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1- The von Koch Function

Search for continuous but nowhere differentiable functions :

Riemann Fourier series :

sin(mn?z)
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1- The von Koch Function

Search for continuous but nowhere differentiable functions :

Riemann Fourier series :

sin(mn?z)
> =

n>1

Weierstrass function :

0<H<1, » 2 ""sin(2"z)

n>1

Later, examples by Takagi, Bouligand, .... then Brownian motion....
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The von Koch Function

(1870-1924)

Stéphane Seuret

ARKIV FOR MATEMATIK, ASTRONOMI OCH FYSIK.
BAND 1.

Sur une courbe continue sans tangente obtenune
par une construction géométrique élémentaire
Par HELGE vox KOCH.

Avee b figures dans le texto

Communiqué 1o 12 Octobre 1904 par G. Mrrrac-Lerries et Kany Bomay.

Tusqua Pépoque ot WrIERSTRASS inventa une fonction
continue ne possédant, pour ancune valeur de la variable, mme
dérivée déterminée!, ¢'était une opinion bien répandue dans le
monde scientifique que toute courbe continue posséde une tan-
gente déterminée (du moins en exceptant certains points sin-
guliers); et Ion sait que, de temps en temps, plusieurs géo-
métres éminents ont essayé de consolider cette opinion, fondée
sans doute sur la représentation graphique des courbes, par
des raisonnements logiques.*

Bien que Vexemple dit & Wersrstiass ait pour tonjours cor-
Tigé cette erreur, il me semble que cet exemple ne satisfait
pas Tesprit au point de vue géométrique; car la fonction dont
il S'agit est définie par une expression analytique qui cache
la nature géométrique de la courhe correspondante de sorte
qu'on ne voit pas, en se plagant & ce point de vue, pourquoi
la courbe n'a pas de tangente; on dirait plutot que Iappa-

£ Voir Journal £. Math., & 79 (1875
 Farmi cas tntaitve hows clicrony cells 4 A 0. b ol cab 13,
13 Ihm'm‘mz (Traiti do C. dift. ot 1) e
tronve

rkin for matemotik, astronoms och fysit. B 1. 5

3
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120 years ago : the von Koch Function
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Theorem (von Koch, 1904, 1906)

F is a continuous but nowhere differentiable function.
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Theorem (von Koch, 1904, 1906)

F is a continuous but nowhere differentiable function.

Question : Multifractal properties of F'?
» Pointwise Holder exponent ?
» Multifractal spectrum ? Multifractal formalism ?

» Existence of infinite derivatives?
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IT - The parametrized family of von Koch functions

Fix a parameter parameter A > 0,
and consider the following

geometric construction rule :
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IT - The parametrized family of von Koch functions

Fix a parameter parameter A > 0,
and consider the following

geometric construction rule :

e For all z € [0,1], Fo(xz) = 0.
Apply the process to [0,1] to get Fi.
e [ is piecewise linear,

Apply the rule to each of the line seg-
ments to get Fb.
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IT - The parametrized family of von Koch functions

Fix a parameter parameter A > 0,
and consider the following

geometric construction rule :

e For all z € [0,1], Fo(xz) = 0.
Apply the process to [0,1] to get Fi.
e [ is piecewise linear,

Apply the rule to each of the line seg-
ments to get Fb.

And so on... to get a function F* : [0,1] — Rt
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» No closed-form expression for F*(x)
» Not a De Rham curve nor a solution to simple functional equations
» Self-similarity or IFS methods cannot directly be used

» The von Koch function corresponds to A = ? =~ 0.289

» Different ranges of parameters : (0, é], (é, %], (%, %], (%, %), >

[
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Pointwise regularity of a function :

In our case all exponents are less than one, so :

The pointwise Holder exponent of a locally bounded function f at xg is

Hy (o) = liminf 281/(®) = f@0)|
z—z0 log |z — o]
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Pointwise regularity of a function :

In our case all exponents are less than one, so :

Definition
The pointwise Holder exponent of a locally bounded function f at xg is

Hy (o) = liminf 281/(®) = f@0)|
z—z0 log |z — o]

Definition
The multifractal spectrum Dy of f : R? — R is the mapping

Dj: H+— dim E;(H), where E;(H)={z eR"*: H;(z) = H}.

d ..................................
I
e dim = Hausdorff \
o dimf) = —oc0 | | /V]/:
I 1
I
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Self-similar measures :

Consider the mapping 0

3z f0o<z<i "
6r—2 iff<az<
4—6z ifi<z<
3r—2 ifZ<z<l.

