millennium there seems to be a substantial progress in regularization
theory for the stable approximate solution of ill-posed inverse problems. On the one
hand, partially motivated by specific applications in imaging and by a growing interest
in sparsity of solutions as well as in new types of stabilizing terms in variational regu-
larization, the Banach space treatment of linear and nonlinear operator equations and
occurring difficulties in this context came into the focus of recent papers and books. On
the other hand, Bregman distances for measuring the regularization error and variational
inequalities for replacing the standard form of source conditions offer now good prospects
for proving convergence rates results also for non-smooth situations with respect to solu-
tion and forward operator. For recent results we refer to the monograph [29] and in an
exemplary manner to the papers [3, 4, 10, 12, 13, 14, 19, 21, 22, 26, 27, 28, 30, 31, 33| as
well as to the thesis [24].

This paper is devoted to the utility of variational inequalities combining both struc-
tural conditions on the nonlinearity of the operator and smoothness properties of the
solution. Varying exponents in the variational inequalities correspond to different levels
of convergence rates. We are going to discuss the range of occurring exponents in the
Banach space setting and the interplay of general source conditions and variational in-
equalities in Banach and Hilbert spaces. The paper is organized as follows: In Section 2
we describe the Tikhonov type regularization for the stable approximate solution of non-
linear ill-posed operator equations in a Banach space setting under basic assumptions
which follow the corresponding assumptions of the papers [13, 14]. As in the previous
papers the focus is again on level sets for the Tikhonov sum functional, and the majority
of conditions under consideration have to hold on such sets. Section 3 summarizes propo-
sitions on convergence and convergence rates under variational inequalities. Moreover,
we recall the concept of a degree of nonlinearity for characterizing the local structural
nonlinearity conditions in the solution point. The range of occurring exponents in the
variational inequalities is discussed in Section 4. Here the forward operator and the sta-
bilizing functional are assumed to be Gateaux differentiable. We distinguish three typical
cases of exponents and make assertions for all of them. In Section 5 the concept of the
degree of nonlinearity will be modified, since weaker norms with respect to the first or-
der Taylor remainder extend the applicability of the theory to a wider class of problems.
Some open questions cannot be answered currently for the general Banach space setting.
Therefore we restrict our considerations in the concluding Section 6 to Hilbert spaces
situations. Under that restriction we are able to formulate assertions on the interplay of
variational inequalities and Holder source conditions with fractional exponents including
some converse result for the subcase of linear operators. For inverse problems in partial
differential equations conditional stability estimates are frequently more appropriate than
estimates for the Taylor remainder. Therefore, we outline some cross-connections between
variational regularization and conditional stability estimates for partial differential equa-
tions. Estimates of this type are currently in the focus of numerous papers with respect
to various methods such as Carleman estimates. We refer, e.g., to the monograph [16].
In our concluding section, as an example we apply the theory to a specific parameter
identification problem for a parabolic equation.



2 Problem, notation, and basic assumptions

We are going to study ill-posed operator equations
Flu)=v (2.1)

expressing inverse problems with an in general nonlinear forward operator F' : D(F') C
U — V possessing the domain D(F') and mapping between normed real linear spaces U
and V with norms || - |y and || - ||y, respectively. Based on noisy data v° of the exact

right-hand side v =% € F(D(F)) with
v —vlly <6 (2.2)
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¢ as minimizers over U

and noise level § > 0 we consider stable approximate solutions
of the Tikhonov type functional

)

T3 (u) = [[F(u) = [} + a Qu) (2.3)
with a prescribed norm exponent
1 <p<oo

and a regularization parameter o > 0. In this context, let Q : U — [0, +00] be a stabilizing
functional with

D(Q) :={uecU:Qu)# 4o} #0

and set T (u) = oo if u ¢ D(F). For studies on residual terms S(F(u),v?) in (2.3)
replacing ||F(u) — v°||%, we refer to [24] and [9], where the latter reference also makes
assertions on p < 1 in the norm case.

Throughout this paper we make the following assumptions:
Assumption 2.1

1. U and V' are reflexive Banach spaces with duals U* and V*, respectively. In U and
V' we consider in addition to the norm convergence the associated weak convergence.
That means in U

u,—~u <= (f,upyv-v— (f,wyu-p VfeU

for the dual pairing -, -)U*’U with respect to U* and U. The weak convergence in 'V
is defined in an analog manner.

2. F:D(F) CU — V is weakly-weakly sequentially continuous and D(F) is weakly
sequentially closed, i.e.,

up—u in U with uy€DF) = wuweDF) and F(uy)— F(u) in V.

3. The functional §2 is convex and weakly sequentially lower semi-continuous.

4. The domain D := D(F)ND(Q) is non-empty.



5. For every a > 0, ¢ > 0, and for the exact right-hand side v = v° of (2.1), the sets
Mi(c) :={ueD:T)(u) <c} (2.4)

are weakly sequentially pre-compact in the following sense: every sequence {uy}p2

in M2(c) has a subsequence, which is weakly convergent in U to some element from
U.

4

° can be

Under the stated assumptions existence and stability of regularized solutions
shown (cf. [14, §3] and |29, Theorems 3.22 and 3.23|).

In the Banach space theory of Tikhonov type regularization methods, regularization
errors are frequently measured, for the convex functional 2 with subdifferential 92, by
means of Bregman distances

De(t,u) == Q(a) — Qu) = ({4 —w)p.;, wEDQ)CU,
at u e D() CU and £ € 9Q(u) C U*. The set
Dy(Q) = {u € D) : 9 u) 0}
is called Bregman domain. For more details see, e.g., [29, Lemmas 3.16 and 3.17|.
An element u' € D is called an Q-minimizing solution to (2.1) if
Q(u') = min {Q(u) : F(u) =v, u € D} < .

Such Q-minimizing solutions exist under Assumption 2.1 if (2.1) has a solution u € D
(see [29, Theorem 3.25|), and by [29, Theorem 3.26|

3 Convergence, convergence rates, the degree of non-
linearity, and variational inequalities

As the following proposition shows, all regularized solutions associated with data possess-
ing a sufficiently small noise level § belong to a common weakly pre-compact level set of
type MY (c) whenever the regularization parameters o = «(9) are chosen such that weak
convergence to {-minimizing solutions u' is enforced.

