Scalar and Vector Optimization with Composed Objective
Functions and Constraints
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Abstract. In this paper we consider scalar and vector optimization problems with objective
functions being the composition of a convex function and a linear mapping and cone and geometric
constraints. By means of duality theory we derive dual problems and formulate weak, strong and
converse duality theorems for the scalar and vector optimization problems with the help of some
generalized interior point regularity conditions and consider optimality conditions for a certain scalar
problem.

Keywords. Duality, interior point regularity condition, optimality conditions.

AMS subject classification. 46N10, 49N15

1 Introduction

To a certain multiobjective optimization problem one can attach a scalar one whose optimal solution
leads to solutions of the original problem. Different scalarization methods, especially linear scalariza-
tion, can be used to this purpose. Weak and strong duality results and required regularity conditions of
the scalar and vector problem are associated with them. In the book of Bot, Grad and Wanka (cf. [I])
a broad variety of scalar and vector optimization problems is considered. Related to the investigations
within that book we consider here some different scalar and vector optimization problems associated
with each other and show how the duals, weak and strong duality and some regularity conditions can
be derived.

We assume X, ),V and Z to be Hausdorff locally convex spaces, whereas in order to guarantee
strong duality some of the regularity conditions contain the assumption that we have Fréchet spaces.
We consider the scalar optimization problem

(PS*) llgi{f: )w-fi(Ax)} , A={z e S:g(x)<0,i=1,...,k},
i=1

taking proper and convex functions f; : Y — R := R U {#o00},i = 1,...,m, weighted by positive
constants \;,i = 1,...,m, further g = (g1,...,9x)7 : X — R* where g;,i = 1,...,k, is assumed to be
convex, S C X is a non-empty convex set and A € L(X,)), i.e. a linear continuous operator mapping
from X to Y. Another problem is the scalar one

(PS) wigif(Aw), A={zx e S:g(x) e -C},

which is related to the first one. Here we use the proper and convex function f : ) — R and the
C-convex function g : X — Z and a nontrivial convex cone C' C Z.
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Further we consider two vector optimization problems to which scalar ones may be attached, whose
dual problems are used to formulate duals to the vector optimization problems. This can be seen in
the following sections.

For the space X partially ordered by the convex cone K we denote by X'® the space to which a
greatest element +oog is attached (cf. [I]).

We consider the following vector optimization problem:

(PV™) %iﬂ(fl(Ax), s fmA)NT, A={zeS:gi(z)<0,i=1,...,k}.

Here we assume f = (f1,..., fm)? : Y — R™® to be a proper function with convex functions f;,i =
I,...,m,and g; : X — R,i =1,... k, to be convex. Further we have S C X. The problem (PS*)
arises by linear scalarization of (PV™). Further we consider the following vector optimization problem
related to the above one:

(PV) I;/éi}} f(Ax), A={zeS:g(x)e-C}.

Here f: )Y — V* is a proper and K-convex function and g : X — Z is a C-convex function, using the
nontrivial pointed convex cone K C V and the nontrivial convex cone C C Z.

The conjugate dual problems to the scalar and vector optimization problem arise as a combination
of the classical Fenchel and Lagrange duality. It is the so-called Fenchel-Lagrange duality introduced
by Bot and Wanka (cf. [2], [3], [10]).

For the primal-dual pair one has weak duality, where the values of the dual objective function at
its feasible set do not surpass the values of the primal objective function at its feasible set. Further,
for scalar optimization problems we have strong duality if there exists a solution of the dual problem
such that the objective values coincide, whereas for vectorial ones in case of strong duality we assume
the existence of solutions of the primal and dual problem such that the objective values coincide, and
for converse duality we start with a solution of the dual and prove the existence of a primal solution
such that the objective values coincide.

In order to have strong and converse duality we have to formulate regularity conditions. Since
the classical Slater constraint qualifications (cf. [5] and [9]) are often not fulfilled, we will present
generalized interior point regularity conditions, which are due to Rockafellar (cf. [9]). Conditions for
some dual problems were given by Bot, Grad and Wanka (cf. [I]). Thus we modify these conditions
and resulting theorems to adopt them to the problems we study in this paper. Further, in [II] also
some vector optimization problems and their duals having a composition in the objective function and
the constraints were considered.

The central aim of this paper is to give an overview of special scalar and vector optimization
problems. In addition, we point out the connections between them as well as the arising interior point
regularity conditions.

The paper is organized as follows. In the following section we introduce some definitions and
notations from the convex analysis we use within the paper. In Sect. 3 we consider two general scalar
optimization problem, calculate the dual ones, give regularity conditions, further formulate weak and
strong duality theorems and give optimality conditions for one of them. Moreover, we consider two
vector optimization problems and also calculate the dual ones and formulate weak, strong and converse
duality theorems, respectively.

2 Notations and Preliminaries

Let X be a Hausdorff locally convex space and X'* its topological dual space which we endow with the
weak™ topology w(X*, X). We denote by (z*, z) := 2*(x) the value of the linear continuous functional
r* € X*at x € X. For X = R" we have X = X* and for v = (21,...,7,)T € R",2* = (2F,...,25)T €
R™ it holds (z*,z) = (z*)Tox =31 | zfz;.



For f: X — V and v* € V* we define the function v*f : X — R by v* f(x) := (v*, f(z)) for x € X,
where V is another Hausdorff locally convex space and V* its topological dual space.

The zero vector will be denoted by 0, whereas the space we talk about will be clear from the
context. By e we denote the vector (1,...,1)7.

For a set D C X the indicator function ép : X — R is defined by

S (z) = 0, r €D,
P 400, otherwise.