T(z) =

[SICENIES

Consider the 4 inverse branches of T :

So(z) = 5, Su(z) = § + 3,
Sy(z) = —% + 2 and Ss(z) = £ + 2.
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Self-similar measures :

Consider the mapping 0

3z if0<z<3 "
6r—2 ifi<z<i 0
T(z) = s 2
4—-6z if;<z<3 "
3r—2 ifZ<z<l.
Consider the 4 inverse branches of T :
S()(x) — %, Sl(x) — % + %7 02 04 06 08 1o
Sy(z) = —% + 2 and Ss(z) = £ + 2.

e The attractor of S = (S;)i=0,1,2,3 is [0, 1]
e S satisfies the OSC

e For (pi)i:O,...,B S [0, 1]4
a probability vector,

consider the invariant measure i @%ﬁ

3
—1 Tnt1 =0 =1 =2 =3
p=> pipos;
=0

Lni(@)  Lnpi(x) Ingi(z)  Tnga(x)

e The multifractal spectrum d,, of such a self-similar measure p is known.
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3- Our results

Theorem

Let \ € (%, %), and let v» > 1 be the unique real number such that

1 6A+1 6A—1 1
3T>\ 672 672 3T>\

Consider the self-similar measure py associated with the (pix)i=o,...,3, where

1 6A+1 _6A—1

Pox=P3.x = o0 PLA= —or) P22 = — o0
Then :
(i) The support of dpx () is [x min, 1] := [1 — %, 1].

(i1) For every a € [oa min, 1],
dr, (@) = du, (@ — 14+ m).

In particular, dr, is strictly concave on its support, the mazimum of dr, is 1
and s reached at the exponent

log(36)% — 1)

= ]_ =
AL 4log3 + 2log 6

v
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Simple statement for the theorem, but various situations :

o Always concave, touches 0 on the left, but always > igig at 1.
Why ?
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log 2
Tog 3 at 1.

o Always concave, touches 0 on the left, but always >
Why ? On the triadic Cantor set, exponent 1.
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log 2
Tog 3 at 1.
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Why ? On the triadic Cantor set, exponent 1.

o Discontinuity of the mapping A — dpx at A = 2.

logpo,x __ logpa

This corresponds to the situation where =
log 3 log 6

The value of the spectrum at 1 for A = % is the solution to :

67°+2-37°=1.
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0.8 q

0.6 4

0.4 4
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Simple statement for the theorem, but various situations :

o Always concave, touches 0 on the left, but always > igig at 1.
Why ? On the triadic Cantor set, exponent 1.

o Discontinuity of the mapping A — dpx at A = 2.
This corresponds to the situation where 101%) Z 02X — loﬁ) Z 22

The value of the spectrum at 1 for A = % is the solution to :
67°+2-37°=1.

o For % <A< %, the graph of the spectrum dp» is a continuous mapping of \.
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Theorem

Let \ € (%7 %}, consider the same quantities yx, (pi,x)i=o,....3 and the Bernoulli
measure ux as in the previous theorem.
(i) The support of dpx is [0x,min, 1] = [1 — %, 1].
(i1) For every a € [1 — %, 1],
dpx (@) > dyy (@41 —2).

(17) The multifractal spectrum dpx is continuous at 1.

1=d,

The lower bound
is obviously
not sharp!

T
0.5 o 10
A= 0y v
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Ideas :
(1) The local regularity of F* at x is governed by the orbit (T"z), >0 of = under T'.
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(1) The local regularity of F* at x is governed by the orbit (T"z), >0 of = under T'.

