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Different notions of dimension

For any bounded set F C RY,

dimy F < dimgF < dimgF < dimy F

where H ='Hausdorff’, B ='box’ and A =‘Assouad’.

In some “typical” sense there is equality between them, for the talk
interested more in the “exceptional” case when there is strict inequality.
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For any bounded set F C RY,

dimy F < dimgF < dimgF < dimy F

where H ='Hausdorff’, B ='box’ and A =‘Assouad’.

In some “typical” sense there is equality between them, for the talk
interested more in the “exceptional” case when there is strict inequality.

o F={0}U{1/n: neN} hasdimgF =0 < dimpF =1/2 <dimaF =1
@ Connected components of supercritical fractal percolation
@ Planar self-affine carpets
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Different notions of dimension

For any bounded set F C RY,

dimy F < dimgF < dimgF < dimy F

where H ='Hausdorff’, B ='box’ and A =‘Assouad’.

In some “typical” sense there is equality between them, for the talk
interested more in the “exceptional” case when there is strict inequality.

o F={0}U{1/n: neN} hasdimgF =0 < dimpF =1/2 <dimaF =1
@ Connected components of supercritical fractal percolation
@ Planar self-affine carpets

Let's interpolate! )
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Intermediate dimensions (Falconer, Fraser, Kempton '19)

For a non-empty bounded set F and 0 € (0, 1), define
dimyF = inf{ s >0:Ve>0,30, — 0 and a cover {U,-(n)} of F s.t.

o¥° <|U™| < 6, and DU < }
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Intermediate dimensions (Falconer, Fraser, Kempton '19)

For a non-empty bounded set F and 0 € (0, 1), define
dimyF = inf{ s >0:Ve>0,30, — 0 and a cover {U,-(")} of F s.t.

67" < || <8y and UM < e,

e j/@

Istvan Kolossvary (Rényi) Dimension interpolation on planar carpets 23 Sept 2024 3/16



Intermediate dimensions (Falconer, Fraser, Kempton '19)

For a non-empty bounded set F and 6 € (0,1), define
dimyF = inf{ s >0:Ve>0,36, — 0 and a cover {U,-(n)} of F s.t.
o¥/° < |U™| <6, and S|UMJF < }
Define dimgF similarly and dimg F if the two are equal.
dimy F = inf{s >0:Ve>0,3acover {Ui} of Fst. Y |U]* < s},
dimgF = inf {s >0: Ve > 0,3 a cover {U;} of F s.t.

|Uj| = |Uj| for all i,j and >"|U;|* < 8}7

dimyF = dimgF = dimy F; dimgF = dim, F; Continuous for § € (0, 1].
Monotonically increasing; bi-Lipschitz stable; characterisation of form.

— E—— —— -  ARama
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The Assouad spectrum (Fraser, Yu '18)

For a non-empty bounded set F and 0 € (0, 1), define

dimf, F = inf{ a : (3C > 0)(Ip > 0)(V0 < R < p)(¥x € F)

N(B(x, R) N F,RY?) < € (R1/0)" 1.
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The Assouad spectrum (Fraser, Yu '18)

For a non-empty bounded set F and 0 € (0, 1), define

dimf, F = inf{ a : (3C > 0)(Ip > 0)(V0 < R < p)(¥x € F)

N(B(x, R) N F,RY?) < € (R1/0)" 1.
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The Assouad spectrum (Fraser, Yu '18)

For a non-empty bounded set F and 6 € (0,1), define

dimf, F = inf{ a : (3C > 0)(Ip > 0)(V0 < R < p)(¥x € F)

N(B(x, R) N F,RY?) < € (R1/0)" 1.

dima F = inf{a . (3C > 0)(V0 < r < R)(Vx € F)

N(B(x,R) N F,r) < C(R/r)a},

where N(F,r) = smallest number of closed balls of radius r that cover F.
For dimpF ‘replace’ R with the fixed radius 1.