When D C X is non-empty and f : X — R we denote by f}, : X* — R the function defined by

fp(@") = (f +0p)*(z") = sup{(z", z) — f(z)}.
zeD
One can see that for D = X, f}, becomes the (Fenchel-Moreau) conjugate function of f which we
denote by f*. We have the so-called Young or Young-Fenchel inequality:

flz)+ f*(a%) > (z*, ), Vo e X, Va* € X", (1)

The support function op : X* — R is defined by op(z*) = sup,¢p (z*, ) and it holds op = 5.
Let K C X be a nontrivial convex cone. The cone K induces on X a partial ordering <y defined

forz,y e X by x Sk y < y—x € K. Moreover, let us define z <y y if and only if x S y and = # y.
The dual cone K* C X* and the quasi interior of the dual cone of K*, respectively, are defined by

K*:={az"eX*: (z",2) >0, Vz € K},
K= {2*c K*: (z*,2) >0, Vo € K\ {0}}.

A convex cone K is said to be pointed if its linearity space I(K) = K N (—K) is the set {0}. For a set
U C X the conic hull is
cone(U) = U AU ={ u:ueU\>0}.
A>0

If we assume that X is partially ordered by the convex cone K, we denote by +oox the greatest
element with respect to <k and by X*® the set X U {+ook}. For any x € X*® it holds z <x +oox and
r <k +oog for any z € X. On X* we consider the following operations and conventions (cf. [I]):
x4+ (+ook) = (+ook )+ := +ook, Ve € XU{+ook}, A\ (+00k) := +0ok, VA € (0,400],0- (+00k) :=
+ook. Note that we define +-oor, =: +00 and further <R+::§ and <g, =:<.

By Bx(z,7) we denote the open ball with radius v > 0 and center x in X defined by By (x,r) =
{y € X : d(z,y) < r}, where d : X x X — R is the metric induced by the topology in X if X is
metrizable.

The prefixes int, ri, icr, sqri and core are used for the interior, the relative interior, the relative
algebraic interior (or intrinsic core), the strong quasi relative interior and the algebraic interior or
core of a set U C X, respectively, where

core(U) ={zr € X : Yy € X, 3§ > 0 such that VA € [0,d] : 2 + Ay € U},
ri(U) ={z € aff(U):3e > 0: Bx(z,e) Naff(U) C U},
icr(U)={xeX:Vyecaff(U—-U), 35 >0st. YA€[0,0] :x+ Iy U},
. [ dex(U), if aff(U)is a closed set,
sqri(U) = { 0, otherwise,

and in case of having a convex set U C X we have

core(U) ={z € U : cone(U — z) = X},
sqri(U) = {xz € U : cone(U — ) is a closed linear subspace}.



It holds core(U) C sqri(U) and aff(U) is the affine hull of the set U,

aff (U) = {Z)\ixi:neN,xieU,)\i eR,ZAizl,i:L...,n}.

i=1 1=1
We assume V to be a Hausdorff locally convex space partially ordered by the nontrivial convex
cone C C V.

The effective domain of a function f: X — R is dom(f) = {x € X : f(x) < +oo} and we will say
that f is proper if dom(f) # 0 and f(z) > —oco, Vo € X. The domain of a vector function f : X — V*
is dom(f) ={zx € X: f(x) # +ooc}. When dom(f) # @ the vector function f is called proper.

While a proper function f : X — R is called convex if for all x,y € X and all A € [0, 1] it holds
FOxz+ 1 =Ny <Af(z)+ (1= X)f(y), a vector function f : X — V* is said to be C-convez if for all
z,y € X and all A € [0,1] it holds f(Ax + (1 — Ny) Sc Af(z) + (1 = N)f(y) (cf. [I]).

A function f : X — R is called lower semicontinuous at T € X if liminf f(x) > f(¥), while a

function f : X — V* is star C-lower semicontinuous at T € X if (v* f) is lower semicontinuous at 7 for
all v* € C*. The latter notion was first given in [0].

For f: X — R and a € R we call lev,(f) := {x € X : f(z) < a} the level set of f at a.

By L(X,Y) we denote the set of linear continuous operators mapping from X into Y. For A €
L(X,Y) one can define the adjoint operator, A* : Y* — X* by

(A*y* x) = (y*, Az), Vy* e Y*' zeX.

In the following we write min and max instead of inf and sup if we want to express that the
infimum /supremum of a scalar optimization problem is attained.

Definition 2.1 (infimal convolution). For the proper functions fi,...,fr + X — R, the function
A0---0fk : X — R defined by

K K
(10---Ofk)(p) = inf{Zfi(pi) LY pi ZP}

i=1
is called the infimal convolution of fi,i=1,... k.

In order to state a theorem for the infimal convolution of conjugate functions we introduce addi-
tionally to a classical condition (RCY) the following generalized interior point regularity conditions

(RCF),i € {2,3,4}:

(RCE) 3o’ € N¥_, dom(f;) such that a number of k& — 1 functions 2)
1 of the functions f;,7 =1,...,k, are continuous at z’,
. X is Fréchet space, f; is lower semicontinuous,i =1,...,k,
(RCY) - (1Tk ‘ (3)
and 0 € sqri (II;_; dom(f;) — Axx |,
. X is Fréchet space, f; is lower semicontinuous,i =1,...,k, and
(RC3) 0 € core (Hle dom(f;) — Axk) ,
. X is Fréchet space, f; is lower semicontinuous,i = 1,...,k, and
(RCY) 0 € int (Hle dom(f;) — A)ﬂc) ,

where for a set M C X we define Ay := {(,...,2) € X¥ : 2 € M}. The following theorem holds
(cf. [I, Theorem 3.5.8]):



Theorem 2.2. Let fi,...,frx : X — R be proper and convex functions. If one of the reqularity
conditions (RCF),i € {1,2,3,4}, is fulfilled, then it holds for all p € X*

k * k k
(z fi> =10 DR = min { 31700 Yom =) @
=1 =1

=1

Remark 2.3. For X = R"™ formula holds if f;;i = 1,...,k, is proper and conver and
NE_, ri(dom(f;)) # 0, i.e. we do not need one of the conditions (RCY),i € {1,2,3,4} (cf. [S, Theorem
20.1]).