. Call z(n) =0,1,2 or 3 according to the fact
that T"(z) belongs to the interval

0,1/3), (1/3,1/2), (1/2,2/3) or (2/3,1).
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Ideas :
(1) The local regularity of F* at x is governed by the orbit (T"z), >0 of = under T'.
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10

I,(z)= unique interval of generation n containing x.
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Ideas :
(1) The local regularity of F* at x is governed by the orbit (T"z), >0 of = under T'.

Call z(n) =0,1,2 or 3 according to the fact
that T™(z) belongs to the interval

(0,1/3), (1/3,1/2), (1/2,2/3) or (2/3,1).
For €o,€1,...,en € {0,1,2,3}""!, call
Iy, e, ={z:2(i) =¢; for i € {0,...,n}}.

10

I,(z)= unique interval of generation n containing x.

(2) Given , the slopes on the intermediate functions F' on I,,(z) are key.

m
m—6\/I+m?2 >0 \

m+6AVT+m? >0

m—6AV1+m?

m+6AV1+m?2 >0

m

Slope AB=m >0 Slope AB =m > 1and A < 1
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Ideas :

m+6AV1+m? >

m+6AV1+m? >0

m—6A1+m?>0 \
m— 6AVT + m? \
/ 0

Slope AB=m >0 Slope AB=m > 1and A < 1

» (Monotonic slopes) Take A > & to ensure that m — 6Av/1+m? < 0
» (Increasing slopes) Take A > & to ensure that |m — 6Av1+m?| > m
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Ideas :

m+6AV1+m? >0

m—6AT+m? >0 \
m— 6AVT + m?
/ m+6AVI+m? >0
m

Slope AB=m >0 Slope AB=m > 1and A < 1

» (Monotonic slopes) Take A > & to ensure that m — 6Av/1+m? < 0
» (Increasing slopes) Take A > & to ensure that |m — 6Av1+m?| > m

Mn
n 1
When m is large, my4+1 ~ m (6)\ + )
my (6 — 1)

Lz
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Ideas :

m+6AV1+m? >0

m—6AT+m? >0 \
m— 6AVT + m?
/ m+6AVI+m? >0

m

Slope AB=m >0 Slope AB=m > 1and A < 1

» (Monotonic slopes) Take A > & to ensure that m — 6Av/1+m? < 0
» (Increasing slopes) Take A > & to ensure that |m — 6Av1+m?| > m

Mn
n 1
When m is large, my4+1 ~ m (6)\ + )
my (6 — 1)

Lz

So, in an perfect world, m, () ~ px (L (2))| L. ()] 77>,
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Ideas :

(3) Easier when slopes tend to infinity :

Provided that dim(u,z) + 1 — v\ < 1 and my(x) — +oo,

Hpx(z) = dim(p, ) + 1 — ya.
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(3) Easier when slopes tend to infinity :

Provided that dim(u,z) + 1 — v\ < 1 and my(x) — +oo,

Hpx(z) = dim(p, ) + 1 — ya.

When 1/3 < A < 5/6, limy— 400 mn(x) = +o00 for every z € [0, 1].

When X > 1/3, dpx =dpu, (- — 14+ ).
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Ideas :

(3) Easier when slopes tend to infinity :

Provided that dim(u,z) + 1 — v\ < 1 and my(x) — +oo,

Hpx(z) = dim(p, ) + 1 — ya.

When 1/3 < A < 5/6, limy— 400 mn(x) = +o00 for every z € [0, 1].

When X > 1/3, dpx =dpu, (- — 14 x).

(4) When X < 1/3, m,(z) 4 +oo for many z’s, because of the geometric
construction.

Our approach consists in assuming that points such that m,(xz) 4 400 cannot
modify the spectrum.

Proceeding toward a contradiction, we assume that this is the case.

Then we build an IFS satisfying the SOSC on which m,,(z) — 400 but with a too
large dimension.
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Open questions :
o spectrum when X € (1/6, %} ?
o spectrum when A < 1/67
o multifractal formalism ?
o spectrum of l-exponents when \ > % ?

o random versions ?
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Open questions :

o spectrum when X € (1/6, %} ?

o spectrum when A < 1/67

o multifractal formalism ?

o spectrum of l-exponents when \ > % ?

o random versions ?

Danke schon!
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