Proposition 3.1 Consider an a priori choice a = «(d) > 0, 0 < § < oo, for the
reqularization parameter in (2.3) depending on the noise level § such that

p

a(d)

a(0) — 0 and —0, as 6 —0. (3.1)
Provided that (2.1) has a solution v € D then under Assumption 2.1 every sequence
{up}2, = {ui%n)};l’ozl of regularized solutions corresponding to a sequence {v°"}>°, of
data with lim §,, = 0 has a subsequence {un, }3>,, which is weakly convergent in U,

n—~o0

ie. un,, — ul, and dts limit u' is an Q-minimizing solution of (2.1) with

Qul) = klim Q).



For given qmqee > 0 let ul denote an Q-minimizing solution of (2.1). If we set
p =2 e (14 Quh)), (3.2)
then we have ut € M, (p) and there exists some 84y > 0 such that

ug@ e M (p) forall  0<d < 6ma- (3.3)

Qmazx

Proof: The first part of the proposition concerning convergence replicates only the result
of |29, Theorem 3.26| and we refer to the proof ibidem. The second part can be proven
as follows: Owing to (3.1) there exists some 9,4, > 0 such that a(d) < aype. and % < %
for all 0 < ¢ < dyp4z- Then for such 0, by writing for simplicity « instead of «(9), we have
with (a + b)? < 2P~ Y(a? +P) (a,b > 0, p > 1) the estimate

T (ui) < opt [HF(UZ) — U‘SHI‘?/ + 6P + ozmamQ(u‘s)}

=277 [[[F(ul) — 0|7, 4+ aQ(ud) + (Qmas — a)Q2(ul) + 67]

«

< 27 T2 (W) + (e — @)Q(ud) + 0| <2771 [+ Q(uh) + (s — ) 2uh) + 7]

From 7% (u®) < T*" (ul) (a > 0) we obtain Q(ul) < E +Q(u') and with @me > 1 2 <
this yields

o o

T(;)mw (Ui) S 2p—1 [51) + ACppax —— + aman(uT)] S 2p—1 [QQmaz_ + amaxQ(uT) S P
« «

and hence proves (3.3). Evidently, it holds T (") = e Q(u’) < 277 0,0, Q(ul) for

all p > 1, which implies u' € M?,_ (p) and completes the proof. 0

Proposition 3.1 makes only assertions on weakly convergent sequences of regularized
solutions. However, the convergence rates results presented below will imply the strong
convergence of such sequences. For further results on strong convergence we refer, for
example, to Proposition 3.32 in [29].

For the analysis of nonlinear problems both the smoothness of {2-minimizing solutions
u" and the smoothness of the forward operator F in a neighbourhood of u' are essential
ingredients. In this context, the term ‘smoothness’ has to be considered in a very general
sense. With respect to the operator we recall the concept of a degree of nonlinearity from
[13, Definition 2.5] which represents a Banach space update of Definition 1 from [15].

Definition 3.2 Let c¢;,co > 0 and ¢y + co > 0. We define F' to be nonlinear of degree
(c1,¢a) for the Bregman distance D¢(-,ul) of Q at a solution ut € Dp(Q) C U of (2.1)
with & € O0(u’) C U* if there is a constant K > 0 such that

HF(u) — F(uT) — F'(uT)(u — uT)HV < K HF(u) — F(u‘L)H‘C/1 Dg(u,uT)c2 (3.4)

for allue M, (p).

Qmazx



In recent publications the distinguished role of variational inequalities
(&, ul — u>U*7U < B1De(u, ul) + Bo | F(u) — F(uT)HHV forall we M; (p) (3.5)

with some & € 9Q(u'), two multipliers 0 < 4 < 1, 3, > 0 and an exponent xk > 0
for obtaining convergence rates was elaborated. The subsequent proposition outlines the
chances of such variational inequalities for ensuring convergence rates in Tikhonov type
regularization. Here we summarize convergence rates results from [13], [14], and |29,
Section 3.2].

Proposition 3.3 Assume that F,Q,D,U and V satisfy the Assumption 2.1 and that
there is an Q-minimizing solution from the Bregman domain u' € Dp(Q). If there exist
an element & € O0(u') and constants 0 < B; < 1, B > 0, and 0 < k < 1 such that the
variational inequality (3.5) holds with p from (3.2), then we have the convergence rate

Dg(ui(é),uf) =0(0") as 0—0 (3.6)

for an a priori parameter choice a(§) < 67",

Proof: We write again for simplicity « instead of a(d) and note that the parameter choice
rule a =< 6P~" satisfies the condition (3.12 with the consequence that Proposition 3.1 is
applicable. Then by using T (ul) < T%(u'), (2.2), and the definition of the Bregman
distance we can estimate as follows:

HF(ui) - 'U‘SH@ + aDe(ud, ul) < 6 + a (Qu’) — Qud) + De(ud, uh)) . (3.7)

Moreover, by exploiting the inequality (a+ )" < a" + 0" (a,b > 0, 0 < k < 1) because of
(3.3) we obtain from the variational inequality (3.5) that

O(uf) — Qud) + De(ud, ul) = — (,ud —ul),.

< 01 De(u, ul) + Ba||F(uf) — F(uh]]}
< b1 De(uy ') + By (||F(ud) = o[} +67) -
Therefore from (3.7) it follows that
HF(U(;) - U‘SHf/—i—(ng(ug,uT) < 0P +a (BiDe(ud, ul) + Bo (HF(ug) - UJHI:/ +6")). (3.8)
Using the variant
ab <5ap1+L (a,b>0, €¢>0 py,pp >1 with i+i:1) (3.9)
N (g pr)P2/Pipy N P ;

of Young’s inequality twice with ¢ := 1, py := p/k, p2 := p/(p — k) and b := «af3,, on the
one hand with a := ||F(u%) — u'||% and on the other hand with a := §*, the inequality

2(p — k)

De(ul, ul) < 267 De(ul . uf —_—
aDg(ug,u') < + a1 De(up, u') + (/) T

(&52)19/(19—%)



follows from (3.8). Because of 0 < 3; < 1 this provides us with the estimate

2(p—kK —K
Defutul) < Gy (a o)
¢

v a(l—=7p)

for sufficiently small § > 0, which yields (3.6) for the a priori parameter choice o =< 6*~"
and proves the proposition. As a by-product from formula (3.10) we obtain for the case
0 = 0 of noiseless data the corresponding estimate

(3.10)

De(ul,u’) < Car= (3.11)

with some constant C' > 0. 0

Remark 3.4 The Proposition 3.3 shows the formidable capability of variational inequal-
ities (3.5) for obtaining convergence rates without any additional requirements on the
solution smoothness and on the nonlinearity structure of the forward operator. In this
sense, the validity of such variational inequality (3.5) on the associated level set embodies
an advantageous combination of properties on u' and F' in a neighbourhood of u'. Nec-
essary and sufficient conditions for (3.5) are given in the literature only in a fragmented
manner, mostly expressing the interplay with classical source conditions.