The function f : X — V* is called C-epi closed if its C-epigraph, namely epic f = {(z,y) € X xV:
f(z) <¢ y}, is a closed set (cf. [7]). For a real valued function f : X — R and C' = Ry we have
epi f = epix f and the following theorem holds (cf. [I, Theorem 2.2.9]):

Theorem 2.4. Let the function f : X — R be convex. Then the following statements are equivalent:

(1) [ is lower semicontinuous,
(i) epif is closed,
(791)  the level set levy(f) = {x € X : f(z) < a} is closed for all a € R.

3 Some Dual Optimization Problems

In this section we consider the optimization problems (PS) and (PV). These are related problems,
the first one a scalar, the latter one a vectorial, having as objective function a composition of a convex
(vector) function and a linear continuous operator and cone and geometric constraints. For these we
formulate dual problems and state weak, strong and converse duality theorems under some classical
and generalized interior point regularity conditions. Further, we consider two problems (PS*) and
(PV™) related to the above ones and derive the same things.

For the whole section we assume that X', ), Z and V are Hausdorff locally convex spaces, Z and V
are assumed to be partially ordered by the nontrivial convex cone C' C Z and the nontrivial pointed
convex cone K C V), respectively. Further, let S C X be a non-empty convex set and A € L(X,)).

3.1 The Scalar Optimization Problem (PS)

In this first subsection we consider a general scalar optimization problem. Therefore we assume the
function f : Y — R to be proper and convex and the vector function g : X — Z to be C-convex,
fulfilling A= (dom(f))Ng~1(—=C)NS # 0. Consider the following primal scalar optimization problem:

(PS) gﬁirelgf(Am), A={zxeS:g(zx)e -C}.

We derive here a dual problem which is called the Fenchel-Lagrange dual problem to (PS). For this
purpose we consider the perturbation function ®py : X x Y x Z — R, given by

_ [ fAr+y), zeS.gla)ez-C,
Prp(v,y,2) = { +o0, otherwise,

(5)



where X is the space of feasible variables and J and Z are the spaces of perturbation variables. First
we calculate to @, the conjugate function (®Ppp)* : X* x Y* x Z2* - R:

(Prr) (™, y", 2%)

= sup {{", 2) + (", y) + (2%, 2) — f(Az +y)} (6)
(z,y,2)ESXYXZ
g(z)—z€-C

= sup {@2) + (v, r — Az) + (2", g(2) —5) = f(r)}
(z,r,s)€ESXYXx—-C

=00 (z")+ sup {{z" - A% )+ (v, r) + (27g)(x) — f(r)}

(z,r)eSXY
=00 (") +sup{(z” = A%y", z) + ("g) (@)} + Sug{@*, r) = f(r)}. (7)
re re
It follows
—(@rr)" (0,97, 2") = =00+ (27) = (=279)5(=A"y") = [ (y")-
The dual problem becomes (cf. [I] and take z* := —z*):

(DSpr) — sup  (=(®pr)"(0,47,27))
(y*,2*)EV* X Z*
= sup (6o (2") = (=2Tg)s(=ATYT) — f7(y"))
(y*,z*)EY* X Z*
= sup  (=(2"g)s(=A"") = [T (y")). (8)
(y*,z*)eY*xC*
We denote by v(PS) and v(DSFr) the optimal objective value of (PS) and (DSFr,), respectively. Then
weak duality holds by construction (cf. [I]), i.e. v(PS) > v(DSpr). In order to have strong duality
we introduce some regularity conditions.

For a general optimization problem given by

(P) inf ®(x,0),

zeX
depending on the perturbation function ® : X x)) — R we introduce the following so-called generalized
interior point reqularity conditions, where we assume that ® is a proper and convex function fulfilling
0 € Pry(dom(®)) and Pry : X x Y — Y, defined for (z,y) € X x Y by Pry(z,y) =y, is the projection

operator on ). Further, X is the space of feasible variables and ) is the space of perturbation variables
(cf. [1]). The conditions have the following form:

(RCY) | 32’ € X such that (2/,0) € dom(®) and ®(2,-) is continuous at 0,

(R C@) X and Y are Fréchet spaces, ® is lower semicontinuous )
2 and 0 € sqri(Pry (dom(®))),

(R C@) X and ) are Fréchet spaces, ® is lower semicontinuous and
3 0 € core(Pry(dom(®))),

(R C'i’) X and Y are Fréchet spaces, ® is lower semicontinuous and
4 0 € int(Pry(dom(®))).

If X and )Y are Fréchet spaces and ® is lower semicontinuous, it holds
(RCT) = (RCY) & (RCS) = (RCy), (10)

i.e. the second is the weakest one (see also [I]).



If (RCY) is fulfilled, the condition 0 € Pry(dom(®)) holds since it is equivalent with 3z’ € X :
(2/,0) € dom(®). If (RCP),i € {2,3,4}, is fulfilled this obviously also holds since the sqri, core and
int of Pry(dom(®)) are subsets of the set Pry(dom(®)).

We have to ensure that the perturbation function ® gy, is proper and convex. The convexity follows
by the convexity of f,g and S. Further, ®x is proper since f is proper and A~!(dom(f)) NS N
g 1(=C) # 0. These properties will be maintained in the following (sub)sections.

For the given perturbation function ® g, it holds

(y,Z) S Pryxg(dom((I)FL))

Jr e X: Ppr(x,y,2) < o0

JreS: Az +y € dom(f),g(zx)ez—-C

dr € S: (y,2) € (dom(f) — Ax) x (C + g(z))
(y.2) € (dom(f) x C) = | (Az, —g(x))

€S
& (y,2) € (dom(f) x C) = (A x —g)(As2).

