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Fourier transform of measures

o Fourier transform of a measure 1 on R¥ is the function
n:RF — C,

€)= [ e du(x)
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Fourier transform of measures

o Fourier transform of a measure 1 on R¥ is the function
n:RF — C,
e = [ e dux),
Rk
@ Decay rates of |1i(§)|— 0 as |{|— oo have applications to

normality of u-typical points, Fourier uniqueness, fractal
uncertainty principles, Fourier restriction...
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Fourier transform of measures

o Fourier transform of a measure 1 on R¥ is the function
n:RF — C,

€)= [ e du(x)

@ Decay rates of |1i(§)|— 0 as |{|— oo have applications to
normality of u-typical points, Fourier uniqueness, fractal
uncertainty principles, Fourier restriction...

o If v is Cantor—Lebesgue measure,

A1) = A(3) = i) = -+

but |zi(§)| decays outside a “zero-dimensional” set of &.
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Nonlinear pushforwards

Principle: nonlinear dynamically defined measures often have
polynomial Fourier decay.

Theorem (Kaufman, 1984)

If 1 is Cantor—Lebesgue and f(x) = x? then the pushforward satisfies

\@(5)!5 117" for some 7 > 0.
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Nonlinear pushforwards

Principle: nonlinear dynamically defined measures often have
polynomial Fourier decay.

Theorem (Kaufman, 1984)

If 1 is Cantor—Lebesgue and f(x) = x? then the pushforward satisfies

‘@(f)’g 117" for some 7 > 0.

Can 7 be quantified?
n = 0.01 works (Mosquera—Shmerkin, 2018)
n = 0.06 works (B.—Yu, 2024+)
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Nonlinear pushforwards

Principle: nonlinear dynamically defined measures often have
polynomial Fourier decay.

Theorem (Kaufman, 1984)

If 1 is Cantor—Lebesgue and f(x) = x? then the pushforward satisfies

‘@(f)’g 117" for some 7 > 0.

Can 7 be quantified?
n = 0.01 works (Mosquera—Shmerkin, 2018)
n = 0.06 works (B.—Yu, 2024+)

Conjectu re (perhaps should be a question!)

Arbitrary n < %% ~ 0.32 works and supp(f.xt) is a Salem set.
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Self-similar measures

Fix ri,...,rm € (0,1), commuting k x k orthogonal maps
O1,...,0On, vectors ty,. .., t, € RX, and weights p1,...,pn € (0,1)
with p; + -+ + pn = 1. The self-similar measure ; satisfies

= pirlSH(A).

iel
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Self-similar measures

Fix ri,...,rm € (0,1), commuting k x k orthogonal maps
O1,...,0On, vectors ty,. .., t, € RX, and weights p1,...,pn € (0,1)
with p; + -+ + pn = 1. The self-similar measure ; satisfies

= pirlSH(A).

iel

Notation:
@ A: Assouad dim of supp(u)
@ B: Box/Hausdorff dim of supp(su)
@ F: Frostman exponent of u
@ K, = sup {s >0: fB(O,R)]ﬁ(f)]Pdf < Rk_s}: Fourier (P
dimension of L.

Always k1 < F <k, < B<A
If OSC & measure of max dim: k1 < F =k, = B = A.
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Quantitative decay

A Assouad; B Box; F Frostman; kp Fourier (P
For i as above, f: R — R is C? with graph {x, f(x)}crx C R¥*1
having positive Gauss curvature over supp(u), and 2" < |€|<< 227,

OIS g @/ Y [ IAEIae + el/2

Do€eChn
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Quantitative decay

A Assouad; B Box; F Frostman; kp Fourier (P
For i as above, f: R — R is C? with graph {x, f(x)}crx C R¥*1
having positive Gauss curvature over supp(u), and 2" < |€|<< 227,

OIS g @/ Y [ IAEIae + el/2

Do€eChn

theorem (B.—Yu)
If F > k/2 then |f(€)|< |€]7" for n > 0 indep. of f. Can take any

n < max{o(k — r1),0((k + B — K2)/2)}

where
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Missing digit measures

@ Let up be the natural self-similar measure on the set of numbers
whose base-b expansion misses digit 0.

o Chow-Varji-Yu (2024+): k3 — 1 as b — oo.
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Missing digit measures

@ Let up be the natural self-similar measure on the set of numbers
whose base-b expansion misses digit 0.

o Chow-Varji-Yu (2024+): k3 — 1 as b — oo.

If f:R — R has f” > 0, then |fju\b(§)|§ |€|~", where we can take
n=1/3— op(1).

If 1 is Salem then one could take 7 = 1/2 — 04(1).
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Nonlinear arithmetic

@ Arithmetic product of X, Y C R is
X-Y={xy:xeX,ye Y} CR.

@ Multiplicative convolution p - v of measures on R is pushforward
of ;X v under f(x,y) = xy.
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Nonlinear arithmetic

@ Arithmetic product of X, Y C R is
X-Y={xy:xeX,ye Y} CR.

@ Multiplicative convolution p - v of measures on R is pushforward
of ;X v under f(x,y) = xy.

o If X, Y are “large” (dimension), when does this imply X - Y is
“large” (positive Lebesgue measure)?