In the next section we discuss the limited variability of exponents x > 0 in (3.5).

4 A case distinction for the exponent in the variational
inequality
We specify the general Assumption 2.1 to Assumption 4.1 by additional requirements for
local use in this section.
Assumption 4.1
1. F,Q,D,U andV satisfy the Assumption 2.1.
2. Let u' € D be an Q-minimizing solution of (2.1).

3. The operator F is Gateauzr differentiable in u' with the Gateauzr derivative
F'(u') € L(U,V).

4. The functional Q is Gateaux differentiable in u' with the Gateauz derivative

&= (ul) € U*, i.e., the subdifferential 0Q(u') = {£} is a singleton.

Remark 4.2 The Gateaux differentiability of F' and € in «' implies that u! belongs to
core(D), the algebraic interior of D. Not in all cases the algebraic interior core(D) and its

subset int(D), the set of inner points, do coincide. In such cases u' need not be an inner
point of the domains D(F') and D(S2).



Case Kk > 1:

The following proposition shows that exponents £ > 1 in the variational inequality (3.5)
under Assumption 4.1 in principle cannot occur.

Proposition 4.3 Under the Assumption 4.1 the variational inequality (3.5) cannot hold
with & = Q' (u') # 0 and multipliers By, B> > 0 whenever k > 1.

Proof: To prove the proposition we assume that the variational inequality (3.5) holds
for £ = O/ (u') # 0 and some « > 1 with multipliers £, 3 > 0 and for all u € MY (p).
Then there is an element ue € U with (€, u§>U*7U > 0 and some ¢y, > 0 such that because
of u € core(D) we have ul — tue € MY, (p) for all 0 < t < t,. Hence we have for all
0<t<t

0< (f,tu@U*’U < BiDe(u' — tu§,uT) + ﬁgHF(uT — tug) — F(uT)H;

and dividing by ¢t > 0

(sﬂ%)u*ljgﬂl{ﬂﬁfii¥iifﬂfl+(sﬂ%)u*LJ-+ﬂ2 Pl ot Fh) |7 ey, (4.1)

’ 14

The left-hand side of inequality (4.1) is a positive constant. The right-hand side, however,
tends to zero as t — 0, since we have the limit conditions
et —a@h d i
lim | ————p———+(&ue) . ,I=0 and  lim

t—0

Fut —tug)—F(ul)
t

’ =[F' (u)ugllv <oo,
14

because of the Gateaux-differentiability of F' and € in uf. This contradicts the assump-
tion and proves the proposition. 0

Case Kk = 1:

As the next proposition shows the variational inequality (3.5) is closely connected with
the source condition £ € R(F'(u')*), where R(A) denotes the range of a linear operator A.
The assertion a) of Proposition 4.4 repeats the Proposition 3.38 from [29], but reflects in
contrast to the original the fact that the proof ibidem does not need the condition ; < 1.
Note that the proof given there is similar to the proof of Proposition 4.3 presented above.
On the other hand, for the assertion b) of Proposition 4.4 and its proof we refer to
Proposition 3.35 in [29].

Proposition 4.4 Under the Assumption 4.1 the following two assertions hold:
a) The validity of a variational inequality

<57UT - U>U*7U < ﬁng(u,uT) + ﬁQHF(U) - F(UT)HV forall we Mg (p) (42)
for &€ = (u') and two multipliers By, B> > 0 implies the source condition

£ = F'(u') w, we V™. (4.3)



b) Let F be nonlinear of degree (0,1) for the Bregman distance De(-,u’) of Q at u', i.e.,
we have
| F(u) — F(u') = F'(u) (u — uT)HV < K De(u,u’) (4.4)

for a constant K > 0 and all w € M, (p). Then the source condition (4.3) together
with the smallness condition
K |[w|

ve < 1 (4.5)

imply the validity of a wariational inequality (4.2) with ¢ = Q'(u') and multipliers
0< 6 = Klwlly- <1, B2 = [Jwlly+ = 0.

Case 0 < kK < 1:

The following proposition extends the result b) of Proposition 4.4 to a wider class of
degrees of nonlinearity. The particular case x = 1 discussed above occurs here only for
the complementary situation ¢; > 0.

Proposition 4.5 Under the Assumption 4.1 let F' be nonlinear of degree (ci,c2) with
0<c <1,0< <1, ¢c14 ¢y <1 for the Bregman distance D¢(-,u') of Q at ul, i.e., we
have

[F(w) = F(u®) = F'(ul)(u = uD)||, < K| F(u) = F(uh)|{* De(u, ul)* (4.6)

Iy

for a constant K > 0 and allu € M}, ~(p). Then the source condition (4.3) without any
additional condition implies the validity of a variational inequality (3.5) with

K= — (4.7)

1—02

¢ = ' (ul) and multipliers 0 < 3, < 1, B2 > 0.