T T

The lower semicontinuity of ®py, is equivalent with the closeness of epi ®ry, (see Theorem and it
holds

epi®rr = {(z,y,2,r) EX XY X ZxR: (Ax+y,r) €Eepif}
N{SxYx ZxRIN{(z,y,2,7) €EX xYx ZxR:(x,2) € episg}.

The closeness of this set is guaranteed if X';) and Z are Fréchet spaces, f is lower semicontinuous, S
is closed and g is C-epi closed. The regularity condition (RCS) becomes:

X,Y and Z are Fréchet spaces, f is lower semi-
(RC3,pr) | continuous, S is closed, g is C-epi closed and (11)
0 € sqri((dom(f) x C) — (A x —g)(Ag2).

Analogously one can rewrite the stronger conditions (RC) and (RCZ) using core and int, respectively,
instead of sqri and get (RC3 pr) and (RCy pr).
The regularity condition (RCY) becomes under usage of the perturbation function ® gy, in formula

(E

32’ € A1 (dom(f)) N S such that f is continuous at

(RCLPL) | Ay and g(a') € — int(C). "

We state now the following strong duality theorem:

Theorem 3.1 (strong duality). Let the spaces X,Y and Z, the cone C, the functions f and g,
the set S and the linear mapping A be assumed as at the beginning of the (sub)section and further
A7 (dom(f))Ng=t(-=C)N S # 0.

If one of the regularity conditions (RC; pr),i € {1,2,3,4}, is fulfilled, then v(PS) = v(DSpr) and
the dual has an optimal solution.

Remark 3.2. If the function f is continuous and the primal problem (PS) has a compact feasible set
A, then there exists an optimal solution T to (PS).

3.2 The Scalar Optimization Problem (PS¥)

A multiobjective optimization problem with objective functions f;,7 = 1,...,m, can be handled by
weighting the functions and consider the sum of it, which is a linear scalarization. The arising problem



is the subject of this subsection. Similar perturbations of the primal problem can be found in [4],
where the authors consider an optimization problem having also cone constraints but still a weighted
sum of convex functions without the composition with a linear continuous mapping.

Assume the functions f; : ) — R,i = 1,...,m, to be proper and convex and g = (g1,...,gx)"
X — R* to be C-convex, C = RE. Further, let A be the fixed vector A = (A1,...,Ap)? € int(R7).
Let A € £(X,Y) and A=Y (", dom(f;)) Ng~*(=R%) NS # 0. We consider the scalar optimization

problem
i E i ’ - . ; < ) = PR
(PS ) lnf { , )\Z L(Aaj)} s A {_’]j & S gz(aj) 071 17 7k}7

and the following perturbation function ®%; : X x Y x ... x Y x X x ... x X — R in order to separate
the conjugate functions of f;,i =1,...,m, and the conjugate functions of g;,i = 1,...,k, in the dual:

MNifi(Az +4%), € 8,g;(x+2)<0,i=1,...,k,
O%, (z,yt, ... y™, 2t 2R = Z ( ) ( )

’L
400, otherwise.

The conjugate function (®%,)* : X* x Y* x ... x Y* x X* x ... x X* — R is given by

(PFr) (2" gyt g™ 22

m k m
= sup {(w*, 2) Y (Y)Y (F N = Nifi(Ax + y’)} :
=€, i=1 i=1 i=1
Y eV,i=1,..,m,
ZteX,i=1,...k,
gi(z+2")<0,
i=1,....k

By setting Az +y' =:rf €Y, i=1,...,m,and x4+ 2' = s € X,i=1,... k, we get:

—(@FL) (0, Y 2L )

m

sup {E <yi*,ri—Ax>+§ < s—x E Aifilr }
. €S, i=1 i1

riey,i=1,..,m,

s'eX i=1,...k,

gi(s1)<0,i=1,....k

—sup {—§<yi*714x> — Z <z“‘,x>} - i sup {<yi*,ri> — )\Z-fi(ri)}

z€eS i—1 i—1 T'EY
k
— Z sup <z“‘,sl>
i=1 S'€X,
gi(s")<0
m k m k
=55 (—A* Zy” — Zz”) Z Nfi)” Z sup <zi*,si>.
i=1 i=1 i=1 i=1 S'EX,
9i(s*)<0
We have (\;fi)*(y™*) = \iff (y/\) since \; > 0 for all 4 = 1,...,k, and by setting y** := y/\,z =



1,...,k, we get the following dual problem to (PS%):

(DSEL) sup {_((b%‘L)*(O’yl*a"'7ym*721*7"'72k*)}
(yl*“”)y'ln* 1*7 Zk;*)
€Y X..xY"x
XF XX X"
m k m k
S {—az (3o - 0 6 -3 s () )
W'y ™22 i=1 i=1 i=1 i=1 s'€EX,
€V XY x 9i(s1)<0
XXX X"
m k m k
= sup { — 0% (—A* Z)\iyl* — Z z”) - Z Nifi(y) — Z sup (2", s") } (13)
(" y™, i=1 i=1 i=1 i=1 S'€X,
Zl*v“’zk*) gi(si)SO
€Y X..xXY* X
X' XX X"

The following theorem holds according to the general approach described in Subsect. [3.I] and because
of the previous calculations.

Theorem 3.3 (weak duality). Between (PS¥) and (DS%;) weak duality holds, i.e. v(PS*¥) >
v(DSE;).

In order to formulate a strong duality theorem we consider the regularity conditions given in Sect.