@ Generalised Marstrand projection theorem (Peres—Schlag, 2000):
K C R? compact, dimig K > 1, P, a family of smooth maps
(satisfying conditions), then P,(K) has positive measure for
“almost every” a.
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Arithmetic of self-similar sets

When can exceptional directions be removed?

Theorem (Hochman—Shmerkin, 2012)

If self-similar set E has some contraction ratio s and F has a
contraction ratio t with logs/logt ¢ Q then
dimy(A - B) = min{dimy A 4 dimy B, 1}.
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Arithmetic of self-similar sets

When can exceptional directions be removed?

Theorem (Hochman—Shmerkin, 2012)

If self-similar set E has some contraction ratio s and F has a

contraction ratio t with logs/logt ¢ Q then
dimy(A - B) = min{dimy A 4 dimy B, 1}.

Conjectures
@ Let E, F be self-similar sets in R. If dimyg E + dimy F > 1, then
Leb(E - F) > 0.
o Let p, v be self-similar measures on R. If dimy o + dimg v > 1
then p - v is absolutely continuous.

.
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Arithmetic of self-similar sets

When can exceptional directions be removed?

Theorem (Hochman—Shmerkin, 2012)

If self-similar set E has some contraction ratio s and F has a

contraction ratio t with logs/logt ¢ Q then
dimy(A - B) = min{dimy A 4 dimy B, 1}.

Conjectures
@ Let E, F be self-similar sets in R. If dimyg E + dimy F > 1, then
Leb(E - F) > 0.
o Let p, v be self-similar measures on R. If dimy o + dimg v > 1
then p - v is absolutely continuous.

.

Note f(x,y) is a nonlinear projection! Won't work for linear
projections or E + F (recall lan Morris’s talk).
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Progress towards conjecture for measures

theorem (B.—Yu)

@ If u is self-similar with SSC and natural weights and
dimg i1 > (V65 — 5)/4 ~ 0.766...

then s - ;o has an L? density.

@ If we only assume exponential separation, conclusion holds when
dimpg > 7/9 ~ 0.777....

.
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Progress towards conjecture for measures

theorem (B.—Yu)
@ If u is self-similar with SSC and natural weights and
dimg i1 > (V65 — 5)/4 ~ 0.766...

then s - ;o has an L? density.

@ If we only assume exponential separation, conclusion holds when
dimpg > 7/9 ~ 0.777....

.

Idea: apply quantitative theorem. If v on R has [D(¢)|< |¢]~Y/2~¢
then [,,|7(£)[?d¢ < co. By Plancherel v has an L? density.
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Progress for sets

No separation conditions!

theorem (B.-Yu)

o If F C R is self-similar with
min{dimy E,dimy F} > (v/65 — 5)/4 then Leb(F - F) > 0.
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Progress for sets

No separation conditions!

theorem (B.-Yu)
o If F C R is self-similar with
min{dimy E, dimg F} > (v/65 — 5)/4 then Leb(F - F) > 0.
Also if R, ) is the radial projection from (a, b) then
Leb(R.(F x F)) > 0 for all (a,b) ¢ F x F.

Amlan Banaji (Loughborough University) Fourier decay for nonlinear pushforwards September 26th, 2024 10/12


https://amlan-banaji.github.io/

Progress for sets

No separation conditions!

theorem (B.-Yu)
o If F C R is self-similar with
min{dimy E, dimyg F} > (v/65 — 5)/4 then Leb(F - F) > 0.
Also if R, ) is the radial projection from (a, b) then
Leb(R.(F x F)) > 0 for all (a,b) ¢ F x F.
o If F1,...,F, C R are self-similar and
Sr dimg F; > 14 (n—1)" then Leb(F ... - F,) >0
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Progress for sets

No separation conditions!

theorem (B.-Yu)
o If F C R is self-similar with
min{dimy E, dimyg F} > (v/65 — 5)/4 then Leb(F - F) > 0.
Also if R, ) is the radial projection from (a, b) then
Leb(R.(F x F)) > 0 for all (a,b) ¢ F x F.
o If F1,...,F, C R are self-similar and
Sr dimg F; > 14 (n—1)" then Leb(F ... - F,) >0

Proof: take a SSC subsystem with € dimension loss, put natural
measure on it, apply corollary for measures.
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Qualitative decay

theorem (B.-Yu)

Let 1 be a self-similar measure on R¥ not supported in an affine
subspace, with commuting linear parts.

Let U be an open neighbourhood of supp(x).

Let f: U — RY be analytic; assume the graph of f is not contained in
a proper affine subspace of R¥+9.

Then |f.u(&)|S [€]77 for some n > 0.

N
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Qualitative decay

theorem (B.-Yu)

Let 1 be a self-similar measure on R¥ not supported in an affine
subspace, with commuting linear parts.

Let U be an open neighbourhood of supp(x).

Let f: U — RY be analytic; assume the graph of f is not contained in
a proper affine subspace of R¥+9.

Then |f.u(&)|S [€]77 for some n > 0.

N

Application: combining with Algom — Rodriguez Hertz — Wang
(2023+,2024+) this proves that in many cases nonlinear
analytically-self-conformal measures in dimension 1 and 2 have
polynomial Fourier decay.
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Thank you for listening!
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