Proof: We can estimate for u € MY, (p)
<§’UT - u>U*,U = <F/(UT)* w,ul — u>U*,U = <w>F,(“T)(UT - u)>v*,v < Jlw|

F(U) - F(UT) = F'(uf)(u = "], + [Jw]

F'(uh) (' =u)|lv

V*

My

ve|[F(u) — F(ul

F(u)
Taking into account that HF u) — F(u) Hv < p'P for u € M (p) this implies for

the case cg = 0 and 0 < ¢ < 1 the variational inequality (3.5) with 8, = 0, 5y =

lwl|y. (K +pl_%) and k = c¢;. On the other hand, for 0 < ¢ < 1 and 0 < ¢; < 1 the
variant (3.9) of Young’s inequality with p; := é, po = ﬁ, € := cy, a := De¢(u,u')® and
b= K|wly.||F(u) - F(uT)H‘C/1 yields here

< K]lu|

H De(u,u")® + |||

Ve Ve UT>HV'

‘1 c2 = 62
Klwlly- ||F(u) = F(uh)]];" De(u,u’)? < e3 De(u, u)+(1—co) (K ||wlly.) Hl :
and hence the validity of a variational inequality (3.5) with k = 7= and multipliers

1
102

1-r
0<fBi=c<l, fo=p7 v

v+ (1—c)

9



This proves the proposition. 0

Note that essential ingredients for Proposition 4.5 and its proof have already been
presented in [13, Lemma 3.1]. The proposition shows that the variational inequality (3.5)
holds with the maximum exponent x = 1 if either ¢ itself is maximal, i.e., ¢; = 1, or its
defect in the case 0 < ¢; < 1 can be compensated by ¢y > 0 whenever we have ¢; + ¢y = 1.

We mention here three questions, which cannot be answered in the moment for the
used general Banach space setting under consideration in this paper:
I. Are there alternative sufficient conditions for obtaining a variational inequality (3.5)
with exponents 0 < k < 1 when £ fails to satisfy a source condition (4.3)7
IT. What combinations of ¢; and ¢y in the degree of nonlinearity do really occur?
III. Are the degrees of nonlinearity (c;,co) with ¢; + ¢o > 1 of interest?
The questions, however, will be partially answered in the subsequent Section 5 for the
standard Tikhonov regularization in a Hilbert space setting

Remark 4.6 Taking into account that only exponents 0 < k < 1 make sense in general,
we close this section with some remark on the pathological case p < 1. It is well-known
that the case p = 1 in the Tikhonov functional (2.3) is singular and leads to the so-called
exact penalization (see [4, 11, 14]). Even if the numerical difficulties (non-convexity)
should discourage any attempt to use 0 < p < 1 in variational regularization with norm
powers as residual term, it is of interest whether convergence rates also can be obtained
in that case. It seems to be no problem to extend the assertions on existence and stability
to that case. However, the convergence condition % — 0 as 6 — 0 shows that the decay
of a(d) — 0 has to become slow if p is very small. For obtaining convergence rates this
corresponds with the a priori parameter choice a(d) =< P~" in Proposition 3.3, which only
works for

0<Kk<p whenever 0<p<l1. (4.8)

As one can easily check by the proof the assertion Dg(u‘;( 5): u’) = O (%) of Proposition 3.3
can be extended to the case (4.8) for the same a-choice. The important consequence is
that an exponent 0 < p < 1 for k > p artificially bounds the occurring convergence rate
to Dg(ui@, u') = O (8") which then only holds for 0 < v < p. In this context we make
the important note that the validity of a variational inequality (3.5) with some exponent
0 < k < 1 implies the validity of such variational inequalities also for all positive exponents
smaller than s, where when indicated the corresponding level sets have to be adapted.

5 The degree of nonlinearity with weaker norms

In the Banach space setting the condition (4.6) characterizing the degree of nonlinearity is
in general difficult to verify for specific nonlinear inverse problems. As was shown in [14]
sometimes the situation tends to the better if weaker norms are introduced in addition
to the stronger ones (cf. [14, Remark 4.2]). Therefore we relax the condition by imposing
a weaker norm on the first order Taylor remainder on the left hand side of (4.6). In this
context, we complement the Assumption 4.1 as follows:

10



Assumption 5.1
1. Let hold the Assumption 4.1.

2. LetV be a reflexive Banach space with dual V*, where V is densely and continuously
embedded in V' such that we have with a constant C > 0

vy < Clvllv forall veV.

3. For the Q-minimizing solution u' € D with & = Q' (u') let existc; > 0 and 0 < ¢y < 1
such that we have with some constant K > 0

|F(u) = F(ul) = F'(u")(u = uh)|; < K [|[F(u) = F(u)]]; De(u,ul) (5.1)

for allu e Mg, (p).
4. For that & there exists an element w € V* such that
(€l = )y < [(@, Fa) = ul))g. o (5:2)

for allu e M}, (p).

Proposition 5.2 Under the Assumption 5.1 a variational inequality
(& ul —u),. ;< BiDe(u,ul) + B[ F(u) = Fuh)]f5,

holds for all uw € Mg, (p) with k = 12— and for some 0 < 31 <1, B, > 0.

Hence Proposition 3.3 applies and yields
Dg(ui@,vﬂ) =00 as 0—0

for an a priori parameter choice o(J) =< OP~".

Proof: The proof is completely analogous to that of Proposition 4.5. Only the constants
are different and they are just without meaning in the present case ¢; > 0. Namely, we
can estimate for u € My, (p)

(& ul =)y < (0 P (= u))p o

< @llg [ F'(uh) (ul = u)llg < Clldo[lg- | F' (ul) (u’ —u)lv
<C Hu?HVHF(u — F(uT) — F’(uT)(u — uT Hv + C' ||| F(u) — F(uT)HV

‘7*
< C K| || F H De(u,u")? + C ||| (u)—F(uT)HV
Then Young’s inequality ylelds the variational inequality as in the former proof. n

11



Remark 5.3 Proposition 5.2 extends the main result of [14], where the convergence
rate Dg(ui(é),uT) = O (6) was shown under similar assumptions. Precisely, in [14] the
nonlinearity condition (5.1) was focused on exponents ¢; = 0, co = 1 and (5.2) had to be
complemented by a smallness condition K||w||y. < 1. Note that as in [14] the condition
(5.2) of our Proposition 5.2 is satisfied if there is an element @ € V* such that the equation

<§, ul — u>U*7U = <ID, F'(u")(u — uT)>‘~/*"~/ (5.3)

holds for all w € M2, (p). This is easy to verify if V = L? and V = L* (0 < ¢ < 1).
Then we have V* = L* with p = % > 2 and (5.3) attains the form

<§’ ul — U>U = <w> F'(u)(u - UT)>V*’V

(cf. [14, Remark 4.2 and §6]).