The continuity of ®%, (2/,-,...,-) at 0 is equivalent with the continuity of f; at Az’,i=1,...,k,
further g(2') € —int(R%) and the continuity of g at 2’ (which is equivalent with the continuity of
gi,i=1,...,k, at o). So the first regularity condition becomes:

Ja’ € A7L <ﬂ dom(fz)) NS such that f; is

i
(RCLFL) continuous at Az’,i=1,...,m, g; is continuous at z’, (14)
i=1,...,k, and g(x/) € —int(RE).
We further have, using the definition of the level set:
(yl, R VL2 Zk) € Pl"yx...xyxXx..‘xX(dom((I)IE?L))
eIzeX: %, (x,yt ..., y™, 225 < 4o,
SdreS: Av+y' edom(fy),i=1,....,m, gi(x +2)<0,i=1,...,k,
sdreS:y edom(fi) —Ax,i=1,....m, v+ 2" €levo(g),i=1,...,k,
m k
s3res: (y,...,ym .M e '1:[1 (dom(f;) — Azx) x _1:[1 (levo(g;) — x),
m k
eIzes: (y,...,ym 2. 2R e ,lilldom(fi) X 41:[11evo(gi) — (Az,... Az, z,...,2),
m k m k
0 e e ) € M dom(s) x [ ievo(o) — ([fE4x fide) @) 15)

The lower semicontinuity of ®%;, we need for the further regularity conditions, is equivalent with the
closeness of epi ®%; (see Theorem [2.4) and it holds:



Lemma 3.4. The set

epi(I)IE,L:{(m,yl,...,ym,zl,...,zk,r)EXxyx...xyxXx...xXxR:

Z)\ifi(Aeryi)gr}ﬂ {SXYX..xYxXx...x X xR}

i=1
k
ﬂ{(w,yl,...,ym,zl,...,zk,r) EXXYX..XYXXX...x X xR:
i=1
x+ 2" €levo(gi)}
is closed if X and Y are Fréchet spaces, f; is lower semicontinuous, ¢ = 1,...,m, S is closed and

levo(g;) is closed, i =1,... k.

Proof. Let  the sequence (wn,yi,....ym 2L, ... 2k r) € epi(®%;) converge to
(gt ..y 2t 2R ) € A XY X ... xY XX x...x X xR We show that it holds
(z,y%, ..., y™, 2Y, ..., 28 r) € epi(@%,) in order to get the closeness of epi(®%; ).

We have > A, fi(Azy, + y%) < rp. Further it holds z,, € S and z,, + 2}, € levy(g;) and we get by
the lower semicontinuity of f;,i =1,...,m,

Z Aifi(Ax + yl) < lim infz Aifi(Az, + yZL) <liminfr, =r.
i=1 1=1
Since x € S, which follows by the closeness of S, and lim (z,, + 2%) = z + 2* € levo(g;), which follows

n—oo
by the closeness of levy(g;), the assertion follows. O

Remark 3.5. The fact that levo(g;),i = 1,...,k, is closed is implied by the lower semicontinuity of
gi,i: 1,...,k’.

With this lemma we get (cf. formula (9)):

X and ) are Fréchet spaces, f; is lower semicontinuous,
t=1,...,m,S is closed, levg(g;) is closed, ¢ =1,...,k, and

(RCZZ,FL) m k m k
0 € sqri (1;[1 dom(fz) X .1;[1 levo(gi) — (I—Il A X '1;[1 ldx) (ASm,+k)) .

(16)

The conditions (RC3 ;) and (RC} ) can be formulated analogously using core and int instead of
sqri. Then the following theorem holds:

Theorem 3.6 (strong duality). Let the spaces X,Y and Z = RF, the cone C = Ri, the functions
fi,i=1,....m, and g;,i = 1,...,k, and the linear mapping A be assumed as at the beginning of the
(sub)section and further A~ (-, dom(f;)) Ng=*(—=C)N S # 0.
If one of the regularity conditions (RC’EFL),Z' € {1,2,3,4}, is fulfilled, then v(PS*) = v(DS%;)
and the dual has an optimal solution.
Here Remark 3.2 also holds.
Remark 3.7. The dual problem (DS%;) given in formula contains terms of the form
— sup 2% sy = inf —2 st
s'eX,g:(s")<0 < > s'€,gi(s")<0 < >

We use now Lagrange duality. In case of having strong duality it holds

inf _i*’i: 'f—i*7i+i*ii: _i*i* i*. 17
Siex}i(si)@( 2, s') 5?505%2;({ (27,8') + 1" gi(s')} 51150( (u"g:)"(z")). (A7)
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In order to have strong duality the following regularity condition has to be fulfilled fori=1,... k (cf.
[1, Subsection 3.2.3]):

(RCL) |32/ e X: g(a') <0,

Assuming that (RCZ o), i € {1,2,3,4}, 4s fulfilled we additionally only have to ask (RC%),i=1,...,k,
to be fulfilled in order to get the followmg dual problem (cf. formula (ﬂ)) and strong duality between
(PS®) and (DS%}):

(DSEL)

k m N
sup {‘%(A*ZM RN ) PBECAUREDIEL ((ui*gz-)*w*))}

=1

1% k* 1x kx
o )

The last equality holds by the following consideration. In case of u* > 0 we have (u™*g;)*(z™*) =
pi* gl ( Z*) and take 2 = Zt* such that the term becomes u'*g; (z™*) fori=1,... k. For p™* =0 it
holds

* 1%\ 07 zi* = 07
(0-g:)"( )_{ +o00, otherwise.
Consequently we can always use p* g} (2™*) (notice the conventions 0-(+00) := 400 and 0-(—o00) := —o0
(cf- [1]))-
In analogy with Theorem . between (PS>) and (DS%;) weak duality holds, i.e. v(PS”) >

v(DS%,). Further we have:

Theorem 3.8 (strong duality). Let the spaces X,Y and Z = RF, the cone C = Rﬁ, the functions
fivi=1,...,m, and g;,i = 1,...,k, and the linear mapping A be assumed as at the beginning of the
(sub)section and further A=Y (N~, dom(f;)) Ng=*(—=C)N S # 0.