dim{ F — dimgF as § — 0 and dim} F — dimga F as § — 1; Cont.
Can be non-monotonic; bi-Lipschitz stable; characterisation of form.
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Bedford-McMullen carpets (Bedford '84, McMullen '84)

e mx ngrid (m< n)

o IFS F = {f}N, where

fi(x) = (%m 1?n> X+ t;.

e Attractor F = |, fi(F).
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Bedford-McMullen carpets (Bedford '84, McMullen '84)

@ mx ngrid (m< n)

o IFS F = {fi}¥,, where

fi(x) = <1{)m I?n) x+t;.

e Attractor F =, fi(F).
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Bedford-McMullen carpets (Bedford '84, McMullen '84)

=-— o mxngrid (m < n)

=-- o IFS F = {fi}iL;, where
=-=_ fi(x) = (%m 1?,7) X+ t;.

— = e Attractor F = J; fi(F).

-

-_—
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Bedford-McMullen carpets (Bedford '84, McMullen '84)

e mx ngrid (m< n)

o IFS F = {f}N, where
1/m 0
fi(x) = ( 6 1/n>><+t,-.

e Attractor F = |J; fi(F).
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Bedford-McMullen carpets (Bedford '84, McMullen '84)

e mx ngrid (m< n)

o IFS F = {f}N, where

fi(x) = (%m 1(/)n> x+t;.

e Attractor F = |J; fi(F).

@ M = #non-empty columns,
N, = #maps in column k.

Explicit formula for dimy F,dimp F and dima F in terms of parameters all
have the form ‘dim of projection’” + ‘dim of fibre'.

In particular, either all are different or all are equal (uniform fibres).
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Gatzouras—Lalley carpets ('92)

aj = width of rectangle ([0, 1]?) and b; = height.

Homogeneous case

aim

Contractions within columns (in No condition on contractions
y-direction) is the same. except that b; < a;.

o of
= o - - _ TR

General case
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Bounds on the intermediate dimensions of BM carpets

n=3, m=2, N;=2, N,=1
dimgA

— Lower bound FFK
Lower bound Thm 1.4
Upper bound Thm 1.2

dimyA /
0 6 log,m 1

o F-F-K: small #; continuity and positive derivative at § = 0.

o K: large 0; positive derivative at 8 = 1, not necessarily concave.
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Assouad spectrum of Bedford—McMullen carpets

\

i
|
|
[
|

e mx ngrid (m< n)

o IFS F = {fi}icz, where
1/m O
fi(x) = < {) 1/n>x+t,-.

e Attractor F = J; fi(F).

log m

L
o . j> Theorem (Fraser—Yu '18)
8 dimp +125 (1282 — 1)(dimy — dimp)
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Assouad spectrum of Bedford—McMullen carpets

e mx ngrid (m< n)
o IFS F = {fi}icz, where
_(1/m 0
ﬁ&%—(o 1M>x+q

e Attractor F = J; fi(F).

,
o . j> Theorem (Fraser—Yu '18)
8 dimp +125 (1282 — 1)(dimy — dimp)

log m

Question: Does the three parameter form hold for more general carpets?
If not, then what kind of new phase transitions can we witness?
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Auxiliary functions for intermediate dimensions

Let X3, Xo,... be a sequence of i.i.d. r.v.-s with distribution
1 .
P(Xl :|OgN,') = M#{j S {1,...,/\/’} : Nj: N,'}.

Then EX; = ﬁ El’\il log N; and the large deviations rate function is

I(t) = sup {)\t — log <A1/,£;N}) }
iz

AER

i.e. the Legendre-transform of log Ee**1.
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Auxiliary functions for intermediate dimensions

Let X3, Xo,... be a sequence of i.i.d. r.v.-s with distribution
1 .
P(Xl :|OgN,') = M#{j S {1,...,/\/’} : Nj: N,'}.