6 Extended results for Hilbert space situations
In Assumption 6.1 we specify now the requirements expressing the setting of this section.

Assumption 6.1

1. Set p:=2 and let U,V be Hilbert spaces, where we identify U and U* as well as V'
and V* by using the Riesz isomorphism. By the adjoint A* of a linear operator A
in this section we always mean the Hilbert space adjoint.

2. The operator F, D(F), u' and & are chosen such that they satisfy together with U,V
and Q2 the Assumption 4.1.

3a. Let Q(u) = ||u — u*||}, with fized reference element u* € U and D(Q) = U.

3b. Let B : D(B) C U — U be an unbounded injective, positive definite, self-adjoint
linear operator with domain D(B) dense in U. Furthermore let C > 0 be a constant
such that ||ullg == ||Bull. > C|lully (u € U), and U is a Hilbert space with norm
|- || stronger than || - ||lu. Moreover, let Q(u) :== ||Bully = |ulls with D(Q) = U.

Remark 6.2 (Case 3a) Under the Assumption 6.1 in the case 3a the {2-minimizing
solutions and the classical u*-minimum solutions (cf. |7, 8|) coincide. Moreover, we have
D =D(F) and for £ and D¢(@, u) the simple structure

€ =2 —u) and De(t,u) = ||a—ull (6.1)

é

¢ are minimizers over U of

with Bregman domain Dg(Q2) = U. Regularized solutions u
the classical Tikhonov functional of Hilbert space type

8

Ty (u) = | F(u) = |} + o flu—u*|;

«

comprehensively studied in |7, Chapter 10].

12



Remark 6.3 (Case 3b) Under the Assumption 6.1 in the case 3b we have D(Q) = U

and if the limit (£, 4)y = Q'(u) a4 = lir%w exists it has the form (£ u)y =

2 (Buf, Ba)y = (B?*uf,d)y. If and only if uf € D(B?) = {u € U : |B?ully < oo} (a
proper subset of U), the symbol €' (u') characterizes the Gateaux derivative of Q at the
point u characterized as a bounded linear functional defined on the whole space U. Just
then the subdifferential 9Q(u') is nonempty and a singleton 9Q(u') = {£} with

¢ =2B%" and  De(a,u) = ||B(a—u)|F > C*lla—ul?, (6.2)

0

o, are minimizers

where the Bregman domain is Dp(2) = D(B?). Regularized solutions u
over U of the functional

8

Ty (u) = | F(u) = |3 + o || Bull; -

«

Note that for all 0 < p <1 as a consequence of (6.2) a convergence rate

Dg(ui(é),uT) = O (") implies ||ug(5) —ul]| =0 (5%> .

6.1 The Hilbert space situation for variational inequalities

In this subsection under Assumption 6.1 we refer to Case 3a. To focus on the distinguished
character of the Hilbert space setting we will specify the Definition 3.2 as follows:

Definition 6.4 Let c¢i,co > 0 and ¢; +co > 0. We define F' to be nonlinear of degree
(c1,¢2) at a solution ut € D(F) of (2.1) if there is a constant K > 0 such that

[F(w) = Fuh) = F'(uh)(w—uD)|, < K [[F(u) = ]| o —uf]7 (6.3)

for allue M: (p).

Omax

Remark 6.5 In this Hilbert space setting we can formulate conditions for admissible
pairs (c1, ¢) in formula (6.3) of Definition 6.4 and study the smoothness background of
such degrees of nonlinearity.

A sufficient condition for the classical case ¢; = 0, co = 1, assumed for example in |29,
Section 3.2|), is the Lipschitz continuity

17" (u) = F'(uD)l oy < Liju = ullly

of F' for all u in a neighbourhood of uf. On the other hand, the case ¢; = 1, ¢, =
0 characterized by a tangential cone condition is frequently discussed in the theory of
iterative regularization (cf. [7, Chapter 11| and [18]). In [13] the focus is on the case ¢; > 0,
0 < ¢4+ ¢ <1, but it is well-known that numerous applications of ill-posed nonlinear
inverse problems occur, where ¢; = 1, ¢co = 1/2 can be shown, ie. 1 < ¢; + ¢ < 2. We
conjecture that the conditions

OSCl,Cgél, 0< e+ 2c <2 (64)

characterize all really occurring situations apart from singular cases.
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As already mentioned in [15] the pairs (c1,c2) of the degree of nonlinearity are not
necessarily uniquely determined. Namely, under a local Lipschitz condition

I (u) = F(uD)]lv < Cllu—ully (6.5)

for all u in a neighbourhood of u' a degree (c1, ¢z) evidently implies the degree (0, ¢;/2+cs).
Then ¢; + 2¢; > 2 would lead to some ¢ > 0 such that

[F(w) = F(u') = F'(ul)(u —uD)|, < K Jlu—ul|lF

for all u from appropriate level sets. If the operator F' is continuously twice differentiable
in a neighbourhood of u' with bilinear operators F”(u) : U x U — V using the integral
representation of the second order Taylor remainder this would imply || F”(u')(h, h)|v = 0
for all h € U indicating a singular case.

Using similar arguments as in the proof of Proposition 4.3 we can easily see that for
F'(u') # 0 an inequality
17/ (= uh), < K[|F(w) = Fh]]y
cannot hold for all u € M, (p) whenever ¢; > 1. Then because of ¢; —1 > 0 an ansatz
u :=u' +th with h # 0 and | ||y sufficiently small would after division by ¢ > 0 lead to

c1—1

HF’(UT)hHV < KHF’(UT)hHV lim ||F(u) — F(ul)| 0

t—0 Vv N
in the limit case for ¢ — 0.
Proposition 6.6 Under the Assumption 6.1 in one of the version 3a or 3b let the operator

F mapping between the Hilbert spaces U and V be nonlinear of degree (c1,cy) at ul with
c1 > 0 and let £ satisfy the general source condition

€ = (F'(uh) F'(u')"?w, 0<n<l, wel. (6.6)

Then we have the variational inequality (3.5) with exponent

2 2
K = min{ e , 7 } (6.7)
14+n7(1—=2c) 147

for allu € M,,,..(p) and multipliers 0 < 3 < 1, B > 0.