If one of the regularity conditions (RCZ-Z’FL),Z' € {1,2,3,4}, is fulfilled and (RC?) is fulfilled for
i=1,...,k, then v(PS”) = v(DS%,) and the dual has an optimal solution.

With respect to the fact mentioned in the above remark, the following theorem providing optimality
conditions holds.

Theorem 3.9. (a) If one of the regularity conditions (RCEFL),Z' € {1,2,3,4}, is fulfilled, (RC%) is
fulfilled for i = 1,...,k, and (PS*) has an optimal solution T, then (DSI%Q/L) has an optimal solution
@, ..., 7™,z 1* GBI ) €V X X VXA XX X xRy x ... x Ry such that
the following optzmalzty condztwns are fulfilled:

(4) f(Ax + £y <y2 Ax>f0 i=1,...,m,
(iii) T (gl <* ,T> 1=1,...,k,
m k m k
=1 121 =1 =1

11



(b)Letibefeasibleto(PSE) and (GY*, ..., g™ F L ER IR € VEox L x VX X x
X XX Ry x .. xRy be feasible to (DSFL) fulﬁllmg the optzmalzty conditions () (iv). Then
T is an optimal solutzon for (PSZ) @', .. gm EY L R L ) s an optimal solution for

(DS%}) and v(PS*) = v(DS%;).

Proof. (a) Since (PS¥) has an optimal solution T € S, one of the conditions (RCEFL),Z' €{1,2,3,4},
is fulfilled and (RC?) is fulfilled for i = 1,..., k, Theorem guarantees the existence of an optimal

solution for (DSF), namely (5'%,..., g™ 2",..., 2", @', f*"), such that
v(PS¥) = v(DSFy)
= Z)\ fZ AiE Z)\Zf Zuz* * z* _6S'< A*Z)\il* Z"*“‘)
i=1
@Zx\ fiA:c)+f <y ,A.r Jrz/\ <y ,Ax>
=1 =1

k
Z’Z* [(Z) + (@) - (Z77)] - Zﬁ”gi(f)
i=1 i=1

By applying Young’s inequality (cf. formula ) and having 77* > 0 and g¢;(Z) < 0, this sum which is
equal to zero consists of m + 2k + 1 nonnegative terms. Thus the inequalities have to be fulfilled with
equality and we get the following equivalent formulation:

(i) fi(AZ)+ £ (") — (¥, AT) =0, i=1,...,m,
(i1) ﬁ*gz(f)—o i=1,....k
(i) T (g; (7 ”)+gz( ) - <E’* ’>)=0, i=1,...k

—(z*7))=0, i=1,...,k,
m k . . . .
) ST, AT) + S (2, 7) = inf {z N (7, Az) + - 7 <zz*,x>}.

i=1 i=1 zeS i=1

(b) All calculations in part (a) can be carried out in reverse direction. O

3.3 The Vector Optimization Problem (PV)

In this subsection we consider a vector optimization problem with an objective function being the com-
position of a convex function f and a linear continuous operator A and cone and geometric constraints
in analogy with the scalar problem in Sect. [3:1]

The properties of the spaces and sets were defined at the beginning of the section. Assume
the function f : Y — V*® to be proper and K-convex and g : X — Z to be C-convex, fulfilling
A= dom(f))Ng=(=C)NS #0.

By Min(V, K) we denote the set of minimal points of V., where y € V' C V is said to be a minimal
point of the set V if y € V and there exists no y' € V such that y' <g y. The set Max(V, K) of
mazximal points of V is defined analogously.

12



We consider the following vector optimization problem:
(PV) I\/gi}f(Ax), A={z e S:g(x) e -C}.
xr
We investigate a duality approach with respect to properly efficient solutions in the sense of linear
scalarization (cf. [I]), that are defined as follows:

Definition 3.10 (properly efficient solution). An element T € A is said to be a properly efficient
solution to (PV) if ¥ € A= (dom(f)) and Fv* € K*° such that (v*, f(AT)) < (v*, f(Ax)), Vz € A.

Further, we define efficient solutions:

Definition 3.11 (efficient solution). An element T € A is said to be an efficient solution to (PV)
if T € A7 (dom(f)) and f(AZ) € Min((f o A)(A~ (dom(f)) N A),K). This means that if T €
A= (dom(f)) NA then for all x € A= (dom(f)) N A from f(Ax) Sk f(AT) follows f(AT) = f(Ax).

Depending on the perturbation function ® gy, the dual problem to (PV) can be given by (cf. [IL
Section 4.3.1]):

(DVFL> Max v,

(v*,y*,2* ,v)EBFL
where
Brp = {(v*,y*,2%,0v) € K* x Y* x Z* x V: (v*,0) < —(v*®pp)* (0, —y*, —2")}.
Here we consider the perturbation function ® gy, : X x Y x Z — V*, analogously as given in the scalar
case in Sect. 3.1}

f(A.’E+y), xES,g(:U)GZ—C’,

+ook, otherwise. (19)

Ppr(z,y,2) = {

The formula for the conjugate function of v*®py, : X* x Y* x Z* — R follows from the calculations
above (cf. formulas (6)) and (7)):

— (W epL) (2", y", 2") = —(=2"g)5(@" — A™y") — (0" ) (y7) — 0= (7).
From this formula, the dual problem of (PV') can be deduced. It is given by
(DVFL) Max v, (20)

(v*,y*,z*,v)EBFL

where
Brr = {(v*,y*, 2", v) € K** x Y* x Z* x V: (v*,v)
= {(U*7y*aZ*7v) € K*O X y* x C* xV: <’U*,U>

—(v*®p)*(0, —y", —2")}
—(W ) (=y") = (z"g)s(Ay)}-

<
<

Weak duality follows from [I, Theorem 4.3.1]:
Theorem 3.12 (weak duality). There is no x € A and no (v*,y*, z*,v) € Bry, such that f(Az) <k v.