Then EX; = ﬁ El’\il log N; and the large deviations rate function is

1) = {re-rs (3 m7)

i.e. the Legendre-transform of log Ee*1. Let v = ||§gg:; Also introduce

log M
Ts(t) := <s - og> log n+~I(t) and
log m

ti(s) = TE L <<s - ';i’);’) log n> :
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Main theorem for intermediate dimensions (B-K '24)

For all # € (0,1), dimg A = s(f) = s is the unique solution to

L0 log N — ('yLG— 1)tL(s)—|—'y(1—7L_10) (log M—1(t.(s))) —slogn =0,

where L € N satisfies L < § < (=1,
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Main theorem for intermediate dimensions (B-K '24)

For all # € (0,1), dimg A = s(f) = s is the unique solution to

L0 log N — ('yLG— 1)tL(s)+'y(1—'yL_10) (log M—1(t.(s))) —slogn =0,

where L € N satisfies L < § < (=1,

For 6 > log m/ log n,

log n

5= dimgA— — (; - 1) I(t(s)),

and for § = v~ (=1 with L > 2,
1 1
=dimpA— —— (1= =) I (t,— .

Explicit cover using scales 6,67, 57 ,57L71 §1/0 §1/000) ,51/(“/L719).
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Main theorem for intermediate dimensions (B-K '24)

For all # € (0,1), dimg A =s(f) = s is the unique solution to

L0 log N — (’yLH— 1)t (s)+~(1 —7“10) (log M—1(t.(s))) —slogn =0,

where L € N satisfies v~ L < § < y~(L=1),

dimgA

dimyA

‘ ‘ )
0 vy y? vy~ 1
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Connection to multifractal analysis

Two BM carpets with non-uniform fibres can be realised on the same grid
if and only if
logny  logm

€ Q.

logny,  log mp

The following are equivalent for two BM carpets with non-uniform fibres:
@ dimy A = dimy A’ fore every 6 € [0, 1];
Q f(a) =1, (a) for all @ € (amin, ¥max),

where f,(a) is the Hausdorff multifractal spectra of the uniform self-affine
measure. (f,(a) := dimg {x € suppv : dimjpe(v, x) = a})

Two Bedford—McMullen carpets with non-uniform fibres which are
bi-Lipschitz equivalent must satisfy f,(a) = f,/(«) for all & € (Amin, ¥max)-
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Auxiliary function for Assouad spectrum

For j € n(Z) and t € R define

Iog Zfeﬂfl(l) b,t A 3
log a; '

bj(t) =
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Auxiliary function for Assouad spectrum

For j € n(Z) and t € R define

Iog Z’.eﬂfl(l) b,t A 3

bi(t) =
I)i( ) |Ogai

Affine iff j is homogeneous.
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Auxiliary function for Assouad spectrum
For j € n(Z) and t € R define

Iog Zienfl(l) b,t > 'ﬁ

bi(t) =
I)i( ) |Ogai

Affine iff j is homogeneous.
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Auxiliary function for Assouad spectrum

For j € n(Z) and t € R define

Affine iff j is homogeneous.

_ igjil(r%) Q;Z)i(t) te [tmina tmax

—00 : otherwise
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Auxiliary function for Assouad spectrum

For j € n(Z) and t € R define

Affine iff j is homogeneous.

_ igjil(r%) Q;Z)i(t) te [tmina tmax

—00 : otherwise

T is strictly increasing, concave. lts concave conjugate

S

7(a) = inf (ta = 7(1))
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Main theorem for Assouad spectrum (B-F-K-R '24+)

For any Gatzouras—Lalley carpet K and all 6 € (0,1),

dim{ K = dimg 7(K) + T*qg‘fe(f)) ;

where

1/ — 1 log b:
OO0) = T, 2" fimex = maxgo o
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Main theorem for Assouad spectrum (B-F-K-R '24+)

For any Gatzouras—Lalley carpet K and all 6 € (0,1),

dim4 K = dimp n(K) + =20 |

#(0)
where 1/6 —1 log b;
9 = ——---—- d == I.
¢( ) 1_ 1/Hmax an Rmax rlneaIX log a;
n
. o e
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Main theorem for Assouad spectrum (B-F-K-R '24+)

For any Gatzouras—Lalley carpet K and all 6 € (0,1),

dim4 K = dimp n(K) + =20 |

#(0)
WCIRE 1/6 — 1 log b;
OO0) = T, 2" fimex = maxgo o
,
bt~ e
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Main theorem for Assouad spectrum (B-F-K-R '24+)