Proof: Under the general source condition (6.6) we can estimate for all u € M,, . (p)
with the interpolation inequality |7, formula (2.49), p. 47|

<£, ul — u>U < <w, (F'(uT)*F’(UT))"/Q(uT — u)>U

< ool | (P (u)* F/ ()2 (u = w) G’ = ully™ = Jwlloll F/wh) (@ = a) [} uf =l

where (-, -),; denotes the inner product in the Hilbert space U. Now we use the degree of
nonlinearity in order to estimate the term || F”(u')(u"—u)]||{, from above for u € M,,,..(p).
Owing to 0 < n < 1 we have

1F" (u) (u" = w) |} < NP (w) = Fuh) = F'(u) (u = ") + | F(uh) = Fu)][}

14



and hence with some constants K, Ky > 0
(& ul —uy, < Jwllo (1F(u) = F(ul) = F'(u")(u = u")[[} + | F(ul) = F(u)[|T) luf—ul[;™

< K| F(uh) = F()[3 " = ully™™" + Ko F(u®) = F()|[}a’ = ully ™.
Applying again Young’s inequality (3.9) twice with e := 1/4 such that terms i”uT —ull?
occur in a sum with powers of || F(u') — F(u)||y we obtain with some constants C;, Cy > 0

2¢ym 2n

]_ 1 1—2c¢ n
(€ ut = u)y, < Sllut = ully + Gl F () = F@)l™ ™ + Gyl Fut) — Fu) .

Taking into account that there is a constant K > 0 such that ||[F(u') — F(u)||y < K for
all uw € M,,,..(p) we have the variational inequality

1 K
(&ul —u), < §|IuT —ullfy + Bl | F(u") = F(u)ll5,

with & from (6.7) for all such v and some constant 3 > 0. This completes the proof.

Remark 6.7 An exponent x = 12+—”n in Proposition 6.6 indicates order optimal conver-
gence rates with respect to the general source condition (6.6). This is the case if the
condition

1471 —=2c0—c1) < (6.8)

already occurring in [15] is satisfied. Note that the condition (6.8) holds for 0 < 7 < 1
only if either ¢; = 1 or for 0 < ¢; < 1if ¢; + ¢ > 1 and 7 is large enough. In the case
c1 = 0, co = 1 no convergence rate result based on low order general source conditions
(6.6) is known (see also [17]). We conjecture that such results really cannot be formulated.

The authors have no general answer to the question whether one can formulate converse
assertions concluding in the Hilbert space setting from a variational inequality (3.5) with
exponents 0 < kK < 1 and nonlinear forward operator F' to Holder source conditions of
type (6.6). However, for the subcase of a continuous linear operator

Fi=Ac L(UYV) (6.9)

we can prove a converse result in the following proposition (cf. also [6, Section 3| with
respect to approximate source conditions). Since the conditions & € R(F'(u')*) and
¢ € R((F'(uh)*F'(u"))!/?) are equivalent this result complements for the subcase the
assertion a) of our Proposition 4.4 and of Proposition 3.38 in [29] which just handle the
case k£ = 1. We should mention here that for linear operators (6.9) no structural condition
(degree of nonlinearity) is required and Proposition 6.6 always yields the implication from

€ = (A*A)" 2, 0<n<l1, wel, (6.10)
to a variational inequality
<£,uT—u>U < Bulju’ —ullF + ﬁQHA(UT_U/)H:/ (6.11)
with exponent
21 ¢ (0,1) (6.12)
k= —— , )
L+n

for all u € M,,,..(p) and multipliers 0 < ; < 1, 5 > 0.
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Proposition 6.8 If for linear forward operators (6.9) a variational inequality (6.11) holds
for allu € M,,,..(p) and multipliers 0 < By < 1, B > 0, then under Assumption 6.1 a
general source condition (6.10) is valid for all n < 3.

Proof: Under Assumption 6.1 we obtain from (6.11) and (3.11) for noiseless data and an
a priori parameter choice a(d) < §27* the estimate

|4 = ullly < Cam@=.

This allows us to apply the converse result of [20] for linear Tikhonov regularization which
provides a Holder source condition (6.10) for all exponents n > 0 satisfying the inequality
n < 5*—. This completes the proof. 0

6.2 Hilbert space regularization and conditional stability

In this subsection under Assumption 6.1 we refer to Case 3b. For parameter identification
problems in partial differential equations (cf., e.g., |2, 16]) nonlinear forward operators
F occur, for which the required Taylor remainder ||F(u) — F(ul) — F'(u)(u — uT)HV is
difficult to handle and the variational inequality approach may fail. However, let hold for
all R > 0 a conditional stability estimate of the form

luy = uslly < K|IF(ur) = Flug)y, i w € DIE)NU, |Juillg < R (i=1,2) (6.13)

with some 0 < k < 1 and a constant K = K(R) > 0 which may depend on the radius R.

To explain the cross-connections between conditional stability and the degree of non-
linearity one should note that if F' is nonlinear of degree (0, ¢y), 0 < ¢y < 1, at the point
u' in the sense of Definition 6.4, then (6.13) implies a degree (2¢; %,0). In other words, the
conditional stability with some Hoélder rate converts the degree of nonlinearity to (cq,0)
such that ¢; > 0. In [5], a rate of the condition stability is related with the convergence
rate of regularized solutions. That is:

Proposition 6.9 Under Assumption 2.1 let F,Q, D, U and V satisfy the Hilbert space

specification expressed by items 1, 2, and 3b of Assumption 6.1, i.e., reqularized solutions

0

ul are minimizers over D = D(F) N U of the functional

)

Ty (u) = | F(u) = 0|3 + o Jlullg - (6.14)

«

Moreover, for all R > 0 let hold a conditional stability estimate of the form (6.13) with
some 0 < k < 1 and a constant K = K(R) > 0. Then for a solution u' € D of equation
(2.1) we obtain the convergence rate

upsy —ulllv = O(6%) as 6 —0. (6.15)

with an a priori parameter choice cd* < a(d) < 6% with constants 0 < ¢ < ¢ < oo.
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Proof: For the proof we follow ideas of [5]. As a minimizer of (6.14) the element u®
satisfies the inequalities

1F(ug) — vl < 1F(uq) = 0|5 + aflugllf < [1F (") = oI5 +a a7
Hence we have
IF(ug) — o[l < 6% + o |lu'F
and with a(d) ~ §?
HF(u‘;(J)) — ||y = O@) as §—0. (6.16)
In a similar manner one obtains al|u[|2 < 6*+a [[uf[|2 and [[u) s [lg < R = /¢ + [luf]2.

