Hausdorff dimension of stable Lévy processes

with measurable drift

PETER KERN

joint work with LEONARD PLESCHBERGER

Heinrich Heine
Universitat
Diisseldorf )

FGS 7, TU Chemnitz, 23.09.2024

PETER KERN Hausdorff dimension of stable Lévy processes with drift



Selfsimilar stochastic processes

Let X = (X:)r>0 be a stochastic process in R defined on a
probability space (2, 4, P). The process X is called selfsimilar if

forallc >0
fd

(Xct)tzo = (CHXt)t207
where H > 0 is called the Hurst index. This means
P((Xety, -+ -» Xety) € A) =P(c"(Xyys ... Xe,) € A)

foralneN,0<t <---<t,and Ac BR"™).
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Left: Sample path of a Brownian motion with H = 1/2.
Right: Sample path of a stable Lévy process with H =1/« for o € (0, 2).
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Selfsimilar stochastic processes with drift

Additionally, add a measurable function f : R, — R? to get a
selfsimilar stochastic process with deterministic drift function

X+ f=(Xe + f(t))eso.

For a restricted time domain T € B(IR;) we consider the random
sets

o graph: Gr(X +f) ={(t, Xc + f(t)): t € T}
o range: Rr(X+f)={X;+f(t):te T}
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Selfsimilar stochastic processes with drift

Additionally, add a measurable function f : R, — R? to get a
selfsimilar stochastic process with deterministic drift function

X+ f=(Xe + f(t))eso.

For a restricted time domain T € B(IR;) we consider the random
sets

o graph: Gr(X +f) ={(t, Xc + f(t)): t € T}
o range: Rr(X+f)={X;+f(t):te T}

Question: What is the interplay between X and f that determines
the Hausdorff dimension of X + 7
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Hausdorff dimension of fractional Bm with drift

Let B" = (B!);>0 be a fractional Brownian motion with Hurst
index H € (0, 1], that is a centered Gaussian process with
stationary increments and covariance function

E[Bf . BH] = %(tZH +s2H |t — s|2H), s, t>0.
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Hausdorff dimension of fractional Bm with drift

Let B" = (B!);>0 be a fractional Brownian motion with Hurst
index H € (0, 1], that is a centered Gaussian process with
stationary increments and covariance function

E[Bf . BH] = %(tZH +s2H |t — s|2H), s, t>0.

Theorem 1 (Peres & Sousi, 2016)

Let 1/ = PYH _ dim G7(f), then for all H € (0,1] we P-almost
surely have

<d
dlmgT(BH + f) _ P1/H ) PI/H >
H-oyp+(1—-H)-d ,oyu=>d

<d
dimRr(B" + ) = PLH 5 PLH S
d , 10> d
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Isotropic stable Lévy processes

Let X = (X¢)r>0 be an isotropic a-stable Lévy process with
a € (0,2]. This is a selfsimilar process with Hurst index H = 1/«,
starting in Xp = 0, having independent and stationary increments:
Forall 0 <ty <--- <ty

o Xi, Xy — Xty ..., Xt, — Xt,_, are independent

d
° Xy — Xy, = Xy
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Isotropic stable Lévy processes

Let X = (X¢)r>0 be an isotropic a-stable Lévy process with

a € (0,2]. This is a selfsimilar process with Hurst index H = 1/«,
starting in Xp = 0, having independent and stationary increments:
Forall0 <ty <--- <ty

o Xi, Xy — Xty ..., Xt, — Xt,_, are independent
d
° Xy — Xy, = Xy

Obstacles:
@ pure jump process for « € (0, 2)
@ process with power law tails for a € (0, 2)
@ extension of Hurst parameter region for o € (0,1)
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Parabolic Hausdorff dimension

The covering sets are parabolic cylinders. For a > 0 define

d
P = [t t+ ] ><H[xj,>g+cl/o‘]:t20,xjeR, ce(0,1]
j=1
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Parabolic Hausdorff dimension

The covering sets are parabolic cylinders. For a > 0 define
d
P = [t t+c] x H[Xj,xj+c1/o‘] :t>0,xi €R, ce(0,1]
j=1

and for 3 > 0 and A C Ry x R? the a-parabolic 5-Hausdorff
measure is given by

o oo
PY—HP(A) := [;TS inf {Z PP+ AC | Prs P € P[P < 5}
k=1 k=1
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Parabolic Hausdorff dimension