To formulate a strong and converse duality theorem we have to state a regularity condition. The
conditions (RC1,rr) and (RCs pr) from above (cf. formula and ) (as well as (RC5 pr) and
(RC4,rr)) can, under some small modifications, be applied for the vectorial case. It holds (see [1]
Remark 4.3.1]):

Remark 3.13. For having strong duality we only have to assume that for all v* € K*O the scalar
optimization problem inf,cx(v*®rr)(x,0,0) is stable.

This can be guaranteed by assuming that X and the spaces of perturbation variables, Y and Z, are
Fréchet spaces, f is star K -lower semicontinuous, S is closed, g is C-epi closed and 0 € sqri((dom(f) x
C) — (A x —g)(Ag2)) since dom(f) = dom(v* f). This follows by Theorem|3. 1]
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Further, this fact can be seen in the proof of the strong and converse duality Theorem [3.15] We
have:

(RCVyp) | 32" € A= (dom(f)) N S such that f is continuous at Az’ and g(z') € — int(C),
which is identical with (RCy,pr) (cf. formula (12)) and

X,Y and Z are Fréchet spaces, f is star K-lowersemicontinuous, S is closed,

(RCVa,pr) g is C-epi closed and 0 € sqri((dom(f) x C) — (A x —g)(Ag2)).

Analogously we formulate (RC'V3 pr,) and (RCVy rr) by using core and int instead of sqri.
Before we proof a strong and converse duality theorem we want to formulate the following prelim-
inary result (in analogy with [II Theorem 4.3.3], to which we also refer for the proof):

Lemma 3.14. Assume that Bpy, is non-empty and that one of the regularity conditions (RCV; pr),i €
{1,2,3,4}, is fulfilled. Then

V\ el ((foA) (A (dom(f)) NA) + K) C core(h(Brr)),
where h : K*0 x Y* x C* x V — V is defined by h(v*,y*,2*,v) = v.
Now we get the following theorem (in analogy with [I, Theorem 4.3.7]):

Theorem 3.15 (strong and converse duality). (a) If one of the conditions (RCV; pr),i € {1,2,3,4},
is fulfilled and T € A is a properly efficient solution to (PV'), then there exists (v*,y*,Z*,7) € Brr,
an efficient solution to (DVrr), such that f(AT) = 7.

(b) If one of the conditions (RCV; pr),i € {1,2,3,4}, is fulfilled, (f o A)(A™!(dom(f))NA)+ K is
closed and (T*,7*,Z*,0) is an efficient solution to (DVgy), then there exists T € A, a properly efficient
solution to (PV), such that f(AT) =1.

The following proof of the theorem will be done in analogy with the one of [I, Theorem 4.3.2 and
4.3.4):

Proof. (a) Since T € A is a properly efficient solution, there exists 7* € K*° such that T is an optimal
solution to the scalarized problem

inf (v*, f(Ax)).

Inf (7, f(Az))
Using that one of the regularity conditions (RCV; rr),i € {1,2, 3,4}, is fulfilled we can apply Theorem
Therefore we have to show that the problem inf,c 4 (7%, f(Az)) with the assumptions given by
(RCV; pr) fulfills the regularity condition (RC; py,) for fixed ¢ € {1,2,3,4}.

Let us consider (RCV; pr), ¢ € {2,3,4}. Since f is assumed to be star K-lower semicontinuous, v* f

is lower semicontinuous by definition. The assumptions regarding X', ), Z, S and g hold analogously.
Further, we have dom(v* f) = dom(f) and therefore

sqri((dom(v™f) x C) = (A x —g)(Ag2)) = sqri((dom(f) x C) — (A x —g)(Ag2))

and analogously for core and int. Thus the conditions (RC; pyr), ¢ € {2, 3,4}, hold.

The continuity of v* f follows by the continuity of f and since dom(v* f) = dom(f) the fulfillment
of (RC1,ry,) follows by assuming (RCV1 pr).

From the mentioned theorem it follows that there exist z* € C* and 7* € Y* such that (7", f(A7)) =
—@ )" (—7")— (Z"g)5(A*y"). It follows that for T = f(AT) the element (7*,7",Z",7) is feasible to the
dual problem (DVgy). By weak duality, that was given in Theorem it follows that (v*,7*,z*,7)
is an efficient solution.

(b) Assume that 7 ¢ (f o A) (A~*(dom(f)) N A)) + K. From Lemma it follows that v €
core(h(Bppr)). By definition of the core for k € K\ {0} there exists A > 0 such that vy : =T+ Xk > T
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and vy € h(Bpr). This contradicts the fact that (v*,7*,z*,7) is an efficient solution for (DVpy) since
vy is in the image set of (DVpy) and vy >k .