Because we also have |[u'||; < R the estimate (6.13) is applicable and yields with some
constants K = K(R)

lupsy = u'llv < K [|F(ugs) = [}, < [[Fuges) = o], + [[F(uh) =5

Taking into account (6.16) and || F(uf) — U(SH’:/ < 0" this proves the proposition. 0

Example 6.10 We give an example that shows the applicability of Proposition 6.9 for
inverse problems in partial differential equations:

Let G C R"™ be a bounded domain with smooth boundary 0G and set L := —A with
D(L) = H*(G)NH(G). Here and henceforth H*(G), H(G), HY(0,T), 6 > 0, etc. denote

usual Sobolev spaces. We consider

Oy = —Ly +u(t)y(zx,t), re G, t>0,
y(x,0) = a(x), z €@, (6.17)

Ylocx o) = 0.

The equation models a reaction and diffusion process whose reaction rate depends on ¢
with factor u(t). We are interested in an inverse problem of determining such a function
u forming a time factor u(t), 0 < ¢t < T, by available observation data. The observations
are represented by interior mean data. In this context, let Gq C G be a subdomain such
that Gy C G. Then we observe noisy data of the function

v(t) == / y(z, t)dz, 0<t<T,
Go

which expresses the exact right-hand in equation (2.1) (see [25] as for similar inverse
problems). Both u and v are functions over the time interval (0,7") under consideration.

We consider (6.17) as an ordinary differential equation in ¢ in a Hilbert space L?(G)
with the norm || - ||. We set y(t); = y(-,t) mapping from (0,7) to L?*(G). Then we can
write (6.17) as

{ y(t) = —Ly+ult)y(t), >0, (6.18)

y(0) = a, AN E
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We treat (6.18) with respect to the semigroup theory (cf., e.g., [23]) and note that y(t) €
D(L), t > 0, refers to the boundary condition in (6.17), where we assume

acCy(G), a#0, a(zx)>0, ze€d. (6.19)

Moreover, let hold the substitution

wmwzl;mmm, n e I3(G).

We will show that the forward operator F' : u +— v is mapping from L?(0,7T) into
H'(0,T) is well-defined and satisfies there a stability estimate . First let |[u| ;27 < R.
Henceforth C; > 0 denote constants which are dependent on R, a, but independent of the
choice of u. We have

t
y(t) = e *a —l—/ u(s)e D y(s)ds, t> 0. (6.20)
0

Therefore .
Ly(t) = e "*La —I—/ u(s)e I Ly(s)ds, t>0.
0

Then .
Ly < Cy +/ Cilu(s)|[[Ly(s)||ds, t>0.
0

Now Gronwall’s inequality yields
| Ly(t)|| < C}exp <01 /t |u(s)|ds) <C T =0, 0<t<T. (6.21)
0
By (6.20), we obtain
y'(t) = —e " La+u(t)y(t) — /tu(s)e(ts)LLy(s)ds, t > 0. (6.22)
0
Therefore, using (6.21), we have

Iy @) < Cs + Csllu(®)y ()] +/0 Cslu(s)[[[Ly(s)llds < C5 + Clu(?)] +/O Cslu(s)|ds,

so that . )
[ Wlta <. [ umpan+c. o<e<r.
0 0

Hence
le (' ()ll2om) + le@@)l2or) < Cs 3 lullz2om) < R (6.23)
Consequently F': L*(0,T) — H'(0,T) is well-defined.

Now let uy,uy € L*(0,7T) and let ||us[ 20,1y, [uzl|L20,r) < R, and set 21 = y(uy), 22 =
y(uz). Then

(21— 22)(t) = / (uy —u2)(s)6_(t_5)Lzl(s)ds+/ us(s)e” T (2 — ) (s)ds, 0<t<T.
’ ’ (6.24)
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By (6.21), we obtain

IL(z1 — 2)(B)] < Co / (w1 — u)(8)| | Laa(s) ds + C / fus(s) 1Lz — 22) ()]l ds
<G / (1 — ) (s)|ds + C / fua($)|[|L(z1 — 22)(s) | ds.

Gronwall’s inequality yields

12 = 22)(0)] < Co ( / (s - UQ)(5)|2ds)%

v/ e (06 / t |U2<s>|ds) x Celua(s)] % Co ( / e u2><s>|2ds) " ds,

1
2

| L(z1 — 22)(t)]| < C7 (/0 |(uq — u2)(s)|2ds> , 0<t<T. (6.25)

Next we estimate

that is,

(21 — 22)'(t) = (u1 — u2)(t)z1(t) + ua(t) (21 — 22)(t)
— fot(ul —uy)(s)e" DALz (5)ds — fot ug(s)e I L(2 — 25)(s)ds.

Here

p(z1)(t) % (= uz)(t) = [y (wr — ua)(s) (eI L (s))ds (6.26)
(21— 22)')() = ua(t) (p(z1 = 22)) (1) + fy ua(s)p(e” Lz — 25)(s))ds.

By (6.19) and the maximum principle, we have
p(z1)(t) e, 0<t<T,

where € > 0 depends on u;. Consequently

(ur = uz)(t) = [y (ur = u2)(s)p(20) (1) Mple™ =9 Lz (5))ds + (1) () (21 — 22))(1)
—p(20)(1) ua(t)p (21 — 22)(8) + [y uals)p(z0) (1) Mp(e” L (21 — 2)(s))ds.

By (6.21) and (6.25), we have

|(ur = u2) ()] < 08/0 (w1 = uz)(s)lds + Cs(le((21 — 22)) () + (21 = 22)(1)])

oo ([ lmPas) ([ et = o)

Hence, in view of (6.25), we obtain

|(ur —u2)(1)] < Coll((z1 — 22) ) (B)] + |o(21 — 22) (B)])
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+o [ —un)oas + o ([ ([l - wooac) ds)%.