The covering sets are parabolic cylinders. For a > 0 define

d
P = [t t+ ] ><H[xj,>g+cl/a]:t20,xjeR, ce(0,1]
j=1

and for 3 > 0 and A C Ry x R? the a-parabolic 5-Hausdorff
measure is given by

PO—HP(A) = I|m|nf {Z|Pk|ﬁ AC U Pi, Pi € P, |Py| < 5}
k=1
which determines the a-parabolic Hausdorff dimension

P —dimA:=inf{8 > 0: P* — HP(A) = 0}
:sup{ﬁ >0: P — /HB(A) = OO}
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Parabolic Hausdorff dimension

The covering sets are parabolic cylinders. For a > 0 define

d
P = [t,t+C]XH[XJ',XJ"FCI/Q]:tZOanEvae(oal]
j=1

e a = 2: Taylor & Watson (1985)
@ o = 1: Leads to genuine Hausdorff dimension
@ o € [1,00): Peres & Sousi (2012, 2016) ¢/ instead of ¢

PETER KERN Hausdorff dimension of stable Lévy processes with drift



Parabolic Hausdorff dimension

The covering sets are parabolic cylinders. For a > 0 define

d
P = [t,t+C]XH[XJ',XJ"FCI/Q]:tZOanEvae(oal]
j=1

e a = 2: Taylor & Watson (1985)

@ o = 1: Leads to genuine Hausdorff dimension

@ a € [1,00): Peres & Sousi (2012, 2016) c'/* instead of ¢
Abuse of notation:

a > 2: hyperbolic
« = 2: parabolic
a € (1,2): elliptic
o = 1: linear

a € (0,1): sublinear

e 6 o o

PETER KERN Hausdorff dimension of stable Lévy processes with drift



Trivial estimates

For ACR, x RY and ¢, := P — dim A we have

dim A < Ya N (- @o+1—a), a € (0,1],
- gpa/\(éwpa+(l—%)-d), a € [1,00)

and

—1y.
dimA > Yo+ (1-21)-d, ae€(0,1],
Yo +1-—a, a € [1,00).
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Main result

Let X = (X¢)r>0 be an isotropic a-stable Lévy process with
a € (0,2] and ¢, := P> —dimGr(f).

Theorem 2 (K. & Pleschberger, 2024)

We P-almost surely have

©Y1 =dim QT(f) , O € (0, 1]
gpa/\(éwpa—l—(l—é)-d) 7a€[1a2)
a-poNd ,ae(0,1]
wa Nd ,a€[1,2)

&mgﬂX+f%:{

dmRﬂX+ﬂ:{
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Case of constant drift

For T € B(R4) and the constant function f : T — {0} we have
Yo =P*—dimGr(f) =(aV1l)-dimT.

In this case we recover the classical results:

Theorem 3 (Blumenthal & Getoor, 1960, 1962)

We P-almost surely have

dim 7 (X) dmT+1-1 | a-dmT>1
m =
T (aVv1)-dimT | else

dimR7(X) = (a-dimT) A d.
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Proof, upper bound for the graph

e For > ¢, = P* —dimGr(f) take a cover of G (f) such
that P* — HA(G7(f)) is (arbitrary) small.

e Combine it with a random cover of G (X) with cubes of
comparable size.

@ Use the covering lemma of Pruitt & Taylor (1969) to estimate
the expected number of covering cubes for G (X + f).

o Show that E[H?(G7(X + f))] < 0.
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Proof, lower bound for the graph

@ Use a parabolic version of Frostman's lemma:
For 8 < o = P* — dim Gr(f) there exists a probability
measure p supported on G (f) such that

d B

c ,a€(0,1]
t,t+c] x [[[x,x + /]| <
2 [ ] J];[l[ Jr 7 ] {Cﬂ/a L ac [l,OO)

@ Use this measure to show that expected energy integrals
L[ B[l s Xe g+ x =) duteox) du(s.)
gr(f) JGr(f)

are finite.

@ For this we need sharp upper bounds of the kernel function

K2(r,6) = [I(7, Xjry + 0)|| ]
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