For any Gatzouras—Lalley carpet K and all 6 € (0,1),

dim{ K = dimg 7(K) + T*qgfg()e)) ;

where

1/0 -1 ;
=—" " and Kmax = mMax
1 —1/Kmax M ET loga;
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Main theorem for Assouad spectrum (B-F-K-R '24+)

For any Gatzouras—Lalley carpet K and all 6 € (0,1),

dim{ K = dimg 7(K) + T*qgfg()e)) ;

where

1/0 -1 ;
= and  Kmax = mMax .
1 —1/Kmax M ET log a;

¢(0) =

I
v
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Main theorem for Assouad spectrum (B-F-K-R '24+)
For any Gatzouras—Lalley carpet K and all 6 € (0,1),

dim% K = dimg n(K) + Z4(9)

50
where o) = _HO—1 y __logh;
Tl kw9 max T R log
N non- e~ Hable
Aw/y\l( - 07 A
OWD.
H 7
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Istvan Kolossvary (Rényi) Dimension interpolation on planar carpets 23 Sept 2024 13 /16



Main theorem for Assouad spectrum (B-F-K-R '24+)
For any Gatzouras—Lalley carpet K and all 6 € (0,1),

dim K = dimp 5(K) + Z4e) |

WCIRE 1/6 — 1 log b;
—r———  and  Kmax = Max
1 —1/Kmax ieZ loga;

¢(0) =

1
i
|
T I
o » . =@, o (= 1
CN N Bt B
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Form of the spectrum

Phase transitions

e 0— dimi F is piecewise analytic and the set of points where the
function is not analytic is given precisely by

H={0:0=0pminor @ =0pmax forsome n=1....,m}.

@ First order Hy := {6 : 6 = 6 min = 0n,max for some n=1,..., m}.
Differentiable if and only if each /, is inhomogeneous.
o Higher order odd Hhigher := {0 : 0 = 0y max = Ont1,min  for some
n=1,...,m—1}\H;. Even can only be second.

Convexity and concavity

Non-trivial interval of convexity [0, Omin], and if every column is
inhomogeneous, then dim4 F also contains a non-trivial interval of
concavity (close to Omax)-
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A variational formula

For any Gatzouras—Lalley carpet F and all 6 € (0,1),

dim} F = £(0,v,w),
MAF = % OV W)

where P = P(Z) = { (pi)iez : Pi = 0,% ;c7 pi = 1} and

£, v, w) = {fthin O,v,w) :(v,w) € Awin (0);
B fenick (0, v, w) (v, w) € Ak (0).
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A variational formula

For any Gatzouras—Lalley carpet F and all 6 € (0,1),

dim} F = £(0,v,w),
'MA (v,wn)]g7)§><’P ( v W)

where P = P(Z) = { (pi)iez : Pi = 0,% ;c7 pi = 1} and

£, v, w) = {fthm 0,v,w) :(v,w) € Ain (6);
fenick (0, v, w) (v, w) € Ak (0).

AM@VD Lud® gy, b
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Open problems

@ Bounds on number of phase transitions in general case.

@ Assouad spectrum of Baranski carpets and higher dimensional
sponges.

@ Lower spectrum (‘dual’ to the Assouad spectrum).

@ Conditions for bi-Lipschitz equivalence. If the spectrum partition of
one carpet contains a homogeneous column while the other does not,
then the two carpets cannot be bi-Lipschitz equivalent.

@ Intermediate dimensions of Gatzouras—Lalley carpets. Is it
differentiable?
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Open problems

@ Bounds on number of phase transitions in general case.

@ Assouad spectrum of Baranski carpets and higher dimensional
sponges.

@ Lower spectrum (‘dual’ to the Assouad spectrum).

@ Conditions for bi-Lipschitz equivalence. If the spectrum partition of
one carpet contains a homogeneous column while the other does not,
then the two carpets cannot be bi-Lipschitz equivalent.

@ Intermediate dimensions of Gatzouras—Lalley carpets. Is it
differentiable?

Thank you for your attention! )
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