Squaring the both sides, integrating over (0,¢) and setting p(t) = |,

0 [(u1 — ug)(s)|*ds, we
have

p(0) < Cn [ (le((a = 2 )OF + It = 20 s +Coo [ ([l wale)ae ) s

+Cu [ t ([ (] Y - w) 1)) ) s
< Cuo [ (le((a = 2O + oz = 2O s + Co [ pls)ds +CuT [ pls)ds

At the last inequality we used

/Ot (/O (/juul—uz)(n)ﬁdn) d&) dss/ot (/Osp@)ds) s
S/Ot (/OSP(S)d§> dsét/otp(S)d&

Again Gronwall’s inequality yields
p(t) < Cullp(zr — 22)lipory, 0<t<T.

Therefore we have proved the basic inequality for the considered inverse problem with
respect to the parabolic initial-boundary value problem (6.17):

lur — ol 20y < CuallF(ur) = Flua)lmrory i (lusllzer, [Juall2om < R (6.27)

Note that we have weak continuity of F' as a by-product of the calculations above.
Namely, if u converge to u weakly in L?(0,T), then by (6.24) and (6.26) we can directly
verify that F'(uy) converge to F'(u) weakly in H'(0,T).

Exploiting the result (6.27) we now come back to Proposition 6.9 by setting

- 1
U:=L*0,7), U:=H0,T), 3 <0<1, V:=L*0,T), k:= %. (6.28)

We are going to prove that in such a case a stability estimate (6.13) can be verified.

Proposition 6.11 Under the setting (6.28) a conditional stability estimate (6.13) holds
true, and Proposition 6.9 is appllicable, i.e., the convergence rate (6.15) occurs for the
required choice of the reqularization parameter.

Proof: We use an equivalent representation of the norm of H?(0,T) by Slobodeckij (see,
e.g., |1, Theorem VIL.7.48, p. 214|). We rewrite (6.22) as

y'(t) = —e " La 4+ u(t)y(t) — /Ot u(s)e L Ly(s)ds = L (t) + L(t) + Is5(t).
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First we have

o(I(t)) = u(t) /G y(o, 1)

For 6 > 1 we have that H%(0,7) C C[0,T]. Then by (6.23) one can write

T T
[u()y(t) — u(s)ey(s) Ju(t) — u(s)]?ley(®)?
/ / |t - s|1+29 P dsar < 2 |t = s|1+29 dsdt

T u(s)Pley(t) — ey(s)|”
vz [ [ O =GRy < 2Hgoyué[o,ﬂHuuze(o,ﬂ + 2llullz nlleuleg

< 2[lpyll 20 R + 2llullFo oy leyll ooy < 205 R + 2R*CS.

Hence
||<P(I2)||H9(0,T) < Ch.

T
/ e~ Ladx dt+/
Go 0

Next we estimate:

2 2

dt

T
le () 2wom < Nl o < /

/ et L2adx
Go

< Cus(|[Lal*+[[ L%alf*).
By (6.20), we have

¢
L*y(t) = e L% —1—/ u(s)e” I L2y(s)ds.
0

Therefore, similarly to (6.21), Gronwall’s inequality implies ||L?y(¢)|| < Cy. Then we
proceed to estimation of Ij:

o(I3)(t) = /G 0 ( /0 tu(s)e_(t_s)LLy(s)ds) de = /O tu(f) ( /G O e—“—f)LLy(g)dx) d¢.

It is sufficient to assume ¢ > s:

/otu@ ( /G 6‘“‘“Ly<£>dx) ie- [ e </G 6_(S_§)LLy(£)dx)
/0 u(e) ( /G ERn s ”Ly(f)dx) *

o [ raon)a
/0 u(e) ( /G et 1>Ly<f)d”’”) *
[ (-

= 2J1—|—2J2
21

(t o 8)—1—26

_ (t_8)71729

2
S 2<t_8>71729

+2(t—s) 1%




First, noting that (e~ =)L — 1)Ly (&)|| < C4,(t — s)||L%al| (cf. [23]), we see that

/ / Jydsdt < / / (t—s)~ 172 / u(é) ( / e<s€>L(e<tS>L—1)Ly(5)dx)

ey / / ([ erpde) (= s ([ ee-oseor - nyyodc ) asar
<, / [ ot =971 ( | (t—8)2|!L2y(€)H2d£> dsdi
< Cys /OT (/Ot(t—s)l_%ds) dt < Cig

by the Cauchy-Schwarz inequality and § < 1. As a consequence of (6.21) and of

HY(0,T) C C[0,T] we have
=/ ule) ( / O e—“—@LLy(f)dx)

[ [ fior
<o | ' [a—o=( / u@rae) ([ e orLyede ) asa

<C”/ / T = )2 [ul oo gy dsdt < Cas,

Hence ¢y morm) < Cho, that is, ||oy(u)||gi+e@r) < Cig. The interpolation inequality
implies

2
dsdt

2
dsdt

[F(u1) = F(uz) | 110,7) < Cool[F(ua) — F(”ﬁ”}ﬁkl(oj)”F(ul) - F(“ﬁ”ﬁ@,n
< Con(2C10) 7| F (1) — F ()| 38y
Substituting this into (6.27), we obtain
o= iz < CuCanl2Ci0) 1| Fw) = F(uh) I
for ||ully,, |u'||z, < R. This proves the proposition. m

For classes of identification problems in partial differential equations it may be neces-
sary to replace the power-type norm differences || F'(u1) — F (u2)||f, occurring in conditional
stability estimates (6.13) with w(||F(u1) — F(uz)|y) using more general (mostly concave)

index functions w. For obtaining logarithmic rates such a generalization is useful with
K
1

w(n) = o T and some k > 0, for example for parabolic problems backward in time

where the forward operator F': u(-,0) — u(-,T) is defined by solutions u of the equation
O = Au(z,t) + f(z,t,u), z€G, t>0

with boundary condition u|scx©r) = 0. Due to the occurrence of nonlinear terms f
in the equation Carleman type inequalities are required for finding conditional stability
estimates. For such proof and related results we refer to [32] and references therein.
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