Thus we have ¥ € (foA) (A7!(dom(f)) N .A)+K, which means that there exists T € A~ (dom(f))N
Aand k € K such that v = f(AT)+k. By Theoremthere isno z € A and no (v*,y*,z*,v) € Bpr,
such that f(Az) <y v and hence it holds k& = 0. Consequently we have f(AZ) = ¥ and Z is a properly
efficient solution to (PV') which follows by the following calculation. It holds

(", (A7) = (v*,0) < (" )" (=7") = (Z79)s(A"Y") = —(0"@pL)"(0, —7", —2") < inf (7%, f(Az)).

reA
Here the last inequality follows by weak duality for the scalarized problem (cf. Sect. and thus T
turns out to be a properly efficient solution to (PV') by Definition fulfilling 7 = f(AZ). O

3.4 The Vector Optimization Problem (PV"™)

We assume that the spaces V and Z are finite dimensional, especially V = R™, K = R, Z = RF

and C = Ri. Further, let the functions f; : J — R,i = 1,...,m, be proper and convex and
g="(91,....9)" : X = RF be Rk -convex, fulfilling A~'(N", dom(f;)) Ng~'(-RE)N S # 0. We
consider the following vector optimization problem:

f1(Az)
(PV™) %12 , A={zreS:g(x)<0,i=1,...,k}.
fm(Az)
The perturbation function ®7; : X x Y x ... x Y x X x ... x X — R™* is similar to the one in Sect.
in order to separate the conjugate functions of f;,i = 1,...,m, and the conjugate functions of

giyi =1,...,k, in the dual problem:

(I)?L(I7y17 s 7yma217 s azk)
(A + Y, (A ™), € S gi(x+2Y) <0,i=1,...,k,
| oo, otherwise.
Thus the dual problem becomes by taking v := (v1,...,v,)T € R™ and v* = (vf,...,v})" € int(R7)

(cf. formula (20))):

m
(DVFL) . *1\/{3,}( " v,
(v*,y*,2 ,U)EBFL
where

B?L{(v*,yl*,...,ym*,zl*,..., B 0) € inb(RT) x Y* x ... x Y* x X* x ... x X* xR™:

Vvt < —(v" ?L)*(Ov—yl*,---7—ym*,—z1*,...,—z’“*)}.

Especially it holds

- (U*(I)?L)*(O7_y1*7"' _ym*v_zl*a"'v_zk*)
m k
=— sup { Zv fi(Az +y') — Z(yi*,yi>z<zi*,zi>}
TCo, i=1 i=1 i=1

Y eVi=1,...,m,
2'eX,i=1,....k,
g9i(z+2")<0,i=1,....k

55( Z * z*+z z*) *Zﬁfﬁk(*yi*)*z §up <7Zi*,5i>,
i=1 i=

=1 =1



which arises from formula . The dual becomes:

(DVEL) Max v, (21)

(0% Y1yt 2152k ) EBT

Brr = {(v*,yl*,...,ym*,zl*,...,zk*,v) €int(RY') X V" X ... x Y* X A" x ... x X" xR™:

m k m k
UTU* < _5:% <A* Z,U:yz* + ZZ”> _ Zv;kfl*(_yl*) _ Z SUP <—Zi*,8i> }
i=1 i=1 i=1 i=1 s'€EX,
gi(s")<0

The following weak duality theorem holds:

Theorem 3.16 (weak duality). Between (PV™) and (DVJy) weak duality holds, i.e. there is no
€ A and no (v, yt*, ... y™* 2 2R v) € BB, such that f(Ax) <k v.

In order to formulate a strong and converse duality theorem, we have to state some regularity
conditions. Therefore let us first consider the following lemma:

Lemma 3.17. Let be f = (f1,..., fm)? : Y — R™*. If fi,i = 1,...,m, is lower semicontinuous, then
[ is star K-lower semicontinuous, where K = R

Proof. Let be v* = (v},...,v:)T € K = R, If we assume that f;,i = 1,...,m, is lower semicon-
tinuous then (v*, f) = "I vf f; is lower semicontinuous since it is a sum of lower semicontinuous
functions and v} > 0,4 = 1,...,m (cf. [I, Prop. 2.2.11]). This means by definition that f is star
K-lower semicontinuous. O

As mentioned in the last subsection it is possible to apply the regularity conditions given in the
scalar case under some modifications. So formulas and become:

Iz’ € AT <ﬂ dom(fi)> N S such that f; is continuous at Az’,i =1,...,m,
i=1

(RCV{pr) (22)

g; is continuous at ’,i =1,...,k, and g(z') € — int(R%),
X and ) are Fréchet spaces, f; is lower semicontinuous,
i=1,...,m,S is closed, levy(g;) is closed, i =1,...,k,and

(RCV;,nFL) m k m k
0 € sqri (1:[1 dom(f;) x ‘1:11 levo(g;) — (1:[1 A X ‘1:11 idX> (AS77L+k)) .

(23)

The conditions (RCV3"p) and (RCV,":p) can be formulated analogously using core and int instead
of sqri. The following theorem holds:

Theorem 3.18. (a) If one of the conditions (RCV]"p;),i € {1,2,3,4}, is fulfilled and T € A is
a properly efficient solution to (PV™), then there exists (0*,g'*,...,g™* z* ..., 2" 0) € BE,, an
efficient solution to (DVZ}), such that f(AZ) = 7.

(b) If one of the conditions (RCV;"y, )i € {1,2,3,4}, is fulfilled, (fo A)(A~ (N2, dom(f;))NA)+K is
closed and (T*,g'*, ..., g™ Z* ..., 2" ) is an efficient solution to (DV), then there exists T € A,
a properly efficient solution to (PV™), such that f(AT) = .

Remark 3.19. Remark can be applied here which leads to the dual problem (cf. formula (@)

(DV) Max v, (24)

(0¥ gt eybr 2l ke e L ke v)e BT,
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where

m * 1% m* 1% kx 1% kx*
BFL_{(v,y yeen Y 1R e B by ,’U)

EM(RY) X YV x ... x Y " x X" x ... x X" xRy x... xRy xR™:

m k m k
UT’U* < —(52 (A*Z'Uzyz* _Z/’Li*zi*> _szfl*(_yz*)+Zuz*g;«(_zz*)}
i=1 i=1 i=1

i=1

Further, weak duality holds by construction and Theorem[3.1§ holds analogously under the assumption
that one of the regularity conditions (RCV]"pp),i € {1,2,3,4}, is fulfilled and (RCY) is fulfilled for
i=1,... k.
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